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1 Introdu
tion

Summery. Let E be an ellipti
 
urve over an arbitrary �eld k andH the motive

H

1

(E)(1). We de�ne 
omplexes B(E;n+2)

�

and 
onje
ture that they are quasi-

isomorphi
 to RHom

MM

k

(Q; Sym

n

H(1)). If k is a number �eld this together

with Beilinson's 
onje
ture on regulators leads to a pre
ise 
onje
ture express-

ing the spe
ial values L(Sym

n

E; n + 1) via the 
lassi
al Eisenstein-Krone
ker

series. It 
an be 
onsidered as an ellipti
 analog of Zagier's 
onje
ture.

We give a simple motivi
 interpretation of the ellipti
 polylogarithms and

show how it together with the motivi
 formalism implies that the 
omplexes

B(E;n + 2)

�

should map naturally to RHom

MM

k

(Q; Sym

n

H(1)). When E
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degenerates to the nodal 
urve our 
omplexes lead to the motivi
 
omplexes

from [G1-2℄ re
e
ting the properties of the 
lassi
al polylogarithms.

The 
omplexB(E; 3)

�

was 
onstru
ted in [GL℄. The groups similar toH

1

B(E;n+

2)

�

were also dis
ussed in [W℄, [W2℄, where it was 
onje
tured that they inje
t

into Ext

1

MM

k

(Q; Sym

n

H(1)).

We formulate several 
onje
tures about the stru
ture of the motivi
 Galois

group of the 
ategory of mixed ellipti
 motives generalizing some 
onje
tures

about the mixed Tate motives ([G1-2℄). In the end we de�ne the generalized

Eisenstein-Krone
ker series whi
h should be related to L(Sym

n

E; n+m). For

n = 1;m = 2 this was 
onje
tured in [D3℄ and proved in [G3℄.

1. The tri
hotomy: spe
ial values of L-fun
tions, motivi
 
om-

plexes and motivi
 Galois groups. Let E be an ellipti
 
urve over a number

�eld k and L(Sym

n

E; s) the L-fun
tion of the n-th symmetri
 power of h

1

(E).

The seminal Beilinson 
onje
ture relates the spe
ial values of the L-fun
tion of a

motive X over a number �eld, 
onsidered up to a Q

�

-fa
tor, with the volume of

the image of 
ertain pie
es of the algebrai
 K-theory of X under the regulator

maps. However for symmetri
 powers of ellipti
 
urves one should be able to

say more about the spe
ial values.

It is natural to adress the problem in the language of motives. Let MM

k

(resp. MM

X

) be the (hypotheti
al) abelian Q-
ategory of all mixed motives

over a �eld k (resp. all mixed motivi
 sheaves over a regular s
heme X , [Be℄).

Let Q(�1) := h

2

(P

1

) be the Tate motive, Q(n) := Q(1)


n

for any integer n

and M(n) :=M 
 Q(n).

Let E be an ellipti
 
urve over a �eld k. Then h

1

(E) is a pure motive of

weight 1. The 
up produ
t de�nes an isomorphism �

2

h

1

(E) �! Q(�1). Set

H := h

1

(E)(1). It is a simple obje
t of weight �1. The ellipti
 motives are

the dire
t summands of the motives H


n

. They form a rigid abelian tensor


ategory P

E

.

Example. If E has no 
omplex multipli
ation then P

E

is equivalent to the


ategory of �nite dimensional GL

2

-modules over Q. The obje
ts S

n

H(m) are

simple and mutually non isomorphi
. Any simple obje
t in P

E

is isomorphi
 to

one of them.

The 
ategory M

E

of mixed ellipti
 motives is the smallest abelian tensor

sub
ategory ofMM

k

whi
h 
ontains H and is 
losed under extensions.

For an integer a let L

�

(Sym

n

E; a) be the leading 
oeÆ
ient of the Taylor

expansion of the L-fun
tion at s = a. For a given pair of integers n;m there are

the following intimately related problems:

Problem A. Find expli
it formulas for spe
ial values of the L-fun
tions of

pure ellipti
 motives, i.e.

L

�

(Sym

n

E; n+m) E=k; k is a number �eld

Problem B. Constru
t expli
itly ellipti
 motivi
 
omplexes

RHom

MM

k

(Q(0); S

n

H(m)); k is an arbitrary �eld (1)

2



They may be non zero only if �n� 2m, the weight of the motive Sym

n

H(m),

is negative.

Problem C. Find a pre
ise des
ription of the Galois group of the 
ategory

of mixed ellipti
 motives.

A weaker version of the Problem A 
on
erns the spe
ial values of L-fun
tions

up to a Q

�

-fa
tor. We will refer to it as Problem A*.

We are making sense of the motivi
 Ext's in a usual way. Namely, let E

(n)

be the kernel of the sum map

E

n+1

�! E; (x

1

; :::; x

n+1

) 7�! x

1

+ :::+ x

n+1

(2)

For a group A living on E

n+1

the notation A

sgn

means the part alternating un-

der the a
tion of the group S

n+1

. Beilinson's des
ription of Ext

i

MM

X

(Q(0);Q (n))

implies (see lemma 3.4) that one should have

Ext

i

MM

k

(Q(0); S

n

H(m)) = gr




n+m

K

n+2m�i

(E

(n)

)

sgn


 Q (3)

(Here 
 is the 
-�ltration on the K-groups). If k is a number �eld these groups

are expe
ted to be zero for i > 1. Beilinson's regulator map

Ext

1

MM

k

(Q(0); S

n

H(m)) �! Ext

1

R�MHS

(R(0); S

n

H(m))

is provided by the realization fun
tor fromMM

k

to the 
ategory R�MHS of

mixed Hodge stru
tures over R.

Problem A is the deepest one. It is of arithmeti
 nature, while Problems B

and C are geometri
. We expe
t su
h a solution of Problem C that gives the

desired answer for Problem B. This answer in the 
ase of number �elds should

resolve Problem A*. The regulator map should be 
onstru
ted �rst over C ,

brining analysis into the pi
ture and providing a key for Problem B.

In these problems one 
an 
onsider the 
ategory of mixed motives generated

by powers of any simple pure motive X . However the 
ase of mixed ellipti


motives seems to be espe
ially interesting.

To smell the 
avor of the problems let us look at similar questions for the


ategory of mixed Tate motives over a �eld k (i.e. the rigid tensor sub
ategory

ofMM

k

generated by the Tate motive Q(1) ).

Then Problem A is about spe
ial values �

k

(n) of the Dedekind zeta fun
tion

of a number �eld k. The ideal answer to Problem A* is given by Zagier's


onje
ture [Z2℄.

In Problem B we are looking for 
omplexes RHom

MM

k

(Q(0);Q (n)) for an

arbitrary �eld k. In [G1℄,[G2℄ we have 
onstru
ted 
omplexes B(Q(n); k)

�

:

B

n

(k) �! B

n�1

(k)
 k

�

�! ::: �! B

2

(k)
 �

n�2

k

�

�! �

n

k

�

(4)

whi
h re
e
t the properties of 
lassi
al n-logarithm fun
tion Li

n

(z). Here B

n

(k)

is the quotient of Z[k

�

℄ along a 
ertain subgroup R

n

, whi
h in the 
ase k = C

3



is the subgroup of all fun
tional equations for the 
lassi
al n-logarithm fun
-

tion. It is pla
ed in degree 1. These 
omplexes 


Q

were 
onje
tured to be

quasiisomorphi
 to RHom

MM

k

(Q;Q (n)).

A detailed exposition of this philosophy in the two simplest 
ases, for the

motives Q(2) and H(1), is given in 
hapter 2.

A

ording to the Tannakian formalism the 
ategory of mixed Tate motives

a �eld k is equivalent to the 
ategory of �nite dimensional representations of its

Galois group. The Galois group is a semidire
t produ
t of G

m

and a prounipo-

tent algebrai
 group s
heme U(k) over Q. Let L(k) be the Lie algebra of U(k).

The a
tion of G

m

provides a grading L(k)

�

= �

n�1

L(k)

�n

(it is negatively

graded thanks to a weight argument).

The answer to the Problem C for mixed Tate motives whi
h we have in mind

is this. Let I(k)

�

:= �

n�2

L(k)

�n

. It is an ideal, and L(k)

�

=I(k)

�

= (k

�

Q

)

_

.

(Here V ! V

_

is a duality between the indu
tive and proje
tive limits of �nite

dimensional Q-ve
tor spa
e.)

The Freeness Conje
ture. ([G1℄,[G2℄) I(k)

�

is a free graded pro-Lie al-

gebra generated by the groups B

n

(k)

_

, n � 2, sitting in degree n.

For a more pre
ise version see Conje
ture 1.20 in [G2℄, where we proved that

it is equivalent to the des
ription (4) of the motivi
 
omplexes.

There are several other 
andidates for the motivi
 
omplexes, for exam-

ple Blo
h's beautiful 
omplexes of higher Chow groups [Bl℄ and their versions.

However the 
omplexes (4) are the smallest possible and the only ones dire
tly

related just to the 
lassi
al polylogarithms. For a "
y
le" 
onstru
tion of the

motivi
 Lie algebra see [BK℄.

In this paper I will formulate an ellipti
 analog of the freeness 
onje
ture,

see 
onje
ture 1.2 below.

The Tannakian formalism tells us that there exists a pro-Lie algebra L(E) in

the tensor 
ategory P

E

su
h that the 
ategory of mixed ellipti
 motives is equiv-

lent to the 
ategory of modules over L(E) in the 
ategory P

E

. There is a di�er-

ent tensor stru
ture 


0

on the 
ategory of pure ellipti
 motives. Assume that E

has no 
omplex multipli
ation. Then S

n

H(m)


0

S

n

0

H(m

0

) = S

n+n

0

H(m+m

0

).

Denote by P

�

E

the 
ategory of pure ellipti
 motives with this tensor stru
ture.

Theorem 1.1 Let us assume for simpli
ity that E is not a CM 
urve. Then

there exists a di�erential graded pro-Lie algebra

~

L

�

(E) in the 
ategory P

�

E

su
h

that for (m;n) 6= (0; 0) one has

H

i

P

�

E

(

~

L

�

(E))

S

n

H(m)

_
= gr




n+m

K

n+2m�i

(E

(n)

)

sgn


 Q

Here V

M

is the M -isotypi
al 
omponent of a simple obje
t V in P

�

E

. The DG

pro-Lie algebra

~

L

�

(E) is 
onstru
ted in s.4.4.

Conje
ture 1.2 Assume that k =

�

k.
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a) L(E) has a unique quotient L

�

(E) whi
h is a pro-Lie algebra with re-

spe
t to the both tensor stru
tures on the 
ategory of pure ellipti
 motives and

H

�

P

�

E

(L

�

(E)) = H

�

P

E

(L(E)).

b) There is an ideal I

�

(E) � L

�

(E) with an abelian quotient

L

�

(E)=I

�

(E) = (k

�

)

_

�H� J

_

�H

whi
h should be a free Lie algebra in the tensor 
ategory P

�

E

.

More about the Lie algebra L

�

(E) in s. 4.8. The 
onje
tures about L

�

(E)

imply a very spe
i�
 stru
ture for the ellipti
 motivi
 
omplexes.

Assuming the following vanishing 
onje
ture (a version of the Beilinson-Soule


onje
ture; the left hand side is de�ned via (3))

Ext

i

MM

k

(Q(0); S

n

H(m)) = 0 for i < 0

one 
an show that H

j

�

(

~

L

�

(E)) = 0 for j < 0. Here � is the di�erential in

~

L

�

(E).

Conje
ture 1.3 Assume k =

�

k.

a) H

j

�

(

~

L

�

(E)) = 0 for j 6= 0.

b) H

0

�

(

~

L

�

(E)) is isomorphi
 to the pro-Lie algebra L

�

(E) anti
ipated in 
on-

je
ture 1.2.

Remark. Let G be a redu
tive group. Then there is a new tensor stru
ture

the 
ategory of �nite dimensional G-modules given by V

�


V

�

=

�! V

�+�

, where

V

�

is the G-module with the highest weight �. Noti
e that the 
ategory of all

pure motives is equivalent to the 
ategory of �nite dimensional modules over a

pro-redu
tive group.

2. The 
omplexes B(E; n)

�

. In 
hapters 5-7 we study Problems A

�

and B in the 
ase m = 1. We 
onstru
t a 
omplex B(E; n + 2)

�

whi
h is


onje
turaly quasiisomorphi
 to RHom

MM

k

(Q; Sym

n

H(1)). When E is an

ellipti
 
urve over a number �eld k this leads to a pre
ise 
onje
ture on spe
ial

values L(Sym

n

E; n+ 1).

This 
omplex is an ellipti
 deformation of the 
omplex (4): if E is a nodal


urve and k =

�

k, it is quasiisomorphi
 to (4).

Remark. A better notation for the groupB

n+2

(E) and the 
omplexB(E; n+

2)

�

would be B

S

n

H(1)

and B(S

n

H(1))

�

.

Let us assume �rst that k =

�

k. Let Z[X℄ be the free abelian group generated

by a set X , fxg are the generators. We will de�ne subgroups

R

n

(E=k) � Z[E(k)℄; and set B

n

(E) :=

Z[E(k)℄

R

n

(E=k)

Put formally B

0

(E) = Z. By de�nition R

1

(E) is generated by the elements

fxg + fyg � fx + yg where x; y 2 E(k). So B

1

(E) = J(k), where J is the

Ja
obian of E.
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De�ne a homomorphism Æ : Z[E(k)℄ �! Z[E(k)℄ 
 J(k) by the formula

fag 7�! fag 
 a. We prove in 
hapter 5 that Æ(R

n

(E)) � R

n�1

(E) 
 J , so

we get a homomorphism Æ : B

n

(E) �! B

n�1

(E) 
 J . Consider the following


ohomologi
al 
omplex

B

n

(E) �! B

n�1

(E)
 J �! ::: �! B

1

(E)
 �

n�1

J �! B

0

(E)
 �

n

J (5)

where the di�erential is given by the formula

Æ : fag 
 b

1

^ b

2

^ ::: ^ b

m

7�! fag 
 a ^ b

1

^ b

2

^ ::: ^ b

m

It is the 
omplex B(E; n + 1)

�

. We put it in degrees [1; n + 1℄. The 
omplex

is a
y
li
 in the last two terms. To emphasize dependen
y on the ground �eld

k we use a notation B(E=k; n+ 1)

�

. If k is not an algebrai
ally 
losed �eld we

postulate the Galois des
ent property: B(E=k; n)

�

:=

�

B(E=

�

k; n)

�

�

Gal(

�

k=k)

.

The 
omplexes B(E=k; n)

�

for n = 2; 3 were 
onstru
ted in [GL℄.

Conje
ture 1.4 a) There exists a 
anoni
al homomorphism

H

i

�

B(E=k; n+ 2)

�

Q

�

�! gr




n+1

K

n+2�i

(E

(n)

)

sgn


 Q (6)

b) This homomorphism is an isomorphism.

Here \
anoni
al" means 
ompatibility with the regulator map, see below.

The most nontrivial is the \surje
tivity 
onje
ture" from part b).

In [W℄ J.Wildeshaus, assuming standard 
onje
tures on mixed motives, gave

a 
onje
tural indu
tive de�nition of groups similar to H

1

B(E; n+ 2)

�

and for-

mulated a 
onje
ture similar to the part a) of 
onje
ture (1.4) for i = 1. See

also some new developments in this dire
tion in the re
ent preprint [W2℄.

In 
hapter 7 we 
onstru
t, assuming the standard 
onje
tures, groups B

n

(E).

One has a surje
tive map B

n

(E) �! B

n

(E) whi
h is hope to be an isomorphism.

These groups form a 
omplex B(E;n)

�

similar to the 
omplex (5). We show

that the motivi
 formalism implies that (for k =

�

k) this 
omplex maps to

the standard 
o
hain 
omplex of the motivi
 Lie algebra L(E), providing a

morphism of 
omplexes (for an arbitrary �eld k)

B(E=k; n+ 2)

�

Q

�! RHom

MM

k

(Q(0); S

n

H(1)) (7)

Conje
ture 1.5 The morphism (7) is a quasiisomorpism.

This 
onje
ture implies 
onje
ture (1.4).

3. The Eisenstein-Krone
ker series, groups B

n+1

(E) and regula-

tors. The group R

n+1

(E=C ) is a subgroup of the fun
tional equations for the

ellipti
 n-logarithm studied by Blo
h for n = 2 [Bl℄ and by Beilinson and Levin

[BL℄ in general. Its real version is the Eisenstein - Krone
ker series known

6



from the XIX-th 
entury [We℄. These are the spe
ial fun
tions we need in our


onje
ture on L(Sym

n

E; n+ 1). Let us say a few words about them.

Let E be an ellipti
 
urve over C . Choose a holomorphi
 di�erential ! on

E(C ). Let � 2 C be the latti
e of periods of !. We will always normalize !

in su
h a way that � := Z� Z� where Im� > 0. The di�erential ! de�nes via

the Abel-Ja
obi map an isomorphism E(C ) �! C =�. The interse
tion form on

� = H

1

(E(C );Z) provides a pairing

(�; �) : E(C ) � � �! S

1

; (z; 
) := exp(

2�i(z�
 � �z
)

� � ��

) (8)

Consider the Eisenstein-Krone
ker series

K

i;j

(z; �) =

X


2�n0

(z; 
)




i

�


j

; i; j � 1

There is a homomorphism K

n

: Z[E(C)℄ �! Sym

n�2

H

1

B

(E(C ); C ) given by the

formulas

fzg 7�!

X

a+b=n

K

a;b

(z) � (dz)

a�1

(d�z)

b�1

Theorem (6.2) below 
laims that it sends the subgroup R

n

(E(C )) to zero.

Suppose E is de�ned over R. Choose a di�erential ! 2 


1

(E

=R

) over R.

Then the latti
e of periods � is invariant under the a
tion of 
omplex 
onjuga-

tion z 7�! �z and the isomorphism E(C ) �! C =� is 
ompatible with 
omplex


onjugation.

For any latti
e � one has

�

K

i;j

(z; �) = (�1)

i+j

K

j;i

(z; �). If a latti
e � and a

divisor P on C =� are invariant under 
omplex 
onjugation, then K

i;j

(P ; �) 2 R.

In this situation (+ means invariants under the 
omplex 
onjugation a
ting on

E(C ) and R(1)) we �nd a map

K

n

: B

n

[E(C )℄

+

�! Sym

n�2

H

1

(E(C );R(1))

+

Restri
ting K

n

to Ker(B

n

(E=C ) ! B

n�1

(E=C ) 
 J(C )) and assuming 
onje
-

ture (1.4) we should get the regulator map

gr




n�1

K

n�1

(E

(n�2)

)

sgn


 Q �! Sym

n�2

H

1

(E(C );R(1))

+

This together with Beilinson's 
onje
ture on regulators implies a pre
ise 
on-

je
ture on L(Sym

n

E; n + 1) for ellipti
 
urves over number �elds, see 
hapter

6.

4. The stru
ture of the paper. In 
hapter 2 we re
all expli
it 
onstru
-

tion of the Blo
h-Suslin 
omplex ([S℄) whi
h essentially 
omputesRHom

MM

k

(Q(0);Q (2))

and its ellipti
 analog ([GL℄) whi
h does the job for RHom

MM

k

(Q(0);H(1)).

These 
onstru
tions and results in the spe
ial 
ase when k is a number �eld

lead to expli
it formulas for the spe
ial values of the Dedekind �-fun
tion and

7



the L-fun
tion of ellipti
 
urves at s = 2. In 
hapter 3 we spell out the basi


formalism of motivi
 Galois groups and motivi
 Lie algebras. These 
hapters

are expository.

In 
hapter 4 we prove theorem 1.1 and formaluate some 
onje
tures on the

stru
ture of the motivi
 Lie algebra of the 
ategory of mixed ellipti
 motives.

Let me mention three of them: 
onje
ture 4.2 on the Ext groups in the 
ategory

of mixed ellipti
 motives, 
onje
ture 4.3 about the small motivi
 Lie algebra

L

�

(E) and the freeness 
onje
ture 4.10 for L

�

(E).

In 
hapter 5 we 
onstru
t the 
omplexes B(E; n+2)

�

and B

�

(E; n+2)

�

(they

are 
anoni
ally quasiisomorphi
). In 
hapter 6 a 
onje
ture on L(Sym

n

E; n+1)

is formulated. In 
hapter 7 we show that restri
tion of the Eisenstein-Krone
ker

seriesK

n+1

to the 2n-th power of the augmentation ideal in Z[E℄ is a real period

of an expli
itely 
onstru
ted mixed ellipti
 motive. This motivi
 interpretaion

seems to be quite di�erent (and simpler) then the one suggested in [BL℄. We show

how this plus the motivi
 formalism of 
hapter 3 allow us to dedu
e 
onje
ture

1.4a) from standard 
onje
tures on mixed motives. In 
hapter 8 we de�ne the

single valued and multivalued ellipti
 Chow polylogarithms and introdu
e the

generalized Eisenstein-Krone
ker series. We hope to develope further to the

material of this 
hapter in future.
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2 Two basi
 examples: a survey

1. The Q(1)-story: the Blo
h-Suslin 
omplex and �

F

(2). i) Let R

Q(2)

(k)

is the subgroup of Z[k

�

℄ generated by the elements

P

i

(�1)

i

fr(x

1

; :::; x̂

i

; :::; x

5

)g,

where x

i

runs through all 5-tuples of distin
t points over k on the proje
tive line,

and r is the 
ross ratio. The Blo
h-Suslin 
omplex B(Q(2); k)

�

for an arbitrary

�eld k is de�ned as follows:

B

Q(2)

(k)

Æ

�! �

2

k

�

; B

Q(2)

(k) :=

Z[k

�

℄

R

Q(2)

(k)

; Æ : fxg 7�! (1� x) ^ x

We put B

Q(2)

(k) in degree 1. Then one should have a 
anoni
al isomorphism in

the derived 
ategory

B(Q(2); k)

�

qis

= RHom

MM

k

(Q(0);Q (2))

The main reason for this is the following results des
ribing the relation of the


ohomology of the 
omplex B(Q(2); k)

�


Q with weight 2 motivi
 
ohomology.

A

ording to Matsumoto's theorem H

2

B(Q(2); k)

�

= K

2

(k).

Suslin proved ([S℄, see also [DS℄) that

H

1

B(Q(2); k)

�


 Q = K

ind

3

(k)
 Q = gr




2

K

3

(k)
 Q

In fa
t, Suslin proved in [S℄ that the following sequen
e is exa
t:

0 �!

~

Tor(k

�

; k

�

) �! K

ind

3

(k) �! B

Q(2)

(k)

Æ

�! �

2

k

�

�! K

2

(k) �! 0

Here

~

Tor(k

�

; k

�

) is a nontrivial extension of Tor(k

�

; k

�

) by Z=2Z.

Finally, there exists a 
anoni
al morphism in the derived 
ategory

B(Q(2); k)

�


 Q �! �

�1

RHom

MM

k

(Q(0);Q (2))

indu
ing the isomorphism on H

1

and H

2

. The right hand side 
an be under-

stood, for example, as the 
omplex of Blo
h's higher Chow groups. The existen
e

of su
h a morphism follows also from the motivi
 philosophy and the motivi



onstru
tion of the dilogarithm in [BGSV℄. A

ording to the Beilinson-Soul�e

vanishing 
onje
ture one should have

gr




2

K

4+i

(k)
 Q = 0 for i � 0

One 
an reformulate this by saying that the 
anoni
al morphism

RHom

MM

k

(Q(0);Q (2)) �! �

�1

RHom

MM

k

(Q(0);Q (2))

is a quasiisomorphism

The Blo
h-Suslin 
omplex is de�nitely "the smallest possible" representative

of the motivi
 
omplex RHom

MM

k

(Q(0);Q (2)). I think it is also "the best

9



possible", but this is of 
our
e matter of taste. It gives a solution of the Problem

B for the motive Q(2) whi
h we have in mind.

ii) Now let k = C . Re
all that the dilogarithm is the following multivalued

analyti
 fun
tion of on CP

1

nf0; 1;1g):

Li

2

(z) = �

Z

z

0

log(1� t)

dt

t

It has a single-valued version, the Blo
h-Wigner fun
tion:

L

2

(z) := ImLi

2

(z) + arg(1� z) � log jzj

Let

~

L

2

: Z[C

�

℄ �! R; fzg 7�! L

2

(z)

Then one 
an show that

~

L

2

(R

Q(2)

(C )) = 0, so we get a well de�ned homomor-

phism

~

L

2

: B

Q(2)

(C ) �! R

Theorem 2.1 The restri
tion of the homomorphism

~

L

2

to the subspa
e H

1

B(Q(2); k)

�




Q = K

ind

3

(C ) 
 Q 
oinsides with the Borel regulator on K

ind

3

(C ) 
 Q

A simple dire
t proof of this result see in [G1℄.

Finally, if k = F is a number �eld 
ombining the two theorems above with

the Borel theorem we get the solution of the Problem A* for �

F

(2):

Theorem 2.2 a) There exists elements y

1

; :::; y

r

2 H

1

B(Q(2);F )

�


 Q su
h

that

q � �

F

(2) = �

2(r

1

+r

2

)

d

�1=2

F

det

�

~

L

2

(�

i

(y

j

))

�

for 
ertain q 2 Q

�

.

b) For any y

1

; :::; y

r

2 H

1

(B(Q(2);F )

�

)
Q one has the formula above with

q 2 Q.

To solve the Problem A one should be able to determine e�e
tively the


onstant q(y

1

^ ::: ^ y

r

). I do not know how to do this. So we see that the

analysis (the dilogarithm) indeed suggested a key for the solution of the Problem

B, whi
h leads to a solution of the Problem A*. The relation with the Problem

C was explained in details in [G2℄ and will be s
ket
hed brie
y in se
tion 4.

Remark. The standard notation for the groups B

Q(n)

(k) is B

n

(k).

2. The H(1)-story: the ellipti
 deformation of the Blo
h-Suslin


omplex and L(E; 2) ([GL℄) . Let us suppose that k is an algebrai
ally 
losed

�eld. Let I

E

be the augmentaion ideal of the group algebra Z[E(k)℄, and I

4

E

its

fourth pour. Let B

�

3

be the quotient of I

4

E

by the subgroup generated by the

elements (f) � (1 � f)

�

, where � is the 
onvolution in the group algebra Z[E℄,

f 2 k(E)

�

, and g

�

(t) := g(�t). Then there is a map

Æ

�

H(1)

: B

�

3

(E) �! k

�


 J (9)
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whose 
onstru
tion will be outlined below. The 
omplex we get putting the left

group in the degree 1 is 
alled the 
omplex B

�

(E; 3)

�

. This is our 
andidate for

RHom

MM

k

(Q(0);H(1)).

If k = C we 
an "de�ne" Æ

�

H(1)

as follows:

X

n

i

fa

i

g 7�!

X

n

i

�(a

i

)
 a

i

where

�(z) =

Y

n2Z

(1� q

n

z) := q

1=12

z

�

1

2

Y

j�0

(1� q

j

z)

Y

j>0

(1� q

j

z

�1

)

To make sense out of this formula for arbitrary �eld k we pro
eed as follows

(see also s. 4.6 of [GL℄).

i. The group B

2

(E). Let E be an ellipti
 
urve over an arbitrary �eld k. In

s.2.1-2.2 of [GL℄ we de�ned a group B

2

(E=k) = B

2

(E) whi
h �ts in the following

diagram

0

"

0 �! G

m

(k) �! B

2

(E=k)

p

�! S

2

J(k) �! 0

" �

Z[E(k)n0℄

su
h that p Æ � : fag 7�! a � a. here the horisontal sequen
e is exa
t, and the

verti
al is exa
t at least if k =

�

k. The map � is de�ned modulo 6-torsion.

Moreover, if K is a lo
al �eld there exists a 
anoni
al homomorphism

h : B

2

(E=K) �! R

whose restri
tion to the subgroup K

�

� B

2

(E=K)) is given by x 7�! log jxj, (

see s. 2.3). The 
anoni
al lo
al height h

K

is given by the 
omposition

Z[E(K)n0℄

�

�! B

2

(E=K)

h

�! R

The groupB

2

(E) appears naturally from the theory of biextensions. Namely,

let P be the rigidi�ed Poin
are line bundle over J � J : its �ber over (0; 0) is

identi�ed with k

�

. The restri
tion of P to x � J (resp. J � y) minus the zero

se
tion has 
anoni
al stru
ture of a 
ommutative algebrai
 group over k. It is

the extension of J by G

m


orresponding to x (resp y). This means that for
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every point (x; y) 2 J � J we have a k

�

torsor T

(x;y)

together with morphisms

of k

�

-torsors

T

(x

1

;y)




k

�

T

(x

2

;y)

�! T

(x

1

+x

2

;y)

T

(x;y

1

)




k

�

T

(x;y

2

)

�! T

(x;y

1

+y

2

)

providing the group stru
ture "in horisontal and verti
al dire
tions" su
h that

the diagram

T

(x

1

;y

1

)

� T

(x

2

;y

1

)

� T

(x

1

;y

2

)

� T

(x

2

;y

2

)

�! T

(x

1

;y

1

+y

2

)

� T

(x

2

;y

1

+y

2

)

# #

T

(x

1

+x

2

;y

1

)

� T

(x

1

+x

2

;y

2

)

�! T

(x

1

+x

2

;y

1

+y

2

)

is 
ommutative. The horisontal sequen
e in the diagram above is just a di�erent

way to spell these properties of the torsors T

(x;y)

. Set fag

2

:= �(fag) 2 B

2

(E).

ii) The group B

�

3

(E). Consider the homomorphism (J := J(k))

Æ

H(1)

: Z[E(k)℄�! B

2

(E)
 J; fag �! �

1

2

fag

2


 a

Let R

3

� Z[E(k)℄ be the subgroup generated by R

�

3

and the distribution rela-

tions

m � (fag �m �

X

mb=a

fbg); a 2 E(k); m = �1; 2

Then Æ

H(1)

(R

3

(E)) = 0 by theorem (3.3) in [GL℄. Setting

B

3

(E) :=

Z[E(k)℄

R

3

(E)

we get a homomorphism Æ

H(1)

: B

3

(E) �! B

2

(E) 
 J . There is a map i :

B

�

3

(E) �! B

3

(E) provided by the in
lusion i : I

4

E

,! Z[E℄. We de�ne Æ

H(1)

as

a morphism making 
ommutative the diagram

B

�

3

(E)

Æ

�

H(1)

�! k

�


 J

# #

B

3

(E)

Æ

H(1)

�! B

2

(E)
 J

Let us 
onsider the following 
omplex

B(E; 3)

�

: B

3

(E)

Æ

H(1)

�! B

2

(E)
 J �! J 
 �

2

J �! �

3

J (10)

Here the middle arrow is fag

2


 b 7�! a
a^ b and the last one is the 
anoni
al

proje
tion. The 
omplex is pla
ed in degrees [1; 4℄. It is a
y
li
 in the last two
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terms. It was proved in [GL℄ that we get the 
ommutative diagram:

0 0

# #

B

�

3

(E)

Æ

�

H(1)

�! k

�


 J

# #

B

3

(E)

Æ

H(1)

�! B

2

(E)
 J �! J 
 �

2

J �! �

3

J

# # #= #=

S

3

J �! S

2

J 
 J �! J 
 �

2

J �! �

3

J

# #

0 0

where the verti
al sequen
es are exa
t, and the bottom one is the Koszul


omplex, and thus also exa
t. So B

�

(E; 3)

�

is 
anoni
ally quasiisomorphi
 to

B(E; 3)

�

. If k 6=

�

k we postulate the Galois des
ent:

B

�

(E=k; 3)

�

Q

:= B

�

(E=

�

k; 3)

�

Q

Gal(

�

k=k)

iii) The ellipti
 dilogarithm, algebrai
 K-theory and regulator on K

2

(E=C ).

Let E(C ) = C

�

=q

Z

be the 
omplex points of an ellipti
 
urve E. Here q :=

exp(2�i�); Im� > 0.

L

2;q

(z) :=

X

n2Z

L

2

(q

n

z); L

2;q

(z

�1

) = �L

2;q

(z)

(The series 
onverges sin
e L

2

(z) has a singularity of type jzj log jzj near z = 0

and L

2

(z) = �L

2

(z

�1

)). When k = C the group R

3

(E) is the subgroup of all

fun
tional equations for the ellipti
 dilogarithm. In parti
ular the homomor-

phism

~

L

2;q

: Z[E(C)℄ �! R; fag 7�! L

2;q

(a)

annihilates the subgroup R

3

(E=C ).

Let K(E)

�

be the minus part of the a
tion of the involution x! �x, x 2 E.

Theorem 2.3 [GL℄ a) Let k =

�

k. Then there is a sequen
e

0 �! Tor(k

�

; J) �! gr




2

K

2

(E)

�

�! B

�

3

(E) �! k

�


 J �! gr




2

K

1

(E)

�

! 0

It is exa
t modulo 2-torsion (and exa
t in k

�


 J).

b) Now let k = C . Then the 
omposition

gr




2

K

2

(E)

�

�! B

�

3

(E)

~

L

2;q

�! R


oinsides with the Blo
h - Beilinson regulator map.

Sin
e we have the Galois des
ent on gr




2

K

i

(E)

�

Q

, we immediately get
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Corollary 2.4 Let E be a 
urve over an arbitrary �eld k. Then

H

1

(B

�

(E; 3)

�

) = gr




2

K

2

(E)

�

Q

; H

2

(B

�

(E; 3)

�

) = gr




2

K

1

(E)

�

Q

Using the 
omplex B(E; 3) instead of B

�

(E; 3) the following lemma makes

the 
onditions on the divisor P e�e
tively 
omputable (see a numeri
al example

in s.1.3 of [GL℄) .

Lemma 2.5 Let E be an ellipti
 
urve over a number �eld F . Then an F -

rational divisor P =

P

n

j

(P

j

) over

�

Q belongs to Ker

�

B

3

(E) �! B

2

(E) 
 J

�

if and only if it satisfy the following 
onditions:

a)

X

n

j

P

j


 P

j


 P

j

= 0 in S

3

J(

�

Q ) (11)

b) For any valuation v of the �eld F (P ) generated by the 
oordinates of the

points P

j

X

n

j

h

v

(P

j

) � P

j

= 0 in J(

�

Q )
 R (12)

In parti
ular for any �eld k the group of k-rational divisors on E(

�

Q ) satisfy-

ing the 
onditions a)-b) above maps surje
tively to gr




2

K

2

(E

=k

)

�

Q

, and when k

is a number �eld this map is 
ompatible with the regulator map in the obvious

way.

Combining lemma 2.5 with Beilinson's 
onje
ture on regulators we 
ome to

an expli
it formula for L(E; 2), whi
h we formulate only for k = Q leaving the

general 
ase to the reader.

Conje
ture 2.6 Let E be an ellipti
 
urve over Q. Then for any Q-rational

divisor P on E(

�

Q ) satisfying the 
onditions (11) and (12), and an integrality


ondition at ea
h prime p where E has a split multipli
ative redu
tion (see 47)

one has

�

~

L

2;q

(P ) = q � L(E; 2) for a 
ertain q 2 Q

Adding to the game Beilinson's results on regulators for modular 
urves we

proved this formula for modular ellipti
 
urves over Q ([GL℄):

Theorem 2.7 Let E be a modular ellipti
 
urve over Q. Then there exists a

Q-rational divisor P on E(

�

Q ) satisfying the 
onditions of 
onje
ture above su
h

that

�

~

L

2;q

(P ) = q � L(E; 2) for a 
ertain q 2 Q

�

So for the motive H(1) we see the same kind of relationship between the

Problems A* and B. It remains to see the role of the motivi
 Galois group of

the 
ategory of mixed ellipti
 motives, i.e. to understand

Why the motivi
 
omplex RHom

MM

k

(Q(0);H(1)) has the shape (9), how it

re
e
ts the stru
ture of the motivi
 Galois group, and what it tells us about the

motivi
 Galois group?

In parti
ular, how to de�ne the group B

�

3

(E) it terms of the motivi
 Lie

algebra of the 
ategoryM

E

? The answers are given in 
hapter 4 below.
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3 Mixed motives and motivi
 Lie algebras

1. Categories of mixed motives. LetMM

X

be the (hypotheti
al) abelian


ategory of all mixed motivi
 sheaves over a regular s
heme X . When X =

Spe
(k), k is an arbitrary �eld, we get the 
ategory MM

k

. We will assume

that it satis�es all the expe
ted properties 
onje
tured by Beilinson [Be℄. In

parti
ular any obje
t of MM

X

has a 
anoni
al in
reasing weight �ltration

W

�

; morphisms are stri
ktly 
ompatible with W

�

. We will ignore the fa
t that

existen
e of su
h an abelian 
ategory is not known yet.

Let � : X �! Spe
(k) be the stru
ture morphism. There are the Tate

sheaves Q(n)

X

:= �

�

Q(n)

Spe
(k)

whi
h we usually denote simply by Q(n). The

basi
 
onje
ture is Beilinson's des
ription of Ext's between them:

Conje
ture 3.1

Ext

i

MM(X)

(Q(0)

X

;Q(n)

X

) = gr




n

K

2n�i

(X)
 Q

Consider the 
ategory of pure motives over a �eld k. One 
an have in

mind Grothendie
k's 
ategory of motives with morphisms given by the Chow


orresponden
es modulo numeri
al equivalen
e. We will assume that it is a

semisimple abelian 
ategory.

Now let P be a rigid tensor sub
ategory of the 
ategory of pure motives, and

M

P

the tensor 
ategory of mixed motives generated by P . This means that

M

P

is 
losed under extensions, 
ontains P as a full sub
ategory and the weight

graded quotients of any obje
t ofM

P

belong to P .

Examples. 1. P is the 
ategory of pure Tate motives. M

P

is the 
ategory

of mixed Tate motives.

2. P is the 
ategory of pure ellipti
 motives. Then M

P

is the 
ategory of

mixed ellipti
 motives.

3. P is the 
ategory of all pure motives over k, soM

P

is the 
ategory of all

mixed motives.

There is a 
anoni
al �ber fun
tor

	 :M

P

�! P ; M 7�! �

n2Z

gr

W

n

M

Let us axiomatise this situation. Namely, let P be an abelian semisimple

rigid tensor Q-
ategory . We will say that M

P

is a mixed 
ategory over P if

it is an abelian rigid tensor Q-
ategory 
ontaining P as a full sub
ategory with

the following properties:

1. Any obje
tM ofM

P


arries a 
anoni
al �nite �ltrationW

�

M (the weight

�ltration).

2. Morphisms are stri
tly 
ompatible with W

�

.

3. The graded obje
ts gr

W

i

M belong to P .

4. Hom

M

P

(M;N) are �nite dimensional.

Remark. We 
an assume also that M

P

is an F -
ategory where F is an

arbitrary �eld of 
hara
teristi
 zero. This is essential when E is a 
urve with
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omplex multipli
ation by O

F

, soM

E

is an F -
ategory. However to simplify a

bit notations we will assume F = Q below.

Below we will assume thatM

P

is su
h a 
ategory, not ne
essarily of motivi


origin.

2. The fundamental Lie algebra of a mixed 
ategory over P . Set

H(M

P

) := End(	). It is a 
o
ommutative Hopf algebra in the tensor 
ategory

P .

Let L(M

P

) be the Lie algebra of all derivations of the fun
tor 	:

L(M

P

) = Der(	) = fF 2 End(	)jF

X
Y

= F

X


 id

Y

+ id

X


 F

Y

g

It is a Lie algebra in the tensor 
ategory P . Its universal enveloping algebra

is isomorphi
 to the Hopf algebra H(M

P

). The Tannakian formalism shows

that the fun
tor 	 provides an equivalen
e between the 
ategoryM

P

and the


ategory of L(M

P

)-modules in the 
ategory P .

A Lie 
oalgebra in a tensor 
ategory C is an obje
t L together with a 
o-

bra
ket Æ : L ! �

2

C

L su
h that the 
omposition

L

Æ

�! �

2

C

L

Æ
id�id
Æ

�! �

3

C

L

is zero. The standard 
omplex of L is de�ned as follows:

C

�

C

(L) := L

Æ

�! �

2

C

L

Æ
id�id
Æ

�! �

3

C

L �! �

4

C

L �! :::

Here L pla
ed in degree 1, and the di�erential has degree +1. We de�ne the


ohomology groups of a Lie 
oalgebra L setting H

�

C

(L) := H

�

(C

�

(L)).

There is a duality V ! V

_

, (V

_

)

_

= V between the indu
tive and proje
tive

limits of obje
ts in the 
ateogory P . Set L(M

P

) := L(M

P

)

_

. It is a Lie


oalgebra in the tensor 
ategory P

M

.

For a Q-ve
tor spa
e V and an obje
t X of a 
ategory C there is an obje
t

V �X of C su
h that Hom

C

(Y; V 
X) = V 
Hom

C

(Y;X). Any pure motive

W 
an be 
anoni
ally de
omposed into the isotypi
al 
omponents:

W = �

M

Hom

M

(M;W )�M

where the sum is over the isomorphism 
lasses of simple obje
ts in M

P

. The

standard 
omplex of L(M

P

) splits into a dire
t sum of isotypi
al 
omponents

�

L(M

P

)

�

M

Æ

�!

�

�

2

L(M

P

)

�

M

Æ

�!

�

�

3

L(M

P

)

�

M

Æ

�! ::: (13)

Noti
e that L(M

P

)

M

is zero unless the weight M is > 0. Therefore ea
h of

the 
omplexes (13) has �nite length.

3. The Galois group of a mixed 
ategory. Let � :M

P

�! V e
t

Q

be


omposition of the �ber fun
tor 	 with a �ber fun
tor ' from P to the 
ategory

of �nite dimensional Q-ve
tor spa
es.

16



Then G(M

P

) := Aut




� is a proalgebrai
 group s
heme over Q. It is the

Galois group of the 
ategoryM

P

.

There are two 
anoni
al fun
tors between the tensor 
ategoriesM

P

and P :

the in
lusion fun
tor P ,!M

P

, and the fun
tor

gr

�

:M

P

�! P gr

W

: X 7�! �

n2Z

gr

W

n

X

Their 
omposition is the identity fun
tor on P . These fun
tors obviously respe
t

the �ber fun
tor, and so lead to homomorphisms of groups G(M

P

) �! G(P)

and G(P) �! G(M

P

). Thus the group G(M

P

) is a semidire
t produ
t:

0 �! U(M

P

) �! G(M

P

) �! G(P) �! 0

Passing to Lie algebras we get:

0 �! LieU(M

P

) �! LieG(M

P

) �! LieG(P) �! 0

So LieU(M

P

) is a pronilpotent Lie algebra in the 
ategory of G(P)-modules.

The 
ategory of �nite dimensional G(M

P

)-modules is equivalent to the 
ate-

gory of U(M

P

)-modules in the 
ategory �nite dimensionalG(P)-modules. Sin
e

the group s
heme U(M

P

) is prounipotent, it is equivalent to the 
ategory of

LieU(M

P

)-modules in the 
ategory of G(P)-modules. One 
an think about

it as of the 
ategory G(P)-modules equipped with an a
tion of the Lie alge-

bra LieU(M

P

) su
h that the a
tion LieU(M

P

) 
 V �! V is a morphism of

G(P)-modules.

Lemma 3.2 Let M be a pure obje
t. Then

RHom

LieU(M

P

)�mod

('(Q(0)); '(M)) �M

_

=

��

�

�

L(M

P

)

�

M

; �

�

4. A des
ription of the fundamental Lie 
oalgebra. ( Compare with

[BMS℄ and [BGSV℄). Let A;B be simple obje
ts of the 
ategory P . Let us

say that an obje
t M of M

P

is n-framed by A;B if we are given nonzero

homomorphisms

v

A

: A! gr

W

0

M; f

B

: gr

W

�n

M ! B

Consider the �nest equivalen
e relation on the set of all obje
ts n-framed by A;B

su
h that (M ; v

A

; f

B

) and (M

0

; v

0

A

; f

0

B

) are equivalent if there is a morphism

M ! M

0

respe
ting the frames. Denote by A(A;B) the set of equivalen
e


lasses of mixed motives n-framed by A;B.

Let us de�ne an addition law setting

(M ; v

A

; f

B

) + (M

0

; v

0

A

; f

0

B

) := (M �M

0

; (v

A

; v

0

A

); f

B

+ f

0

B

)

The neutral element is A�B with the obviuos framing. Indeed, the equivalen
e

between (M �A�B; (v

A

; id

A

); (f

B

+ id

B

)) and (M ; v

A

; f

B

) is provided by the

natural morphisms M  �M �A ,!M �A�B.

17



The inversion is given by �(M ; v

A

; f

B

) := (M ; v

A

;�f

B

), and one also has

(M ; v

A

;�f

B

) = (M ;�v

A

; f

B

). Let us prove the �rst 
laim. The (A;B)-

framed obje
t obje
t W

�0

M=Kerf

B

is equivalent to (M ; v

A

; f

B

). So we may

assume without loss of generality thatW

�0

M =M;W

<�n

M = 0, and moreover

gr

W

0

M = A; gr

W

�n

M = B. There is a morphism

i

�

: W

<0

M ,!M �M;m 7�! (m;�m)

Then

M �M �!

M �M

i

�

(M)

=: N

1

is a morphism of (A;B)-framed obje
ts. We get an extension

0 �! W

<0

N

1

�! N

1

�! A� A �! 0

Let us 
onsider the extension 0 �! W

<0

N

1

�! N �! A �! 0 indu
ed by

the morphism j

�

: A ! A � A; a 7�! (a;�a). Then there is a well de�ned

morphism � : A ! N given by a 7�! (n

a

;�n

a

) where n

a

2 N is any element

proje
ting to a. So we get a morphism of (A;B)-framed obje
ts A�B

(�;�)

�! N ,

where � : B ,! N is the natural in
lusion.

It is easy to 
he
k that A(A;B) is an abelian group. Sin
e M

P

is a Q-


ategory, it is a Q-ve
tor spa
e, and in fa
t an indu
tive limit of �nite dimen-

sional F -ve
tor spa
es.

If B is a simple obje
t then A(Q(0); B) � B

_

is an obje
t of P de�ned by

the isomorphism 
lass of B up to a unique isomorphism. Set

H

0

(M

P

) := �A(Q(0); B) � B

_

The sum is over all isomorphism 
lasses of simple obje
ts B in P , but only

�nitely many terms are non zero.

The tensor produ
t of mixed motives provides H

0

(M

P

) with a stru
ture of

a 
ommutative algebra in the tensor 
ategory P :

A(Q(0); B

1

)�B

_

1


A(Q(0); B

2

)�B

_

2

! A(Q(0); B

1


B

2

)�B

_

1


B

_

2

Let us de�ne the 
oprodu
t. Let C be a simple pure obje
t of weight �k.

Let 
 2 Hom

P

(gr

W

�k

M;C) and 


�

2 Hom

P

(C; gr

W

�k

M). Let

v(


�

) : Q(0) �! C 
 C

_




�


id

�! gr

W

�k

M 
 C

_

= gr

W

0

(M 
 C

_

)

(The �rst arrow is the 
anoni
al morphism). Set

�(
) := (M ; v

Q(0)

; 
) 2 A(Q(0); C) � C

_

�

�

(


�

) := (M 
 C

_

; v(


�

i

); f

B


 id

C

_

) 2 A(Q(0); C

_


B)� C 
B

_
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De�ne a natural map

�

C

: Hom

P

(gr

W

�k

M;C)
Hom

P

(C; gr

W

�k

M) �! (14)

�

A(Q(0); C) � C

_

�




�

A(Q(0); C

_


B)� C 
B

_

�

by setting

�

C

: 

 


�

7�! �(
)
 �

�

(


�

)

There is a 
anoni
al element in (14) de�ned as follows. Let 


1

; :::; 


m

be a

basis of the Q-ve
tor spa
e Hom

P

(gr

W

�k

M;C) and 


�

1

; :::; 


�

m

the dual basis of

Hom

P

(C; gr

W

�k

M), i.e. 


i

Æ 


�

j

= Æ

i;j

Id

C

. Then

P

i




i


 


�

i

does not depend on

the 
hoi
e of basis 


i

. By de�nition

� : (M ; v

Q(0)

; f

B

)�B

_

7�! �

C

�

C

(

X

i




i


 


�

i

) 2

�

C

�

A(Q(0); C) � C

_

�




�

A(Q(0); C

_


B)� C 
B

_

�

The sum is over all isomorphism 
lasses of simple obje
ts in P whose weights

are between 0 and wt(B). It turnes out to be a �nite sum.

Noti
e that V := �V

B

�B

_

is a pro (resp. ind) obje
t in P if and only if V

B

is pro (resp. ind) Q-ve
tor spa
e for ea
h isomorphism 
lass of simple obje
ts

in P . There is a duality between the pro- and ind-obje
ts: if V is a pro (resp.

ind) obje
t in P , then V

_

:= �V

_

B

� B is an ind (resp. pro) obje
t in P , and

the 
anoni
al map V ! (V

_

)

_

is an isomorphism.

For any simple obje
t B of P the B-isotypi
al 
omponenmt of H

0

(M

P

) is an

ind-obje
t in the 
ategory P . This means that H

0

(M

P

) itself is an ind-obje
t

in the 
ategory P . On the other hand H(M

P

) is a pro-obje
t in P .

Let E 2 End(	) and E

M

the 
orresponding endomorphism of 	(M). There

is a natural map ' : H

0

(M

P

)! H(M

P

)

_

given by

'

�

(M ; v

Q(0)

; f

B

)�B

_

�

(E

M

) := f

B

E

M

v

Q(0)

(Q(0));

Here we extended f

B

to a morphism 	(M)! B postulating that its restri
tion

to gr

W

�l

M for l 6= n is zero. We will always extend the framing morphisms in a

similar way.

Theorem 3.3 a) H

0

(M

P

) is dual to H(M

P

).

b) � provides H

0

(M

P

) with a stru
ture of a 
ommutative Hopf algebra in

the 
ategory P whi
h is 
anoni
ally isomorphi
 to H(M

P

)

_

.

Proof. a) A

ording to the Tannaka theory (whi
h remains valid for �ber

fun
tors with values in the semisimple tensor 
ategories) the �ber fun
tor 	
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provides an equivalen
e between the 
ategory M

P

and the 
ategory H(M

P

)-

mod of �nite dimensional H(M

P

)-modules in the 
ategory P . So we will work

with the 
ategory H(M

P

)-mod.

Let us show that ' is inje
tive. Suppose that '

�

(M ; v

Q(0)

; f

B

) � B

_

�

=

0. We may assume that gr

W

p

M = 0 for p > 0 and p < �n and gr

W

0

M =

Q(0); gr

W

�n

M = B. Consider the 
y
li
 submodule M

0

:= H(M

P

) � 	(Q(0)).

Then its weights are bigger then �n, sin
e otherwise '

�

(M ; v

Q(0)

; f

B

)�B

_

�

6=

0. So we get a morphismM

0

�B !M whi
h obviously respe
ts the frames. On

the other hand there is 
anoni
al proje
tion M

0

�B ! Q(0) � B providing by

the proje
tionM

0

! gr

M

0

= Q(0). Thus (M ; v

Q(0)

; f

B

) is equivalent to Q(0)�B

(with the natural frame).

Now let us show that ' is surje
tive. Let f 2 H(M

P

)

_

B

be a subobje
t iso-

morphi
 to B

_

. Denote by Kerf the 
orresponding subobje
t of H(M

P

)

B

su
h

thatH(M

P

)

B

=kerf = B. Consider theH(M

P

)-module: Q(0)�H(M

P

)

B

=Kerf

whith the a
tion of H(M

P

) provided by f , the nontrivial part of the a
tion is a

morphism H(M

P

)

B


Q(0) ! H(M

P

)

B

=Kerf , and the obvious framing. The

map ' sends it to f .

The part b) follows easyly from the de�nitions and the part a). The theorem

is proved.

4 Conje
tures on the Galois group of the 
ate-

gory of mixed ellipti
 motives

1. A 
onje
ture on Ext's in the 
ategory of mixed ellipti
 motives.

Lemma 4.1

RHom

MM

k

(Q(0); Sym

n

H(m)) = RHom

MM

E

(n)

(Q(0);Q (n +m))[n℄

sgn

(15)

Proof. Let p : E

(n)

�! Spe
(k) be the 
anoni
al proje
tion. Then we

should have the motivi
 Leray spe
tral sequen
e

E

p;q

2

= Ext

p

MM

k

�

Q(0); R

q

p

�

Q(n +m)

�

degenerating at E

2

and abbuting to Ext

p+q

MM

E

(n)

�

Q(0);Q (n +m)

�

. Sin
e

H

i

(E

(n)

)

sgn

= 0 for i 6= n; H

n

(E

(n)

)

sgn

= Sym

n

h

1

(E)

we get (15). Conje
ture (3.1) tells us that the 
ohomology of the ellipti
 motivi



omplexes are given by the formula

R

i

Hom

MM

k

(Q(0); Sym

n

H(m))
 Q = gr




n+m

K

n+2m�i

(E

(n)

)

sgn


 Q (16)
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Let us 
hoose a �ber fun
tor ' : P

E

! V e
t

Q

. Set H := '(H) Then '(Q(1))


orresponds to the one-dimensional representation det : GL

2

(H) ! G

m

and

S

m

H(n) to the GL

2

-module S

m

H(n), both with the trivial LieU(M

E

)-a
tion.

The following 
onje
ture plays a 
ru
ial role. Our results are little steps

towards its 
on�rmation.

Conje
ture 4.2 Let E be an ellipti
 
urve over an algebrai
aly 
losed �eld k

The 
anoni
al morphism

RHom

M

E

(Q(0); S

n

H(m)) �! RHom

MM

k

(Q(0); S

n

H(m))

is a quasiisomorphism. In parti
ular the Ext groups in the 
ategoryM

E

should

be isomorphi
 to the Ext groups (between the same obje
ts) in the 
ategory

MM

k

.

Remark. This 
onje
ture should not be true if k is not an algebrai
ally


losed �eld. A similar 
onje
ture for the 
ategory of mixed Tate motives is

expe
ted to be valid for all �elds k.

Question. Consider the mixed 
ategoryM

fX

i

g

generated by given simple

pure motives X

i

. When 
ould we expe
t that the Ext's in the 
ategory M

X


oinside with the Ext's (between the same obje
ts) in the 
ategoryMM

k

?

2. The main hero: a Lie 
oalgebra L

�

(E). Let us assume for simpli
ity

that E is an elllipti
 
urve over a �eld k without 
omplex multipli
ation. Then

any simple obje
t of the 
ategory P

E

of pure ellipti
 motives is isomorphi
 to

just one of the obje
ts S

n

H(m).

P

E

is a rigid tensor 
ategory. Let us de�ne a new tensor stru
ture 


0

on

this 
ategory setting

S

n

H(m)


0

S

n

0

H(m

0

)

=

�! S

n+n

0

H(m+m

0

)

where the morphism is the usual tensor produ
t followed by the proje
tion to

the S

n+n

0

H(m+m

0

) 
omponent. We get an abelian tensor 
ategory P

�

E

whi
h

will be 
alled the small tensor 
ategory of ellipti
 motives.

Remark. P

�

E

is not a rigid tensor 
ategory sin
e there is no dual obje
t for

S

n

H(m) if n > 0.

The mixed Tate motives are 
ontained in the 
ategory of mixed ellipti


motives, and we have a 
anoni
al fun
tor M

T

(k) �! M

E

. Let �

�

: L(k) !

L(E) be the 
orresponding morphism of Lie 
oalgebras.

Conje
ture 4.3 There exists a Lie sub
oalgebra L

�

(E) � L(E) whi
h enjoys

the following properties:

1. L

�

(E) is also a Lie 
oalgebra in the small tensor 
ategory P

�

E

.

2. The natural morphism of 
ohomology groups

H

�

P

�

E

(L

�

(E)) �! H

�

P

�

E

(L(E))

is an isomorphism.

3. �

�

maps L(k)

Q(n)

_
isomorphi
ally onto L

�

(E)

Q(n)

_
.
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A 
onstru
tion of a Lie 
oalgebra in the tensor 
ategory P

�

E

whi
h hypothet-

i
ally satis�es all these properties is given in s. 4.5.

Remarks. 1. A Lie sub
oalgebra of L(E) is usually not a Lie 
oalgebra in

the tensor 
ategory P

�

E

.

2. H

�

P

�

E

(L

�

(E)) are quite di�erent from H

�

P

E

(L

�

(E)). The reason is 
lear

from the following example:

(V �H)
 (V �H) = (V 
 V )� S

2

H� (V 
 V )� S

2

H

(V �H)


0

(V �H) = (V 
 V )� S

2

H

3. Consider L

�

(E) as a Lie 
oalgebra in P

E

. Let M

�

E

be the 
ategory of


omodules over it in the 
ategory P

E

. If L

�

(E) is a Lie 
oalgebra of L(E), then

M

�

E

is a sub
ategory ofM

E

.

The weight 
onsideration shows that the pi
ture of nonzero isotypi
al 
om-

ponents of L

�

(E) looks as follows:

n

"

7 � � � � � � � �

6 � � � � � � �

5 � � � � � � �

4 � � � � � �

3 � � � � � �

2 � � � � �

1 � � � � �

0 � � � �

�3 �2 �1 0 1 2 3 4 �! m

A boldfa
e point with 
oordinates (m;n) 
orresponds to nonzero isotypi
al 
om-

ponent L

�

(E)

S

n

H(m)

_

. For example L

�

(E)

Q(0)

= 0, L

�

(E)

S

2

H(�1)

_

= 0.

3. Corollaries. A

ording to 
onje
tures (4.3) and (4.2) one has the fol-

lowing quasiisomorphisms:

�

�

�

P

�

E

L

�

(E); �

�

S

n

H(m)

_

4:3

= RHom

M

E

(Q(0); S

n

H(m))

4:2

= (17)

RHom

MM

k

(Q(0); S

n

H(m)) (18)

So we get the basi
 formula

H

i

(�

�

P

�

E

L

�

(E))

S

n

H(m)

_

= gr




n+m

K

n+2m�i

(E

(n)

)

sgn


 Q (19)

Using this we immediately 
on
lude that

L

�

(E)

Q(1)

_
= k

�

� Q(1)

_

; L

�

(E)

H

_

= J �H

_
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More generally, let J

S

2m+1

H(�m)

be the image of the subgroup of homologi
ally

trivial 
y
les in CH

m

(E

(2m�1)

)

sgn

under the Abel-Ja
obi map. Then

L

�

(E)

S

2n+1

H(�n)

_
= J

S

2n+1

H(�n)

� S

2n+1

H(�n)

_

; n > 0

Indeed, if H is a pure motive of weight 1 then

C

�

(L

�

(E))

H

= L

�

(E)

H

= H

1

P

�

(E)

(L

�

(E))

H

2

= H

1

(L

�

(E))

H

Re
all that B

2

(k) is the Blo
h group of a �eld k. Let B

3

(k) be its analog for

the 
lassi
al trilogarithm introdu
ed in [G1-2℄).

Lemma 4.4 (17) together with the results of [G2℄, [GL℄ implies that the lower

left 
orner of the diagram looks as folows (all groups are tensored by Q):

J

S

3

H(�1)

� � � � �

� � � � �

J B

�

3

(E) � � �

0 k

�

B

2

(k) B

3

(k) �

Proof. The stru
ture of the bottom row follows from 3) and the main results

in [G2℄. The H(1)

_

-isotypi
al 
omponent of the standard 
omplex of L

�

(E) is

L

�

(E)

H(1)

_
�! L

�

(E)

Q(1)

_

L

�

(E)

H

_

= k

�


 J �H(1)

_

The motivi
 interpretation of the group B

�

3

(E) as a group of H(1)-framed mixed

ellipti
 motives (see theorem 7.15 below) leads to a morphism of 
omplexes

B

�

3

(E) �H(1)

_

�! k

�


 J �H(1)

_

# #=

L

�

(E)

H(1)

_
�! k

�


 J �H(1)

_

Thanks to the main result of [GL℄ and property 2) this map is a quasiisomor-

phism. So L

�

(E)

H(1)

_
= B

�

3

(E)�H(1)

_

.

The Lie 
oalgebra L(E) has a mu
h more 
ompli
ated stru
ture, see s.4.8

below for the simplest example: des
ription of L(E)

Q(1)

_

.

Zero 
y
les on E

(n)

. The only way how the obje
t S

n

H 
ould appear as a

dire
t summand of a tensor produ
t of n simple obje
ts of negative weights in

the small tensor 
ategory P

�

E

is this:

S

n

H = H


0

:::


0

H (n times)

Set

L

�

(E)

S

2

H

_

:= B

�

S

2

H

� S

2

H

_

(20)

The S

2

H

_

- isotypi
 
omponent of the 
o
hain 
omplex �

�

P

�

E

L

�

(E) looks as

follows:

�

L

�

(E) �! �

2

P

�

E

L

�

(E)

�

S

2

H

_

=

�

B

�

S

2

H

(E)

Æ

S

2

H

�! �

2

J

�

� S

2

H

_
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Similarly the S

n

H

_

-isotypi
 
omponent of �

�

P

�

E

L

�

(E) is ( ::: �! �

n

J)�S

n

H

_

.

Therefore we get

Ext

n

(Q(0); S

n

H) = CH

n

(E

(n)

)

sgn

= a quotient of �

n

J (21)

The last equality indeed follows from the Blo
h's theorem on zero 
y
les on

abelian varieties [Bl5℄.

Similarly we dedu
e that for m > 0 one should have

Ext

n+m

M

E

(Q(0); S

n

H(m)) = a quotient of �

n

J 


Q

K

M

m

(k)

4. The duality between DG Lie 
oalgebras and 
ommutative DG

algebras. Let L

�

be a DG Lie 
oalgebra in a tensor 
ategory C, whi
h is not

supposed to be a rigid tensor 
ategory. This means that we have a 
omplex

(L

�

; �) and a 
obra
ket

Æ : L

�

! �

2

C

(L

�

)

whi
h is a morphism of 
omplexes satisfying the 
o Ja
obi identity. Let

C(L

�

) := L

�

[�1℄� S

2

C

(L

�

[�1℄)� S

3

C

(L

�

[�1℄)� :::

be the free super 
ommutative algebra (without unit) generated by L

�

[�1℄.

There are two 
ohomologi
al di�erentials on C(L

�

): the �rst is provided by the

di�erential in L

�

, and the se
ond 
omes via the Leibniz rule from the 
obra
ket

Æ. Their sum is a di�erential providing a stru
ture of a 
ommutative DG algebra

on C(L

�

). For example, if L

�

= L is 
on
entrated in degree 0, then S

n

C

(L[�1℄) =

�

n

C

L[�n℄ and we get the standard 
o
hain 
omplex of the Lie 
oalgebra:

C(L) := L[�1℄� �

2

C

(L)[�2℄� �

3

C

(L)[�3℄� :::

Let L

�

be a DG Lie 
oalgebra and A

�

is a DG 
ommutative algebra. De-

�ne MC(Hom

k

(L

�

[�1℄; A

�

)) as the set of all degree zero elements in ! 2

Hom

k

(L

�

[�1℄; A

�

) satisfying the Maurer-Cartan equation d! +

1

2

! ^ ! = 0.

Here ! ^ ! is the 
omposition

L

�

[�1℄! S

2

C

(L

�

[�1℄)! S

2

C

A

�

! A

�

If we think of ! as of element in (L

�

[�1℄)

_


 A

�

, we get the usual formula for

! ^ !. Then one has

MC(Hom

k

(L

�

[�1℄; A

�

)) = Hom

DGCom

(C(L); A)

We get a fun
tor

C : DGCoLie! DGCom

There is a fun
tor in the opposite dire
tion:

F : DGCom! DGCoLie
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satisfying

Hom

DG
oLie

(L

�

; F (A

�

)) = MC(Hom

k

(L

�

; A

�

[1℄))

Namely, F (A

�

) is the 
ofree Lie super
oalgebra F(A

�

[1℄) generated by the 
om-

plex A

�

[1℄. There is a 
anoni
al proje
tion p : F(A

�

[1℄) �! A

�

[1℄. A

ording

to the universality property of the 
ofree Lie 
oalgebras to de�ne the di�eren-

tial on F(A

�

[1℄) it is suÆ
ient to de�ne its proje
tion F(A

�

[1℄) ! A

�

[1℄. By

de�nition it is the sum of the di�erential in A

�

[1℄ and the produ
t �

2

(A

�

[1℄) =

S

2

(A

�

)[2℄! A

�

[1℄.

The fun
tors C and F are obviously adjoint. So there are 
anoni
al mor-

phisms

A

�

�! C Æ F (A

�

) L

�

�! F Æ C(L

�

)

Theorem 4.5 These morphisms are quasiisomorphisms.

This theorem was proved by Quillen [Q℄ when C is the 
ategory of Q-ve
tor

spa
es, but it is true for an arbitrary tensor 
ategory C.

The fun
tor F has another des
ription via the bar 
onstru
tion. Namely,

let B(A

�

) be the redu
ed bar 
omplex of a DG 
ommutative algebra A

�

. It

has a stru
ture of a Hopf algebra. Let B

0

(A

�

) be the augmentation ideal of

B(A

�

). Then the spa
e B

0

(A

�

)=(B

0

(A

�

) � B

0

(A

�

)) of the inde
omposable ele-

ments has a natural stru
ture of a DG Lie 
oalgebra (a good referen
e for the

Bar 
onstru
tion is 
h. 2 of [BK℄).

5. A 
y
le 
onstru
tion of L

�

(E) (Compare with [Bl4℄). Let sgn be the

one dimensional alternating representation of G

n

where a generator of ea
h fa
-

tor Z=2Z a
ts by �1 and the restri
tion to S

n

is the alternating representation.

The group G

n

a
ts naturally on E

n

.

The idea of the 
onstru
tion. Let �

X

(n) be a motivi
 
omplex on a reg-

ular s
heme X , i.e., it is a 
omplex of Q-ve
tor spa
es quasiisomorphi
 to

RHom

MM

X

(Q(0);Q (n)). We will need also a 
anoni
al morphism of 
om-

plexes �

X

(m) � �

Y

(n) ! �

X�Y

(m + n). We will take below the 
omplex of

Blo
h's Higher Chow groups on X as a 
on
rete version of �

X

(n) to work with.

Then

N

�

(E) := �

2m+n>0;n�0

�

E

n

(m+ n)

sgn

� S

n

H(m)

_

has a natural stru
ture of a 
ommutative DG algebra (without unit) in the small

tensor 
ategory of pure ellipti
 motives. Namely, the produ
t is provided by the

natural morphism of 
omplexes

�

E

n

(m+ n)

sgn

� �

E

n

0

(m

0

+ n

0

)

sgn

�! �

E

n+n

0

(m+m

0

+ n+ n

0

)

sgn

(take the external produ
t of the 
omplexes on E

n+n

0

and proje
t it onto the

signum part with respe
t to the a
tion of the group G

n+n

0

). It remains to apply

the fun
tor F !
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Now let us spell out the details for the 
omplexes of Blo
h's Higher Chow

groups. Let Z

n

(E

m

; k) be the Q-ve
tor spa
e of 
odimension n 
y
les with Q


oeÆ
ients on E

m

� (P

1

nf1g)

k

whi
h are skewsymmetri
 with respe
t to the

a
tion of G

k

on (P

1

nf1g)

k

and meet the fa
es of the 
oordinate 
ube de�ned by

setting some of the 
oordinates equal to 0 or1 properly. Set Z

m+n

(E

n

; 
)

sgn

:=

(Z

m+n

(E

n

; 
)
 sgn)

G

n

. We de�ne a 
omplex Z

m+n

(E

n

; �)

sgn

pla
ing

Z

m+n

(E

n

; 
)

sgn

in degree 2n+m� 


The di�erential is the alternating sum of the fa
e maps:

Z

m+n

(E

n

; 
)

sgn

�! Z

m+n

(E

n

; 
� 1)

sgn

A 


0

-produ
t of RHom's

RHom

MM

k

(Q(0); S

n

H(m))


0

RHom

MM

k

(Q(0); S

n

0

H(m

0

)) �! (22)

RHom

MM

k

(Q(0); S

n+n

0

H(m+m

0

))

is provided by the usual tensor produ
t

RHom(Q; A) 
RHom(Q; B) �! RHom(Q; A 
B)

and the 
anoni
al proje
tion S

n

H(m)
 S

n

0

H(m

0

)! S

n+n

0

H(m+m

0

).

Lemma 4.6 a) One has a quasiisomorphism

Z

m+n

(E

n

; �)

sgn

= RHom

MM

k

(Q(0); S

n

H(m))

b) The produ
t of 
y
les followed by the proje
tion to the G

n+n

0

-alternating

part provides a morphism of 
omplexes

Z

m+n

(E

n

; �)

sgn


Z

m

0

+n

0

(E

n

0

; �

0

)

sgn

�! Z

m+n+m

0

+n

0

(E

n+n

0

; �+ �

0

)

sgn

whi
h 
oin
ides in the derived 
ategory with the 


0

-produ
t of RHom's (22).

Proof. Follows from lemma (4.1) and the results of Blo
h [Bl2℄, [BK℄.

Set

N

�

(E) := �

2m+n>0

Z

m+n

(E

n

; �)

sgn

� S

n

H(m)

_

There is a 
ommutative produ
t on N

�

(E) given by

�

Z

m+n

(E

n

; �)

sgn

� S

n

H(m)

_

�




�

Z

m

0

+n

0

(E

n

0

; �

0

)

sgn

� S

n

0

H(m

0

)

_

�

�

Z

m+n+m

0

+n

0

(E

n+n

0

; �+ �

0

)

sgn

� S

n+n

0

H(m+m

0

)

_

�
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Proposition 4.7 N

�

(E) is a 
ommutative DG algebra (without unit) in the

small tensor 
ategory of pure ellipti
 motives.

Thus setting

~

L

�

(E) := FN

�

(E) and using theorem 4.5 we get a proof of

theorem 1.1.

Conje
ture 4.8 H

i

(FN

�

(E)) = 0 if i 6= 0.

H

0

(FN

�

(E)) is a Lie 
oalgebra in the tensor 
ategory P

�

E

whi
h is our


andidate for L

�

(E).

Proposition 4.9 Assuming the 
onje
ture (4.8) one has for (n;m) 6= (0; 0):

�

H

�

P

�

E

(H

0

(

~

L

�

(E)))

�

S

n

H(m)

_

= RHom

MM

k

(Q(0); S

n

H(m))� S

n

H(m)

_

Proof. This folows immediately from theorem 4.5 and lemma 4.6.

6. The Freeness 
onje
ture for mixed ellipti
 motives. The Lie 
oal-

gebras in this paper are Ind-obje
ts in the 
ateogory of pure motives. Denote

by L(E), L

�

(E), I

�

(E) the Lie algebras dual to the Lie 
oalgebras L(E), L

�

(E),

I

�

(E). Set

I

�

(E) := �

n+m>1

L

�

(E)

S

n

H(m)

It is 
lear from the pi
ture above that I

�

(E) is an ideal in L

�

(E) and

L

�

(E)=I

�

(E) = (k

�

)

_

� Q(1) � J

_

�H (23)

is an abelian Lie algebra.

Conje
ture 4.10 I

�

(E) is a free Lie algebra in the tensor 
ategory P

�

E

.

A Lie algebra L in P

�

E

is free if and only if H

i

P

�

E

(L) = 0 for i > 1.

Remark. A

ording to the property 3) this 
onje
ture implies the Freeness


onje
ture for mixed Tate motives.

7. The ve
tor spa
e L(E)

Q(1)

_

. It follows from 19 that one should have

L(E)

S

2n+1

H(�n)

_ = J

S

2n+1

H(�n)

= CH

n+1

(E

2n+1

)

sgn

LetM be a simple obje
t of P

E

. A

ording to H.Weyl's theoremHom

P

E

(M;


m

H)

is an irredu
ible G

m

-module. Denote it by �

(m)

M

(we will omit (m) sometimes).

Set

CH

2n+2

(E

4n+2

)

�

Q(1)

_

:=

�

CH

2n+2

(E

4n+2

)
 �

Q(1)

_

�

G

4n+2

� S

2

(J

S

2n+1

H(�n)

)

For any integer n � 0 one 
an de�ne an abelian group B

(n)

Q(1)

together with the

following exa
t sequen
e:

0 �! k

�

Q

�! B

(n)

Q(1)

�! CH

2n+2

(E

4n+2

)

�

Q(1)

_

�! 0 (24)
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For n = 0 this is the group B

2

(E) we dis
ussed in 
hapter 2. In general the

extension 24 
omes in a similar way from the biextension related to 
odimension

n+ 1 
y
les in E

2n+1

(see [Bl3℄).

Let us take the sum of all these extensions:

0 �! k

�


 Q[t℄ �! �

n�0

B

(n)

Q(1)

�! �

n�0

CH

2n+2

(E

4n+2

)

�

Q(1)

_

� Q(1)

_

�! 0

There is a homomorphism

� : k

�


 Q[t℄ �! k

�

; a
 t

n

7�! a

Theorem 4.11

L

Q(1)

_
=

�

n�0

B

(n)

Q(1)

ker�

Using the identi�
ation

�

n�0

�

�

2

L(E)

S

2n+1

H(�n)

_

�

Q(1)

_

= �

n�0

CH

2n+2

(E

4n+2

)

�

Q(1)

_

� Q(1)

_

we get a 
anoni
al homomorphism, provided by (24)

L(E)

Q(1)

_
�! �

n�0

�

�

2

L(E)

S

2n+1

H(�n)

_

�

Q(1)

_

This homomorphism gives the 
obra
ket Æ. Its kernel is isomorphi
 to k

�

.

Noti
e how simple is L

�

(E)

Q(1)

_
= k

�

Q

and how 
ompli
ated is L(E)

Q(1)

_
!

8. Re
e
tions on ellipti
 motivi
 
omplexes. Suppose that E is de�ned

over an algebrai
ally 
losed �eld k. I 
onje
ture that:

a) For any m;n su
h that n � 0; n+ 2m > 0 there exists an abelian group

B

�

S

n

H(m)

together with homomorphisms

Æ

1

: B

�

S

n

H(m)

�! B

�

S

n�1

H(m)


 J; n+ 2m > 0

Æ

2

: B

�

S

n

H(m)

�! B

�

S

n

H(m�1)


 k

�

m � 1

For m � 1 one should have

B

�

S

2m+1

H(�m)

= J

S

2m+1

H(�m)

and B

�

Q(m)

= B

m

(k)

where B

m

(k) are the groups introdu
ed in [G1-2℄. For instan
e B

�

H

= J and

B

�

Q(1)

= k

�

.

b) One should get a bi
omplex �

�

S

n

H(m)

of the following shape.

28



For m > 0:

B

�

S

n

H(m)

�! B

�

S

n

H(m�1)

^ k

�

�! ::: �! B

�

S

n

H(1)

^ �

m�1

k

�

# # ::: #

B

�

S

n�1

H(m)

^ J �! B

�

S

n�1

H(m�1)

^ J ^ k

�

�! ::: �! B

�

S

n�1

H(1)

^ J ^ �

m�1

k

�

# # ::: #

::: ::: ::: :::

# # ::: #

B

�

Q(m)

^ �

n

J �! B

�

Q(m�1)

^ �

n

J ^ k

�

�! ::: �! �

n

J ^ �

m

k

�

Here the horizontal di�erentials are b^x 7�! Æ

1

(b)^x and the verti
al ones are

b ^ x 7�! Æ

2

(b) ^ x.

For m = 0:

B

�

S

n

H

�! B

�

S

n�1

H

^ J �! ::: �! B

�

S

2

H

^ �

n�2

J �! �

n

J

For m < 0, set m

0

:= �m. Then

B

�

S

n

H(�m

0

)

�! B

�

S

n�1

H(�m

0

)


 J �! ::: �! B

�

S

2m

0

+1

H(�m

0

)


 ^

n�2m

0

�1

J


) The total 
omplex asso
iated with the bi
omplex �

�

S

n

H(m)

(abusing nota-

tions I will denote it also by �

�

S

n

H(m)

) after tensoring with Q should be quasi-

isomorphi
 to RHom

MM

k

(Q(0); S

n

H(m)).

Example. �

�

H(m)

is the total 
omplex asso
iated with the bi
omplex

B

�

H(m)

! B

�

H(m�1)

^ k

�

! :::! B

�

H(2)

^ �

m�2

k

�

! B

�

3

(E) ^ �

m�1

k

�

# # ::: # #

B

�

Q(m)

^ J ! B

�

Q(m�1)

^ J ^ k

�

! :::! B

�

Q(2)

^ J ^ �

m�2

k

�

! J ^ �

m

k

�

d) There should be a variation P

n;m

of mixed ellipti
 motives framed by

Q(0) and S

n

H(m) over a 
ertain �nite dimensional variety X(n;m) over k. The

groups B

�

S

n

H(m)

should 
ome from it as follows. The variation P

m;n

provides a

homomorphism

~

l

n;m

: Q[X(n;m)(k)℄ ! A(Q(0); S

n

H(m))

where l

n;m

(fxg) for x 2 X

n;m

is the 
lass of the framed mixed motive P

n;m

(x).

(P

n;m

(x) is the �ber at x of the variation P

n;m

). Passing to the 
oalgebra Lie

we get a homomorphism

l

n;m

: Q[X(n;m)(k)℄ ! L(E)

S

n

H(m)

_
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Set B

S

n

H(m)

:= Im(l

n;m

). The group B

�

S

n

H(m)

is the largest Q-subspa
e of

B

S

n

H(m)

su
h that the restri
tion of the 
oprodu
t Æ to the group B

�

S

n

H(m)

has

non zero 
omponents only in

L

S

n�1

H(m)

_
^ J �H

_

� L

S

n

H(m�1)

_

^ k

�

� Q(1)

_

; if m > 1

and in

L

S

n�1

H(m)

_
^ J �H

_

; if m � 1

By de�nition Æ

1

and Æ

2

are the 
omponents of the restri
tion of Æ to B

�

S

n

H(m)

�

S

n

H(m)

_

. The restri
tion of Æ to B

S

n

H(m)

� S

n

H(m)

_

may be more 
ompli-


ated.

The periods of the R-Hodge realization of the variation P

n;m

are the new

trans
endental fun
tions denoted P

n;m

whi
h is needed to get the spe
ial values

L(S

n

H;m+ n).

Example. P

n;1

is the (motivi
) ellipti
 polylogarithm sheaf on En0, and

P

n;1

are the Eisenstein-Krone
ker series from 1.5. The group B

S

n

H(1)

(resp.

B

�

S

n

H(1)

) should 
oin
ide with the group

B

n+2

(E) =

Q[E(k℄

R

n+2

(E)

; B

�

n+2

(E) =

I

2n+2

E

R

n+2

(E)

whi
h will be de�ned later on. Here I

E

is the augmentation ideal of the group

algebra Q[E(k)℄.

8. The stru
ture of L

�

(E) and ellipti
 motivi
 
omplexes. Let us

de�ne the Q-ve
tor spa
es C

�

S

n

H(m)

by setting

H

1

(I

�

(E)) = �C

�

S

n

H(m)

� S

n

H(m)

_

Let Æ

�

be the the 
obra
ket in the Lie 
oalgebra L

�

(E). Conje
ture (4.10) means

that

Æ

�

: C

�

S

n

H(m)

�! C

�

S

n

H(m�1)

^ k

�

� C

�

S

n�1

H(m)

^ J (25)

Lemma 4.12 The S

n

H(m)

_

-isotypi
al 
omponent of the Serre-Ho
hshild spe
-

tral sequen
e for the ideal I

�

(E) � L

�

(E) 
omputing 
ohomology of L

�

(E) 
ol-

lap
es to the total 
omplex asso
iated with a bi
omplex ( whi
h should be tensored

�S

n

H(m)

_

):

C

�

S

n

H(m)

! C

�

S

n

H(m�1)


 k

�

! :::! C

�

S

n

H(�[

n�1

2

℄)


 S

m+[

n�1

2

℄

k

�

# # #

C

�

S

n�1

H(m)


 J ! C

�

S

n�1

H(m)


 J 
 k

�

! :::! C

�

S

n�1

H(�[

n�2

2

℄)


 J 
 S

m+[

n�2

2

℄

k

�

# # #

::: ::: :::

# # #

C

�

H(m)


 �

n�1

J ! C

�

H(m�1)


 �

n�1

J 
 k

�

! :::! C

�

H(1)


 �

n�1

J 
 �

m�1

k

�

# # #

C

�

Q(m)


 �

n

J ! C

�

Q(m�1)


 �

n

J 
 k

�

! :::! �

n

J 
 �

m

k

�
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The length of the rows de
reases when we are going down. Here is how it

looks for n = 4;m = 1:

C

�

S

4

H(1)

! C

�

S

4

H


 k

�

! C

�

S

4

H(�1)


 �

2

k

�

# # #

C

�

S

3

H(1)


 J ! C

�

S

3

H


 J 
 k

�

! C

�

S

3

H(�1)


 J 
 �

2

k

�

# #

C

�

S

2

H(1)


 �

2

J ! C

�

S

2

H


 �

2

J 
 k

�

#

C

�

H(1)


 �

3

J

#

k

�


 �

2

J

Proof. The E

1

term of this spe
tral sequen
e is

E

p;q

1

= C

p

�

k

�

� J; H

q

P

�

E

(I

�

(E))

�

S

n

H(m)

_

Sin
e H

q

P

�

E

(I

�

(E)) is zero for q > 1 the only non zero rows are E

�;0

1

and E

�;1

1

.

Moreover E

p;0

1

is zero unless p = n+m, and

E

m+n;0

1

= �

n

J 
 �

m

k

�

Further, E

p;1

1

is non zero only if 0 � p < m+ n. If so, then

E

p;1

1

= �

a+b=p

C

�

S

n�a

H(m�b)


 �

a

J 
 �

b

k

�

So the E

1

term of the spe
tral sequen
e gives us pre
isely the groups in the

bi
omplex. The di�erential d

1

: E

1

! E

1

provides all the di�erentials exept the

last two in the right bottom 
orner targeting to �

n

J 
�

m

k

�

. These two we get

from the di�erential d

2

. The lemma is proved.

The stru
ture of the quotient L

�

(E)=[I

�

(E); I

�

(E)℄. There is an exa
t se-

quen
e of Lie algebras

0!

I

�

(E)

[I

�

(E); I

�

(E)℄

!

L

�

(E)

[I

�

(E); I

�

(E)℄

!

L

�

(E)

I

�

(E)

! 0 (26)

The a
tion of L

�

(E) on I

�

(E) leads to the a
tion of L

�

(E)=I

�

(E) on

I

�

(E)=[I

�

(E); I

�

(E)℄. The Lie algebra stru
ture on L

�

(E)=[I

�

(E); I

�

(E)℄ is

determined by this a
tion.

The in
lusion L

�

(E)

Q(1)

_
�L

�

(E)

H(1)

_
,! L

�

(E) provides a 
anoni
al split-

ting s : L

�

(E)=I

�

(E) ! L

�

(E)=[I

�

(E); I

�

(E)℄ as an extension of Q-ve
tor

spa
es. Re
all that L

�

(E)=I

�

(E) = (k

�

Q

)

_

� Q(1) � J

_

Q

�H is an abelian Lie

algebra. So to de�ne the Lie algebra stru
ture on L

�

(E)=[I

�

(E); I

�

(E)℄ we need

to know the Q-ve
tor spa
es C

�

S

n

H(m)

and the homomorphisms (25). That is

pre
isely what the following two 
onje
tures are doing.
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Conje
ture 4.13 i) There is a 
anoni
al map B

�

S

n

H(m)

,! C

�

S

n

H(m)

su
h that

Æ

�

j

B

�

S

n

H(m)

= Æ

1

+ Æ

2

.

ii) B

�

S

n

H(m)

= C

�

S

n

H(m)

if n = 0; 1. Otherwise one has an exa
t sequen
e

0! B

�

S

n

H(m)

! C

�

S

n

H(m)

! B

�

S

n

H(�[

n�1

2

℄)


 S

m+[

n�1

2

℄

k

�

! 0 (27)

Set

�

C

�

S

n

H(m)

:= C

�

S

n

H(m)

=B

�

S

n

H(m)

. Then Æ

�

indu
es a map

�

C

�

S

n

H(m)

�!

�

C

�

S

n

H(m�1)


 k

�

�

�

C

�

S

n�1

H(m)


 J (28)

Now we 
an formulate the se
ond part of 
onje
ture (4.10).

Conje
ture 4.14 The se
ond 
omponent of the map (28) is zero, and the �rst


omponent 
oinsides with the homomorphism

B

�

S

n

H(�[

n�1

2

℄)


 S

m+[

n�1

2

℄

k

�

�! B

�

S

n

H(�[

n�1

2

℄)


 S

m+[

n�1

2

℄�1

k

�


 k

�

(29)

given by the identity � the Koszul di�erential.

Theorem 4.15 Assume all the 
onje
tures of this se
tion. Then the 
omplex

�

�

S

n

H(m)

is quasiisomorphi
 to RHom

M

E

(Q(0); S

n

H(m))

Proof. The 
omplex RHom

M

E

(Q(0); S

n

H(m)) is quasiisomorphi
 to the

standard 
omplex C

�

(L(E)) of the Lie 
oalgebra L(E). A

ording to the prop-

erty 1) there is a morphism of 
omplexes

C

�

P

�

E

(L

�

(E)) �! C

�

P

E

(L(E))

whi
h is a quasiisomorphism thanks to the property 2).

The part ii) of 
onje
ture (4.13) just means that there is a 
anoni
al embed-

ding of 
omplexes

j : �

�

S

n

H(m)

,! C

�

P

�

E

(L

�

(E))

We are going to show that it is a quasiisomorphism.

Using the part i) of 
onje
ture (4.13) we see that the quotient of the bi
om-

plex we got from the spe
tral sequen
e along the bi
omplex �

�

S

n

H(m)

looks as

follows. The two bottom rows be
ome zero, and ea
h of the remaining rows is

B

�

?

times a Koszul 
omplex. For instan
e in the 
ase n = 4;m = 1 the quotient

is get

B

�

S

4

H(�1)


 S

2

k

�

! B

�

S

4

H(�1)


 k

�


 k

�

! B

�

S

3

H(�1)


 �

2

k

�

0 # 0 # 0 #

B

�

S

3

H(�1)


 J 
 S

2

k

�

! B

�

S

3

H(�1)


 J 
 k

�


 k

�

! B

�

S

3

H(�1)


 J 
 �

2

k

�

0 # 0 #

B

�

S

2

H


 �

2

J 
 k

�

! B

�

S

2

H


 �

2

J 
 k

�
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5 The 
omplexes B(E; n)

�

and B

�

(E; n)

�

1. An auxillary 
omplex. Let A be an abelian group. Consider the following


omplex

Q[A℄

Æ

�! Q[A℄ 
A

Q

Æ

�! Q[A℄ 
 �

2

A

Q

Æ

�! Q[A℄ 
 �

3

A

Q

Æ

�! ::: (30)

The di�erential is de�ned by the formula

Æ : fag 
 b

1

^ b

2

^ ::: ^ b

m

7�! fag 
 a ^ b

1

^ b

2

^ ::: ^ b

m

(31)

It is in�nite if A

Q

:= A 
 Q is in�nite dimensional. Let I

k

A

be the k-th degree

of the augmentation ideal I

A

� Z[A℄.

Lemma 5.1 Æ(I

k

A

) � I

(k�1)

A


A.

Proof. I

k

A

is generated by the elements

(fa

1

g � f0g) � (fa

1

g � f0g) � ::: � (fa

k

g � f0g)

Clearly

Æ(fa

1

g � f0g) � ::: � (fa

k

g � f0g) =

X

i

Y

j 6=i

(fa

j

g � f0g) � fa

i

g 
 a

i

So the 
omplex (30) has the \diagonal" �ltration by sub
omplexes

I

n

A

Æ

�! I

n�1

A


A

Q

Æ

�! I

n�2

A


 �

2

A

Q

Æ

�! I

n�3

A


 �

3

A

Q

Æ

�! :::

Ea
h graded quotient is isomorphi
 to the Koszul 
omplex

S

n

A

Q

�! S

n�1

A

Q


A

Q

�! ::: �! A

Q


 �

n�1

A

Q

�! �

m

A

Q

2. The groups B

n

(E). Re
all that B

0

(E) := Z and B

1

(E) = J(k). We

will usually write J for J(k). The group B

2

(E) is the group dis
ussed in s. 2.1.

In parti
ular if k =

�

k it is a quotient of Z[E(k)℄.

Re
all that

E

(n�1)

= f(x

1

; :::; x

n

) � E

n

j

X

x

i

= 0g

The group S

n

a
ts naturally on E

(n�1)

. Let p

i

: E

(n�1)

! E be the proje
tion

to the i-th fa
tor. We will use the \
oordinate notations" denoting p

�

i

f by f(x

i

)
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et
. Let us de�ne the following diagram:

K

M

n

�

k(E

(n�1)

)

�

��

n

%

S

n

�

k(E)

�

�

�

n

&

I

2n

E

by setting

��

n

: f

1

Æ:::Æf

n

7�!

X

�2S

n

(�1)

j�j

fp

�

�(1)

f

1

; :::; p

�

�(n)

f

n

g =

X

�2S

n

fp

�

1

f

�(1)

; :::; p

�

n

f

�(n)

g

For n � 2 set

�

n

: S

n

k(E)

�

�! I

2n

E(k)

f

1

Æ ::: Æ f

n

7�! (f

1

) � (f

2

) � ::: � (f

n

)

De�nition 5.2 Let k =

�

k and n � 3. Then R

n

(E=k) is the subgroup of Z[E℄

generated by �

n�1

(Ker��

n�1

) and \distribution relations" :

fag

n

�m

n�2

�

X

mb=a

fbg

n

; a 2 E(k); m = �1; 2 (32)

Example R

3

(E) is generated by the elements (1�f)� (f)

�

, where fxg

�

:=

f�xg, and (33).

Remark. It would be more natural to add to the subgroup R

n

(E=k) the

distribution relations for allm 2 Z,m 6= 0. However we will get the same group,

and for our purposes the de�nitioon above is te
hni
ally more 
onvinient.

De�nition 5.3 Let k =

�

k.

B

n

(E) :=

Z[E(k)℄

R

n

(E=k)

Theorem 5.4 Æ(R

n

(E)) � R

n�1

(E)
 J .

The proof 
onsists of two independent parts. For a more di�
ult one see

proof of the theorem (5.9) below. The easy one follows from

Lemma 5.5 For any m 2 Z, m 6= 0, one has

Æ

n

�

fag

n

�m

n�2

�

X

mb=a

fbg

n

�

= 0 in the group B

n�1

(E)
 J (33)
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Proof. For n = 2 this is done in [GL℄. The general 
ase follows by indu
tion:

Æ

�

fag

n

�m

n�2

�

X

mb=a

fbg

n

�

= fag

n�1


 a�m

n�3

�

X

mb=a

fbg

n�3


mb =

�

fag

n�1

�m

n�3

�

X

mb=a

fbg

n�1

�


 a = 0

So we get a homomorphism Æ : B

n

(E) �! B

n�1

(E) 
 J and thus the

following 
omplex B(S

n�2

H(1))

�

:

B

n

(E)

Æ

�! B

n�1

(E) 
 J

Æ

�! :::

Æ

�! B

2

(E)
 �

n�2

J

Æ

�! J 
 �

n�1

J

Æ

�! �

n

J

(34)

Here the very left group sits in degree one. The di�erential is de�ned by the

formula (31) and has degree +1.

If k is not an algebrai
ally 
losed we postulate the Galois des
ent:

B(E=k; n+ 2)

�

Q

:= (B(E=

�

k; n+ 2)

�

Q

)

Gal(

�

k=k)

Let us also de�ne the groups B

�

n

(E) for

�

k = k:

B

�

n

(E) := Im

�

I

2n�2

�! B

n

(E)

�

Here the map is indu
ed by the natural in
lusion I

2n�2

,! Z[E℄.

It follows from the lemma (5.1) that Æ

n

(B

�

n

(E)) � B

�

n�1

(E)
 J . So we 
an


onsider the following sub
omplex B

�

(E; n)

�

of the 
omplex (34).

B

�

n

(E)

Æ

�! B

�

n�1

(E)
 J

Æ

�! :::

Æ

�! k

�


 �

n�2

J

Proposition 5.6 The 
anoni
al morphism of 
omplexes

B

�

(E; n+ 2)

�

Q

�! B(E; n+ 2)

�

Q

is a quasiisomorphism.

Proof. This morphism is inje
tive by the de�nition of the groups B

�

n

(E). It

follows immediately from the lemma below that the quotient is isomorphi
 to

the Koszul 
omplex

S

n

J

Q

�! S

n�1

J

Q


J

Q

�! ::: �! S

2

J

Q


�

n�2

J

Q

�! J

Q


�

n�1

J

Q

�! �

n

J

Q

Lemma 5.7

B

n

(E)=B

�

n

(E)
 Q = S

n

J

Q
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Proof. We may assume that k is 
losed. We need to study the quotient

of the group Q[E(k)℄=I

2n�2

along the subgroup generated by the distribution

relations. Noti
e that

Q[E(k)℄=I

2n�2

= Q � J

Q

� S

2

J

Q

� :::� S

2n�3

J

Q

where the isomorphism is given by i = (i

0

; :::; i

2n�3

) where

i

m

: Q[E(k)℄ �! S

m

J

Q

; fag 7�! a

m

Let us denote by DR

n

the subgroup generated by the distribution relations (33).

Then the homomorphism

i

n̂

= (i

0

; :::;

^

i

n

; :::; i

2n�3

) : DR

n

�! Q � J

Q

� :::�

^

S

n

J

Q

� :::� S

2n�3

J

Q

is surje
tive. Indeed,

i

k

�

fag

n

�m

n�2

�

X

mb=a

fbg

n

�

= (1�m

n�k

) � a

k

In parti
ular i

n

(DR

n

) = 0. The lemma and hen
e the proposition are proved.

3. The 
omplex B

�

(E=k; n+1)

�

Q

is an ellipti
 deformation of the 
om-

plex B(Spe
(k); n)

�

Q

. Let me remind that the 
omplex B(Spe
(k); n)

�

looks

as follows:

B

n

(k) �! B

n�1

(k)
 k

�

�! ::: �! B

2

(k)
 �

n�2

k

�

�! �

n

k

�

where B

n

(k) is the quotient of Z[k

�

℄ along a 
ertain subgroup R

n

.

There is an important di�eren
e between these two 
omplexes. The 
om-

plex B(Spe
(k); n)

�

Q

is de�ned dire
tly in terms of a �eld k, while to de�ne

the 
omplex B(E=k; n + 1)

�

Q

we have to go to the algebrai
 
losure of k and

then postulate the Galois des
ent property. So in general they 
an only be

quasiisomorphi
.

Suppose k =

�

k. When E degenerates to

�

P

1

; f0g [ f1g

�

the 
omplex

B(E=k; n + 1)

�

Q

degenerates to a 
omplex quasiisomorphi
 to B(Spe
(k); n)

�

Q

(for n = 2 see s.3.4 in [GL℄).

In a sen
e the ellipti
 situation is simpler. For example our de�nition of the

group R

n

(E) is not indu
tive and more expli
it then the de�nition of the group

R

n

(k) in [G2℄. In fa
t when E degenerates to

�

P

1

; f0g [ f1g

�

our de�nition

suggests a new way of de�ning of the groups B

n

(k) from [G1℄-[G2℄.

4. Proof of the theorem (5.4). Let � 2 S

n

be a permutation and a

i

2 E.

Consider the following 
odimension p 
y
le in E

(n�1)

:

X(�; a

1

; :::; a

p

) := f(x

1

; :::; x

n

) � E

(n�1)

jx

�(1)

= a

1

; :::; x

�(p)

= a

p

g
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It is a produ
t of ellipti
 
urves E. Let us de�ne a homomorphism

�

n;p

: �

p

Z[E℄
 S

n�p

k(E)

�

�!

a

X2(E

(n�1)

)

p

�

n�p

(k(X))

�

by setting

fa

1

g^:::^fa

p

g
f

p+1

Æ:::Æf

n

7�!

X

�2S

n

(�1)

j�j

ff

p+1

(x

�(p+1)

); :::; f

n

(x

�(n)

)gj

X(�;a

1

;:::;a

p

)

Denote by

~

D

p

(n)

the image of the homomorphism �

n;p�1

.

The elements of type f

1

(x

1

) ^ ::: ^ f

m

(x

m

) in �

m

k(E

(m�1)

)

�

and their lin-

ear 
ombinations may be 
alled the de
omposable elements; this suggests the

notation.

Let F be an arbitrary �eld with a dis
rete valuation v and the residue 
lass

�

F

v

. The group of units U has a natural homomorphism U �! F

�

v

; u 7! �u.

Choose a uniformizer � 2 F

�

, ord

v

� = 1. There is 
anoni
al homomorphism

�

n

(F

�

)

�

v

�! �

n�1

(F

�

v

)

uniquely de�ned by the properties

�

v

(u

1

^ ::: ^ u

n

) = 0; �

v

(� ^ u

2

^ ::: ^ u

n

) = (�u

2

; :::; �u

n

)

Consider the following 
omplex on E

(n�1)

:

�

n

(k(E

(n�1)

))

�

�!

a

X2(E

(n�1)

)

1

�

n�1

(k(X))

�

�! :::

�

�!

a

X2(E

(n�1)

)

n�1

k(X)

�

(35)

Here � :=

P

X

�

v(X)

where v(X) is the valuation 
orresponding to the irre-

du
ible divisor X .

Lemma 5.8 The groups

~

D

p

(n)

form a sub
omplex in the 
omplex (35)

Proof. Clear from the de�nitions.

Let us de�ne for p < n a homomorphism

~

�

(p+1)

n

:

~

D

p+1

(n)

�! I

2(n�p+1)

E


 �

p

J

We de�ne

~

�

(p+1)

n

�rst on spa
e of de
omposable elements on the subvariety

x

1

= a

1

; :::; x

p

= a

p

by the formula

~

�

(p+1)

n

: f

p+1

(x

p+1

) ^ ::: ^ f

n

(x

n

)j

x

1

=a

1

;:::;x

p

=a

p

7�!

(f

p+1

) � ::: � (f

n

) � (a

1

+ :::+ a

p

)
 a

1

^ ::: ^ a

p
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It extends uniquely to the spa
e of all de
omposable elements assuming the

skewsymmetry with respe
t to the a
tion S

n

. In parti
ulary it is de�ned on

~

D

p

(n)

.

If p = n� 1 then

~

D

n

(n)

= k

�


Z[E

(n�1)

℄

sgn

and we have a homomorphism

~

�

(n)

n

: k

�


Z[E

(n�1)

℄

sgn

�! k

�


�

n�1

J ; x
(a

1

; :::; a

n

) 7�! x
a

1

^:::^a

n�1

Finally, one 
an de�ne a homomorphism

I

4

E


 �

n�2

J

Æ

�! k

�


 �

n�1

J

Namely, there is a homomorphism

B

3

(E) 
 �

n�2

J

Æ

�! B

H(1)

(E)
 �

n�1

J fag

3


 b

1

^ ::: 7�! fag

2


 a ^ b

1

^ :::

Let B

(k)

n

(E) be the subgroup of B

n

(E) generated by k-th degree of the augmen-

tation ideal I

k

E

. The restri
tion of this homomorphism to B

(4)

3

(E) 
 �

n�2

J �

B

3

(E)
 �

n�2

J lands in k

�


 �

n�1

J . Indeed, the 
omposition

I

4

E


 �

n�2

J

Æ

�! B

2

(E)
 �

n�1

J �! S

2

J 
 �

n�1

J

is equal to zero.

Theorem 5.9 The maps

~

�

(i)

n

provide a homomorphism of 
omplexes

~

D

1

(n)

�

�!

~

D

2

(n)

�

�! :::

�

�!

~

D

n

(n�1)

�

�!

~

D

n

(n)

#

~

�

(1)

n

#

~

�

(2)

n

#

~

�

(n�1)

n

#

~

�

(n)

n

I

2n

E

Æ

�! I

2n�2

E


 J

Æ

�! :::

Æ

�! I

4

E


 �

n�2

J

Æ

�! k

�


 �

n�1

J

Proof. We will do in details the 
ommutativity of the left square, at the

same time proving the theorem (5.4). The 
ommutativity of the other squares

ex
ept the very right one is 
ompletely similar.

The 
ommutativity of the right square is a more subtle statement. For n = 2

it was already proved in [GL℄, s.3. The general 
ase n > 2 is similar.

Consider an element

f

1

(x

1

) ^ ::: ^ f

n

(x

n

) 2 �

n

k(E

(n�1)

) (36)

Let v

a

(f) be the order of zero of the fun
tion f(t) at t = a.

The part of the 
oboundary (in the 
omplex

~

D

�

(n)

) of the element (36) sitting

on the divisor x

1

= a

1

is equal to

X

a

1

2E(k)

v

a

1

(f

1

) � f

2

(x

2

) ^ ::: ^ f

n

(x

n

); x

2

+ :::+ x

n

= �a

1

(37)
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Let t

a

be the shift by a on the group E(k), so t

a

fbg = fa + bg and t

a

f(x) =

f(x� a) (si
). Then (t

a

f) = (f) � (a). Then it 
an be written as

X

a

1

2E(k)

v

a

1

(f

1

) � f

2

(y

2

) ^ ::: ^ t

a

1

f

n

(y

n

); y

2

+ :::+ y

n

= 0

Applying the homomorphism

~

�

(2)

n

to the element (37) we get

X

a

1

2E(k)

v

a

1

(f

1

) � (f

2

) � ::: � (f

n

) � (a

1

)
 a

1

(38)

From the other hand writing

(f

1

) � ::: � (f

n

) =

X

a

i

2E(k)

v

a

1

(f

1

) � ::: � v

a

n

(f

n

) � fa

1

+ :::+ a

n

g

we get

Æ((f

1

)�:::�(f

n

)) =

X

a

i

2E(k)

v

a

1

(f

1

)�:::�v

a

n

(f

n

)�fa

1

+:::+a

n

g
(a

1

+:::+a

n

) (39)

Colle
ting the terms with a

1

in the right fa
tor we get just what needed: the

formula (38). Taking into 
onsideration the 
oboundaries of the element (36)

sitting on the divisors x

p

= a

p

we will get the other terms (with a

p

) in (39).

To prove the 
ommutativity of the right square we repla
e it by a bigger

diagram

~

D

n

(n�1)

�

�!

~

D

n

(n)

#

~

�

(n�1)

n

#

~

�

(n)

n

B

3

(E)
 �

n�2

J

Æ

�! B

2

(E)
 �

n�1

J

and then prove its 
ommutativity in a way similar to the proof of theorem 4.5

in [GL℄. The theorem is proved.

Consider the Gersten 
omplex for the Milnor K-theory on E

(n�1)

([NS℄):

K

M

n

(k(E

(n�1)

))

�

�!

a

X2(E

(n�1)

)

1

K

M

n�1

(k(X))

�

�! :::

�

�!

a

X2(E

(n�1)

)

n�1

k(X)

�

The Gersten 
omplex is obtained from (35) by fa
torisation along the sub-

group generated by the Steinberg relations. Let

D

�

(n)

: D

1

(n)

�! D

2

(n)

�! ::: �! D

n

(n)

be the image of the 
omplex

~

D

�

(n)

in the Gersten 
omplex. In other words

D

p

(n)

=

~

D

p

(n)

=St

p

(n)
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where St

p

(n)

is the interse
tion of

~

D

p

(n)

with the subgroup generated by the

Steinberg relations in

`

X2(E

(n�1)

)

p�1

�

n�p+1

k(X)

�

.

Lemma 5.10 �

(p)

n

(St

p

(n)

) = 0 in B

�

n+2�p

(E)
 �

p�1

J .

Proof. Consider the subvariety X(id; a

1

; :::; a

p�1

) in E

(n�1)

and its proje
-

tion

p : X(id; a

1

; :::; a

p�1

) �! E

n�p

p : (x

1

; :::; x

n

) 7�! (x

p

; :::; x

n�1

)

The subgroup of Steinberg relations is generated by

ff(x

p

; :::; x

n�1

); (1� f)(x

p

; :::; x

n�1

); g

1

(x

p

; :::; x

n�1

); :::g

Noti
e that x

n

= �a

1

� :::�a

p�1

�x

p

� :::�x

n�1

. This means that an element

P

j

ff

(j)

p

(x

p

); :::; f

(j)

n

(x

n

)g of the subgroup of Steinberg relations 
an be written

as

p

�

X

j

ff

(j)

p

(y

p

); :::; t

�a

1

�:::�a

p

f

(j)

n

(y

n

)g

on

E

(n�p)

= f(y

p

; :::; y

n

)jy

p

+ :::+ y

n

= 0g

Now the lemma follows immediately.

Theorem 5.11 There is a 
anoni
al homomorphism of 
omplexes

D

1

(n)

�! D

2

(n)

�! ::: �! D

n

(n)

#

�

�

(1)

n

#

�

�

(2)

n

#

�

�

(n)

n

B

�

n+1

(E)

Æ

�! B

�

n

(E) 
 J

Æ

�! :::

Æ

�! k

�


 �

n�1

J

Proof. Follows immediately from lemma (5.10) and theorem (5.9).

6 The regulator integrals, Eisenstein - Krone
ker

series and a 
onje
ture on L(Sym

n

E; n+ 1)

1. Beilinson's 
onje
ture in the 
ase of L(Sym

n

h

1

(E); n + 1). Let E

be an ellipti
 
urve over a number �eld k. A

ording to the general Beilinson


onje
ture on regulators the spe
ial value L(Sym

n

h

1

(E); n+1) should be equal,

up to standard fa
tors, to the (
o)volume of a 
ertain latti
e obtained as follows.
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The n-th Deligne 
omplex R(n)

D

on a regular variety X 
an be de�ned as

the total 
omplex asso
iated with the following bi
omplex:

A

0

X

(n� 1)

d

�! : : :

d

�! A

n

X

(n� 1)

d

�! A

n+1

X

(n� 1)

d

�! : : :

" �

n

" �

n




n

X

�

�! 


n+1

X

�

�!

(40)

Here (A

�

X

; d) is the C

1

-De Rham 
omplex, �

n

: A

m

X


 C �! A

m

X

(n � 1) is

the proje
tion indu
ed by �

n

: C �! R(n � 1); z 7�! z + (�1)

(n�1)

�z, the

group A

0

X

(n� 1) is pla
ed in degree 1 and (


�

X

; �) is the De Rham 
omplex of

holomorphi
 forms with logarithmi
 singularities at in�nity.

One has the regulator map

r

Be

: H

n

M

�

E

(n�1)

;Q(n)

�

sgn

�! H

n

D

�

E

(n�1)




Q

R;R(n)

�

sgn

(41)

The right hand side is a group of purely topologi
al origin:

H

n

D

�

E

(n�1)




Q

R;R(n)

�

sgn

= H

n�1

B

�

E

(n�1)




Q

C ;R(n � 1)

�

+

sgn

=

�

�

�:k,!C

H

n�1

B

(E

(n�1)

�

(C );R(n � 1))

sgn

�

+

=

�

�

�:k,!C

Sym

n�1

H

1

B

(E

�

(C );R(1))

�

+

Here + means invariants of the 
omplex 
onjugation a
ting on �'s and on the


oeÆ
ients R(n � 1).

The image of the regulator map (41) is 
onje
tured to be a latti
e. H

n

D

�

E

(n�1)




Q

R;Q (n)

�

sgn

gives another latti
e in H

n

D

�

E

(n�1)




Q

R;R(n)

�

sgn

. The 
ovolume

of the latti
e Imre

Be

measured with respe
t to the se
ond latti
e should 
oin
ide

(up to standard fa
tors) with the spe
ial value of our L-fun
tion at s = n+ 1.

2. The Eisenstein-Krone
ker series. Let me re
all their de�nition:

K

i;j

(z; �) =

X


2�n0

(z; 
)




i

�


j

; i; j � 1

For the relation with the ellipti
 polylogarithms see [BL℄, [Z℄.

Lemma 6.1 a) For any latti
e � one has

�

K

i;j

(z; �) = (�1)

i+j

K

j;i

(z; �)

b) Suppose that the latti
e � and a divisor P on C =� are invariant under

the 
omplex 
onjugation. Then K

i;j

(P ; �) 2 R.
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Proof. Clear.

Consider for ea
h n > 2 a homomorphism

K

n

: Z[E(C )℄ �! Sym

n�2

H

1

(E(C ); C )

fzg 7�!

X

a+b=n

K

a;b

(z; �)(dz)

a�1

(d�z)

b�1

Theorem 6.2 K

n

(R

n

(E(C ))) = 0.

We will prove it in s 6.3 below. So we get a homomorphism

K

n

: B

n

[E(C )℄ �! Sym

n�2

H

1

(E(C ); C )

This means that R

n

(E(C )) is a subgroup of fun
tional equations for the Eisenstein-

Krone
ker series.

Lemma 6.3 Suppose that E is de�ned over R and the latti
e � was de�ned

using a real di�erential !. Then

K

n

: B

n

[E(C )℄

+

�! Sym

n�2

H

1

(E(C );R(1))

+

Here + means invariants of the 
omplex involution a
ting on both R(1) and

E(C ).

Proof. Follows from lemma (6.1).

3. Computation of the regulator integral. The main result of this

se
tion is due to Deninger (see [D1℄, s.6). Our presentation is te
hni
ally simpler

sin
e working with distributions we avoid the 
onvergen
e problems.

For any fun
tions f

1

; :::; f

n

on a manifold X 
onsider the following (n� 1)-

form with values in R(n � 1) := (2�i)

n�1

R

r

n

(f

1

; :::; f

n

) := (42)

Alt

n

X

j�0

C

j

� log jf

1

jd log jf

2

j ^ ::: ^ d log jf

2j+1

j ^ di arg f

2j+2

^ ::: ^ di arg f

n

Here C

j

:=

1

(2j+1)!(n�2j�1)!

and Alt

n

is the operation of alternation of f

i

's. Then

dr

n

(f

1

; :::; f

n

) = �

n

(d log f

1

^ ::: ^ d log f

n

)

This just means that the pair

(r

n

(f

1

; :::; f

n

); d log f

1

^ ::: ^ d log f

n

)

is an n-
y
le in the Deligne 
omplex (40). It is the produ
t in the real Deligne


ohomology of the 1-
o
y
les (log jf

i

j; d log f

i

). Set

!

p;q

:=

�

X

(�)

dz

1

^:::^

(�)

dz

p+q

�

(p;q)

(43)
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where

(�)

dz

i

means either dz

i

or

�

dz

i

and the sum is taken over all possible terms.

For example

!

2;0

= dz

1

^ dz

2

; !

1;1

= dz

1

^ d�z

2

+ d�z

1

^ dz

2

; !

0;2

= d�z

1

^ d�z

2

The forms �

n

!

p;q

for p � q; p + q = n � 1, form a basis over R in

H

n�1

B

(E

(n�1)

=R

;R(n � 1))

sgn

.

We 
an represent elements inH

n�1

B

(E

(n�1)

=R

;R(n�1))

sgn

by their 
up produ
t

with forms �

n

!

p;q

:

1

(2�i)

(n�1)

Z

E

(n�1)

(C)

X

�2S

n

(�1)

j�j

r

n

(p

�

�(1)

f

1

; :::; p

�

�(n)

f

n

) ^ �

n

!

p;q

Theorem 6.4

Z

E

(n�1)

(C)

X

�2S

n

(�1)

j�j

r

n

(p

�

�(1)

f

1

; :::; p

�

�(n)

f

n

)^!

p;q

= 


n

Im�

�

�K

p+1;q+1

(f

1

�:::�f

n

)

where 


n

2 Q

�

.

The 
onstant 


n


an be obtained from the proof below.

Proof. It 
onsists of several redu
tions of the integral.

Step 1. The form !

p;q

is skew invarant under the a
tion of the group S

n

. So

the integral is equal to

n! �

Z

E

(n�1)

(C)

r

n

(p

�

1

f

1

; :::; p

�

n

f

n

) ^ !

p;q

Step 2. Let

�

n

(f

1

; :::; f

n

) :=

n

X

i=1

(�1)

i

logjf

i

jdlogjf

1

j ^ :::d

^

logjf

i

j::: ^ dlogjf

n

j (44)

Lemma 6.5 For any fun
tions f

1

; :::; f

n

Z

E

(n�1)

(C)

r

n

(f

1

; :::; f

n

) ^ !

p;q

= b

n

�

Z

E

(n�1)

(C)

�

n

(f

1

; :::; f

n

) ^ !

p;q

where b

n

2 Q

�

is a (
omputable) 
onstant.

Proof. One always have either d log f

i

^ !

p;q

= 0 or d log

�

f

i

^ !

p;q

= 0. So

we 
an repla
e everywhere di arg f by �d log jf j.

Step 3.

Z

E

(n�1)

(C)

�

n

(f

1

; :::; f

n

)^!

p;q

= n�

Z

E

(n�1)

(C)

log jf

n

jd log jf

1

j^:::^d log jf

n�1

j^!

p;q

(45)
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Indeed, log jf

1

jd log jf

2

j + log jf

2

jd log jf

1

j = d(log jf

1

j � log jf

2

j) and so by the

Stokes theorem

Z

E

(n�1)

(C)

d(log jf

1

j � log jf

2

j)d log jf

3

j ^ ::: ^ d log jf

n

j ^ !

p;q

= 0

Step 4. Let us 
ompute the right integral in (45).

Lemma 6.6

log jf(z)j = �

Im�

2�

X


2�n0

v

a

(f)

(z � a; 
)

j
j

2

+ C

f

(46)

where C

f

is a 
ertain 
onstant.

Proof. One 
an get a proof applying �

�

� to the both parts of (45). The


onstant C

f


an be 
omputed from the de
omposition of f on the produ
t of

theta fun
tions using the formula in s. 18 
h. VIII of [We℄. A

ording to step

5 it does not play any role in our 
onsiderations.

Step 5. By the Stokes formula

Z

E

(n�1)

(C)

C

f

� d log jf

1

j ^ ::: ^ d log jf

n�1

j ^ !

p;q

= 0

we see that one 
an negle
t the 
onstants C

f

.

Step 6. We may suppose that in (45) the form !

p;q

is written in variables

z

1

; :::; z

n�1

. Then for ea
h summand in !

p;q

one 
an repla
e d log jf

i

j by 1=2 �

� log f

i

or 1=2 �

�

� log f

i

depending whether in this summand appeared d�z

i

or dz

i

.

For example for the summand dz

1

^ :::^dz

p

^d�z

p+1

^ :::^d�z

n�1

we will have

the integral

n

2

n�1

�

Z

E

(n�1)

(C)

log jf

n

(z

n

)j

�

� log f

1

(z

1

) ^ ::: ^

�

� log f

p

(z

p

)^

� log f

p+1

(z

p+1

) ^ ::: ^ � log f

n�1

(z

n�1

) ^ dz

1

^ ::: ^ dz

p

^ d�z

p+1

^ ::: ^ d�z

n�1

Di�erentiating the distributions we get

� log f(�z) =

X


2�n0

v

a

(f)

(z � a; 
) � �


j
j

2

�

� log f(z) = �

X


2�n0

v

a

(f)

(z � a; 
) � 


j
j

2

The 
ondition z

1

+ ::: + z

n

= 0 just mean that we 
ompute the value of the


onvolution of one variable distributions:

log jf

n

(z)j �

�

� log f

2

(�z)

��z

� ::: �

�

� log f

p

(�z)

��z

�

� log f

p

(z)

�z

� ::: �

� log f

n�1

(z)

�z
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at 0. Using the fa
t that the Fourier transform sends the 
onvolution to the

produ
t and the formulas above we get the theorem.

Re
all that we have a homomorphismK

n+1

: Z[E(C)℄ �! Sym

n�1

H

1

B

(E(C ); C )

whi
h is 
onstru
ted as follows

fzg 7�!

n�1

X

i=0

K

a;b

(z) � (dz)

a�1

(d�z)

b�1

2 Sym

n�1

H

1

B

(E(C ); C )

Theorem (6.2) 
laims that it sends the subgroup R

n+1

(E(C )) to zero.

4. Proof of the theorem (6.2). For any fun
tion f on a manifold one

has d log jf j ^ d log j1� f j. So a non zero term in the integral (6.5) 
ould be

Z

E

(n�1)

(C)

(log jf jd log j1�f j� log j1�f jd log jf j)^d log jf

3

j^ :::^d log jf

n

j^!

p;q

One always has

(log jf jd log j1� f j � log j1� f jd log jf j) ^ !

p;q

=

�i � (log jf jdarg(1� f)� log j1� f jdargf) ^ !

p;q

Further one has, even in the sen
e of the distribution,

dL

2

(f) = log jf jdarg(1� f)� log j1� f jdargf

So we 
an rewrite the integral as

�i �

Z

E

(n�1)

(C)

d(L

2

(f) ^ d log jf

3

j ^ ::: ^ d log jf

n

j ^ !

p;q

) = 0

It is zero by the Stokes formula.

Now using theorem (6.4) relating Eisenstein-Krone
ker series to the regulator

integral we 
ome to the proof of the theorem.

Theorem (6.2) and lemma (6.1) imply

Theorem 6.7 The Eisenstein-Krone
ker map K

n+1

provides a homomorphism

K

n+1

: B

n+1

[E(

�

Q )℄

Gal(

�

Q=F )

�!

�

�

�:F,!C

Sym

n�1

H

1

B

(E

�

(C );R(1))

�

+

Combining these results with 
onje
ture (1.4), our 
onstru
tion of the ellipti


motivi
 
omplexes presented in s. 4.1 and Beilinson's 
onje
ture on regulators

we 
ome to 
onje
ture (6.8) about L-fun
tion of Sym

n�1

h

1

(E) at s = n for an

arbitrary ellipti
 
urve E over a number �eld.

5. A 
onje
ture on L(Sym

n

E; n + 1) In this se
tion we will assume for

simpli
ity that E be an ellipti
 
urve over Q. We will left to reader as an easy

exer
ise to generalise all the dis
ussion to the 
ase of an ellipti
 
urve over an

arbitrary �eld F .
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Conje
ture (1.4) together with Beilinson's 
onje
ture on regulators imply a

pre
ise 
onje
ture on L(Sym

n

E; n+ 1)

For any divisor P =

P

n

s

(P

s

) on E(C ) put K

i;j

(P ) :=

P

n

s

K

i;j

(P

s

).

The integrality 
ondition . Suppose E has a split multipli
ative redu
tion

at p with N -gon as a spe
ial �bre. Let L be a �nite extention of Q

p

of degree

n = ef and O

L

the ring of integers in L. Let E

0

be the 
onne
ted 
omponent of

the N�eron model of E over O

L

. Let us �x an isomorphism E

0

F

p

f

= G

m

=F

p

f . It

provides a bije
tion between Z=eNZ and the 
omponents of E

F

p

f

. For a divisor

P su
h that all its points are de�ned over L denote by d(P ; �) the degree of

the restri
tion of the 
at extension of a divisor P to the �'th 
omponent of the

(eN)-gon.

Let B

n+1

(x) be the (n + 1)-th Bernoulli polynomial. The integrality 
on-

dition at p is the following 
ondition on a divisor P , provided by the work of

S
happaher and S
holl ([SS℄). For a 
ertain (and hen
e for any, see s. 3.3 in

[GL℄) extention L of Q

p

su
h that all points of the divisor P are de�ned over L

one has ([L : Q

p

℄ = ef):

X

�2Z=(eN)Z

d(P ; �)B

n+1

(

�

eN

) = 0 (47)

Let C

n

be the 
ondu
tor of the system of the l-adi
 representations related

to Sym

n

h

1

(E). Set

�

2l+1

= C

�(l+1)

2l+1

� (Im�)

(l+1)(l+2)

; �

2l

= C

�

2l+1

2

2l

� �

�2l

(Im�)

(l+1)

2

Conje
ture 6.8 a) For any ellipti
 
urve over Q there exist [

n

2

℄+ 1 Q-rational

divisors P

a

on E(

�

Q ) su
h that

L(Sym

n

h

1

(E); n+ 1) �

Q

�

�

n

detjK

b;n+2�b

(P

a

; �)j (48)

(1 � a; b � [

n

2

℄ + 1), and the divisors P

a

satisfy the following two 
onditions:

i) Æ(P

a

) = 0 in B

n+1

(E) 
 J(

�

Q )

Q

(49)

ii) the integrality 
ondition: at ea
h prime p where E has a split multipli
a-

tive redu
tion with spe
ial �bre a Neron N-gon

X

�2Z=(eN)Z

d(P ; �)B

n+1

(

�

eN

) = 0 (50)

b) For any [

n

2

℄ + 1 Q-rational divisors P

a

on E(

�

Q ), satisfying the 
onditions

above the right hand side of (48) is equal to q � L(S

n

h

1

(E); n + 1) where q is a

rational number, perhaps equal to 0.
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In [W℄ J.Wildeshaus, assuming standard 
onje
tures about mixed motives,

formulated a 
onje
ture similar to the part b) of the 
onje
ture (6.8) ( an ellipti


analog of the weak version of Zagier's 
onje
ture).

For n = 2 the formula (48) was proved for modular ellipti
 
urves over Q

in [GL℄. Formula (48), even without pre
ise 
onditions on the divisors P

a

, is

the most nontrivial part of the 
onje
ture for n > 2 ( see also s.8 in [G4℄). An

eÆ
ient way to formulate the 
onditions on the divisors P

a

without referring to

the de�nition of the subgroups R

n

(E) is given in the 
hapter 7.

When E degenerates to the nodal 
urve, the 
onje
ture on L(Sym

2

E; 3)

leads to Zagier's 
onje
ture [Za2℄ at s = 3, whi
h was proved in [G1℄-[G2℄. This

gives a 
redit for the 
onje
ture (6.8).

The key 
ondition (49) is obviously satis�ed if P

a

are (multiples of) torsion

divisors. The determinants from (48) for torsion divisors where 
onsidered by

Deninger ([De2℄, s.5) (and inspired by the Eisenstein symbol of Beilinson [Be℄).

They work well for CM ellipti
 
urves. However Mestre and S
happa
her [SM℄

dedu
ed from a result of Serre that for a given non CM ellipti
 
urve over Q

for all n > n

0

the determinant is always zero for any Q-rational torsion divisors

P

a

. So to get the L-values one has to 
onsider the non torsion divisors.

6. A more expli
it form of the 
onditions on the divisors P

a

. Let

P =

P

n

i

P

i

and k(P ) be the �eld generated by the points P

i

. Let us denote by

h

v

the 
anoni
al lo
al height related to a valuation v of a number �eld K. Let

K

v

be the 
ompletion of a number �eld K 
orresponding to v. Re
all the height

homomorphism h

v

: B

2

(E(K

v

)) �! R. If v is a non ar
himedean valuation

then the target of this homomorphism is (log p) � Q.

Let us 
onsider a homomorphism

d

m

: B

n+1

(E) �! B

m

(E)
 S

n+1�m

J

Q

; fag

n+1

7�! fag

n+1�m


 a � ::: � a

We will need the following pairs of homomorphisms. If m = 2:

i) A homomorphism

p

2


 id : B

2

(E)
 S

n�1

J

Q

�! S

2

J

Q


 S

n�1

J

Q

where p

2

: fag

2

7�! a � a.

For any valuation v of we have

ii) The height homomorphism

h

v


 id : B

2

(E)
 S

n�1

J

Q

�! R 


Q

S

n�1

J

Q

where v is any valuation of the �eld K(P ).

For m > 2:

iii) The Bernoulli homomorphism, de�ned for any bad prime where E has a

split multipli
ative redu
tion with the N�eron N -gon:

Ber

m

: B

m

(E)
 S

n+1�m

J

Q

�! S

n+1�m

J

Q

;

47



fag

m


 b

1

� ::: � b

n+1�m

7�!

X

�

d(a; �)B

m

(

�

N

) � b

1

� ::: � b

n+1�m

iv) The Eisenstein-Krone
ker homomorphism

K

m


 id : B

m

(E)
 S

n+1�m

J

Q

�! Sym

n�2

H

1

(E(C );R(1))

+


 S

n+1�m

J

Q

Remarks. 1. In formulas above J

Q

means J(

�

Q )

Q

. However for a given

divisor P we land in Gal(

�

Q=Q)-invariant part of powers of J(k(P ))

Q

.

2. Let us 
onsider the Eisenstein-Krone
ker homomorphism only on the ker-

nel of the Bernoulli homomorphism. Then Beilinson's 
onje
ture on regulators

means that it should land in

�

the regulator latti
e in Sym

n�2

H

1

(E(C );R(1))

+

�


 S

n+1�m

J

Q

So by the Mordell-Weil theorem if k(P ) is a given number �eld then the target

group is a �nite dimensional Q-ve
tor spa
e.

3. If v is a p-adi
 valuation of the �eld k(P ), then (log p)

�1

� h

v

(P

i

) 2 Q,

and so the target of the height homomorphism is a �nite dimensional Q-ve
tor

spa
e.

4. If the a divisor P is in the kernel of the height homomorphisms for all

ar
himedean valuations but one then thanks to the produ
t formula it is sent to

zero by all of them. In parti
ulary if k(P ) = Q we 
an forget the ar
himedian

valuation.

Composing ea
h of these homomorphism with the appropriate map d

m

we

get homomorphisms

(p

2


 id) Æ d

2

; (h

v


 id) Æ d

2

; Ber

m

Æ d

m

; (K

m


 id) Æ d

m

(51)

here m > 2.

Proposition 6.9 The 
ondition Æ(P ) = 0 in the group B

n

(E)
J

Q

implies that

all of the homomorphisms (51) are equal to zero.

Proof.Clear.

The height 
ondition is the 
ru
ial one. If it is satis�ed, then for a given

�eld k(P

a

) the other 
onditions should give only a �nite number of 
onditions

on the divisors P

a

.

If a Q-rational divisor P is sent to zero by all of the homomorphisms (51)

then this essentially means that Æ(P ) = 0 in the group B

n

(E)
 J(

�

Q )

Q

. To see

this we write the homomorphism d

m

as a 
omposition of homomorphisms Æ
 id

B

n+1

(E) �! B

n

(E)
J

Q

�! (B

n�1

(E)
J

Q

)
J

Q

�! ::: �! B

m

(E)
J


n+1�m

Q

(52)

followed by the proje
tion

B

m

(E)
 J


n+1�m

Q

�! B

m

(E)
 S

n+1�m

J

Q

Let us spell the details in the �rst interesting 
ase: n = 3.
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Proposition 6.10 Let us assume that the Blo
h-Beilinson regulator r

Be

: K

2

(E)

Z

�!

R is inje
tive. Then if for n = 3 a Q-rational divisor P belongs to the kernel of

homomorphisms (51) then Æ(P ) = 0 in the group B

3

(E)
 J

Q

Proof. Consider the homomorphism

d

2

: B

4

(E) �! B

2

(E)
 S

2

J; fag

4

7�! fag

2


 a � a (53)

Suppose an element P 2 B

4

(E) is in the kernel of the homomorphism (p

2




id) Æ d

2

. Then P 2 B

�

4

(E) and f(P ) 2 (

�

Q

�


 S

2

J(

�

Q ))

Gal(

�

Q=Q

.

The image of the divisor P under this homomorphism belongs to the sub-

group k(P )

�


 S

2

J(k(P )) . The hight 
ondition is a way to say that it is equal

to zero.

Let us write the map d

2

as a 
omposition

B

4

(E) �! B

3

(E)
 J �! (B

2

(E)
 J)
 J �! B

2

(E)
 S

2

J

Noti
e that

Ker

�

B

3

(E)
J �! (B

2

(E)
J)
J

�


Q = Ker

�

B

3

(E) �! B

2

(E)
J

�


J
Q

Consider the homomorphism

B

3

(E(C )) 
 J(C ) �! J(C ) 
 R; b
 fag

3

7�! K

2;1

(a)
 b (54)

There is a homomorphism K

2

(E(C )) �! B

3

(E(C )) su
h that the following

diagram is 
ommutative (see [GL℄):

K

2

(E(C ))

r

Be

�! R

# # Id

B

3

(E(C ))

K

3

�! R

So assuming the inje
tivity of the regulator K

2

(E)

Z

�! R we see that (54)

should be inje
tive on Ker

�

B

3

(E) �! B

2

(E)
 J

�


 J 
 Q.

7 The 
omplexes B(E;n)

�

and motivi
 ellipti


polylogarithms

1. In this 
hapter k =

�

k, and all abelian groups are tensored by Q, so we work

with the 
orresponding Q-ve
tor spa
es. For insten
e J := J 
 Q et
.

Let

Q[E(k)℄

Æ

�! Q[E(k)℄ 
 J; fag 7�! fag 
 a
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Theorem 7.1 Let us assume standard 
onje
tures on mixed motives. Then

there exist 
anoni
al homomorphisms l

n

: Q[E(k)℄ ! L(E)

S

n�2

H(1)

_
su
h that

the following digram is 
ommutative:

Q[E(k)℄

Æ

�! Q[E(k)℄ 
 J

l

n�1

# # l

n�2


 id

L(E)

S

n�2

H(1)

_

�

�! L(E)

S

n�3

H(1)

_

 J

Proof. The proof is based on the existen
e and basi
 properties of the

motivi
 ellipti
 polylogarithms of Beilinson and Levin [BL℄. For any nonzero

point a 2 E(k) let G

(1)

a

be an element of Ext

1

M

E

(Q(0);H) wi
h 
orresponds to

a 2 J under the isomorphism Ext

1

M

E

(Q(0);H) = J . Set G

(m)

a

:= S

m

(G

(1)

a

).

The motivi
 ellipti
 (n� 1)-logarithm at a is a mixed ellipti
 motive El

n�1

(a)

whi
h provides a 
ertain extension 
lass in Ext

1

M

E

(H; G

(n�1)

a

(1)). In parti
ular

its weight graded quotients are

H;Q(1);H(1); :::; S

(n�1)

H(1)

Therefore it has 
anoni
al framing and so de�nes an element ofA(H; S

(n�1)

H(1)).

After tensoring it by H and twisting by Q(�1) we 
an introdu
e a natural fram-

ing by Q and S

(n�2)

H(1) (sin
e S

(n�1)

H
H = S

(n)

H� S

(n�2)

H). Therefore

we pi
ked up an element l

n�1

(a) 2 A(Q; S

(n�2)

H(1)).

The 
ommutativity of the diagram follows from the properties of the ellip-

ti
 polylogarithms ([BL℄). The 
ru
ial point is this. Sin
e W

��3

El

n�1

(a) is a

symmetri
 power of the motive G

(1)

a

, The proje
tion to L(E) of the elements

in A(S

(k)

H(1); S

(n�1)

H(1)) 
oming from the 
anoni
al framing by S

(k)

H(1)

and S

(n�1)

H(1)) of the motive El

n�1

(a) are zero provided 0 � k < n � 2.

So proje
ting the 
oprodu
t of El

n�1

(a) to �

2

L(E) the only nonzero 
on-

tribution we get is given by the 
omponent of the 
oprodu
t 
oming from

A(H; S

(n�2)

H(1)) 
 A(S

(n�2)

H(1); S

(n�1)

H(1)). The fa
t that it is equal to

l

n�2

(a) ^ a follows immediately from the basi
 property of the ellipti
 polylog-

arithm motive (see [BL℄).

De�nition 7.2

R

n

(E) = Kerl

n�1

; B

n

(E) =

Q[E(k)℄

R

n

(E)

Theorem (7.1) implies that Æ provides a well de�ned homomorphism Æ :

B

n

(E) �! B

n�1

(E)
 J . So we get a 
omplex B(E;n)

�

:

B

n

(E) �! B

n�1

(E)
 J �! ::: �! B

2

(E)
 �

n�2

J �! J 
 �

n�1

J �! �

n

J
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Set

r

n

(J) := Ker

�

J 
 �

n�1

J �! �

n

J

�

The theorem (7.1) and this de�nition immediately imply that there exists 
anon-

i
al homomorphism of 
omplexes

B

n

(E) �! B

n�1

(E)
 J �! ::: �! B

2

(E)
 �

n�2

J �! r

n

(J)

l

n�1

# l

n�2


 id # # l

1


 id jj

L(E)

S

n�2

H(1)

_
�! L(E)

S

n�3

H(1)

_

 J �! ::: �! L(E)

Q(1)

_


 �

n�2

J �! r

n

(J)

Lemma 7.3 The bottom 
omplex is a sub
omplex of the S

n�2

H(1)

_

-isotypi
al


omponent of the standard 
o
hain 
omplex of the Lie 
oalgebra L(E).

So if k =

�

k, we get a 
anoni
al inje
tive morphism of the 
omplexes

B(E;n+ 1)

�

�!

�

�

�

L(E); �

�

S

n�1

H(1)

_

(55)

Let K

M

n�1

be the sheaf of Milnor K-groups. Combining this morphism with the


anoni
al morphism from the right hand side to RHom

MM

k

(Q(0); S

n�1

H(1))

provided by the in
lusion fun
torM

E

!MM

k

we get

Corollary 7.4 Let us assume the formalism of mixed motives. Then

a) there exists 
anoni
al homomorphisms

H

i

(B(E;n+ 1)

�

Q

) �! gr




n

K

n+1�i

(E

(n�1)

)

sgn


 Q (56)

b) The homomorphism for i = 1 is inje
tive.

Indeed, thanks to (55) this is true if k =

�

k. The general 
ase follows sin
e

we have the des
ent property both for rational K-theory and, (by de�nition),

for the 
omplexes B(E;n+ 1)

�

Q

.

Remark. We do not expe
t a morphism of 
omplexes (55) exist if k is not

algebrai
ly 
losed. The reason is this. If k is not 
losed we have postulated the

Galois des
ent for the 
omplexes B(E;n+1)

�

. On the other hand the standard


omplex of the Lie algebra L(E=k) should not satisfy the Galois de
ent.

I hope a stronger result should be valid:

Conje
ture 7.5 a)

gr




n

K

n+1�i

(E

(n�1)

)

sgn


 Q = H

i�1

(E

(n�1)

;K

M

n�1

)

sgn


 Q (57)

b) There exists a 
anoni
al isomorpism in the derived 
ategory

B(E;n+ 1)

�

Q

= RHom

MM

k

(Q(0); S

n

H(1))
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in parti
ular

H

i

�

B(E; n+ 1)

�

Q

�

= gr




n

K

n+1�i

(E

(n�1)

)

sgn


 Q (58)


) Let k =

�

k. Then the homomorphism of 
omplexes (55) is a quasiisomor-

phism.

If the 
onje
ture (4.2) is 
orre
t, then b) is equivalent to 
).

A

ording to the lemma (7.3) this 
onje
ture implies 
onje
ture (1.4).

Part a) of the 
onje
ture is trivial for n = 2.

Lemma 7.6 For n = 3 and k =

�

k the part a) of the 
onje
ture (7.5) follows

from the rigidity 
onje
ture for K

ind

3

(k).

Proof. The statement boils down to Ker� = Im� in the sgn-part of the

diagram

�! B

2

(k(E

(2)

))
 k(E

(2)

)

�

�! �

3

k(E

(2)

)

�

# � #

`

Y 2(E

(2)

)

1

B

2

(k(Y ))

�

�!

`

Y 2(E

(2)

)

1

�

2

k(Y )

�

# #

0 :::

Let � =

`

Y

�

Y

. Then Ker�

Y

= K

ind

3

(k(Y ))

Q

. By the rigidity 
onje
ture any

point y 2 Y provides an isomorphismK

ind

3

(k)

Q

= K

ind

3

(k(Y ))

Q

. So Ker�=Im�

is a subgroup of

Coker

�

K

ind

3

(k)

Q


 k(E

(2)

)

�

�!

a

Y 2(E

(2)

)

1

K

ind

3

(k)

Q

�

= CH

1

(E

(2)

)

sgn


 Q = 0

The lemma is proved.

2. Motivi
 realization of ellipti
 polylogarithms. Let f = (f

1

; :::; f

n

)

be an n - tuple of rational fun
tions on E.

Motivation. Consider the following multivalued analyti
 fun
tion on

fn� tuples of rational fun
tions on E(C )g �H

n�1

(E

(n�1)

(C ))

sgn

n

P (E

(n�1)

; f ; 
) :=

Z




Alt

(x

1

;:::;x

n

)

log f

1

(x

1

))d log f

2

(x

2

)^ :::^d log f

n

(x

n

) (59)

where 
 is a 
y
le representing a nontrivial 
lass in H

n�1

(E

(n�1)

(C ))

sgn

n

. The

subs
ript sgn

n

means the skewsymmetri
 part with respe
t to the permutations.

(A better way to de�ne this fun
tion is given by formula (64) below.) We will

show that this fun
tion is a period of a mixed ellipti
 motive.
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Choose a 
oordinate z on P

1

. Let �

n

be the 
oordinate 
ube in (P

1

; 0[1)

n

,

i.e. union of 2n hyperplanes z

i

= 0, z

i

=1. Noti
e that (P

1

)

n

n�

n

= (G

m

)

n

.

Let us de�ne a 
odimension n 
y
le

Z(E

(n�1)

; f) � E

(n�1)

� (P

1

)

n

as follows:

Z(E

(n�1)

; f) := Alt

(x

1

;:::;x

n

)

fx

1

; :::; x

n

; f

1

(x

1

); :::; f

n

(x

n

)g [ E

(n�1)

� f1; :::; 1g

Here we use the 
oordinate system z

1

; :::; z

n

, i.e. z

i

= f

i

(x

i

). The group S

n

a
ts

on (G

m

)

n

by permutations. So we get an a
tion of the group S

n

�S

n

on E

(n�1)

�

(G

m

)

n

. In this 
hapter we mark by the subs
ript sgn the skewsymmetri
 part

under this a
tion. Consider the following mixed motive

h(E

(n�1)

; f) := H

n

(E

(n�1)

� (G

m

)

n

; Z

0

(E

(n�1)

; f))(n)

sgn

where Z

0

(E

(n�1)

; f) := Z(E

(n�1)

; f)n

�

Z(E

(n�1)

; f) \�

n

�

.

More pre
isely, h(E

(n�1)

; f)(�n) := R

n

p

!

F(E; f)

sgn

where F(E; f) is the

following mixed motivi
 sheaf on E

(n�1)

� (P

1

)

n

. Take the 
onstant sheaf on

the 
omplement to Z(E

(n�1)

; f)[E

(n�1)

��

n

in E

(n�1)

� (P

1

)

n

; extend it by

j

�

to the divisor E

(n�1)

��

n

and then by j

!

to Z(E

(n�1)

; f).

Lemma 7.7 h(E

(n�1)

; f) is a mixed ellipti
 motive framed by Q(0) and Sym

n�1

H(1).

Proof. i) Q(0)-
omponent of the frame. Let us prove that

gr

W

2n

H

n

(E

(n�1)

� (G

m

)

n

; Z

0

(E

(n�1)

; f))

sgn

= Q(�n)

Noti
e that H

n

(G

m

)

n

sgn

= H

n

(G

m

)

n

and H

i

(G

m

)

n

sgn

= 0 for i < n. So the

proje
tion E

(n�1)

� (G

m

)

n

�! (G

m

)

n

indu
es an isomorphism

Q(�n) = gr

W

2n

H

n

((G

m

)

n

)

sgn

�

�! gr

W

2n

H

n

(E

(n�1)

� (G

m

)

n

)

sgn

The 
anoni
al morphism

H

n

(E

(n�1)

� (G

m

)

n

; Z

0

(E

(n�1)

; f))

sgn

�! H

n

(E

(n�1)

� (G

m

)

n

)

sgn

indu
es an isomorphism after taking gr

W

2n

. Indeed, there is an exa
t sequen
e

H

n�1

Z

0

(E

(n�1)

; f) �! H

n

(E

(n�1)

� (G

m

)

n

; Z

0

(E

(n�1)

; f))

sgn

�!

H

n

(E

(n�1)

� (G

m

)

n

)

sgn

�! H

n

Z

0

(E

(n�1)

; f)

and

gr

W

2n

H

n�1

Z

0

(E

(n�1)

; f) = gr

W

2n�1

H

n�1

Z

0

(E

(n�1)

; f) = 0
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sin
e Z

0

(E

(n�1)

; f) is an open regular variety of dimension n� 1.

ii) Sym

n�1

H(1)-
omponent of the frame. One has

H

n

(E

(n�1)

� (P

1

)

n

; Z(E

(n�1)

; f))

sgn

= Sym

n�1

h

1

(E) (60)

Indeed, H

n

(E

(n�1)

� (P

1

)

n

)

sgn

= 0. So there is an exa
t sequen
e

H

n�1

(E

(n�1)

� (P

1

)

n

)

sgn

�

�! H

n�1

(Z(E

(n�1)

; f))

sgn

�

�!

H

n

(E

(n�1)

� (P

1

)

n

; Z(E

(n�1)

; f))

sgn

�! 0

Further,

H

n�1

(E

(n�1)

� (P

1

)

n

)

sgn

= Sym

n�1

h

1

(E)

H

n�1

(Z(E

(n�1)

; f))

sgn

= Sym

n�1

h

1

(E)� Sym

n�1

h

1

(E)

and � is inje
tive.

The restri
tion map indu
es an isomorphism

gr

W

n�1

H

n

(E

(n�1)

� (P

1

)

n

; Z(E

(n�1)

; f))

sgn

�! (61)

gr

W

n�1

H

n

(E

(n�1)

� (G

m

)

n

; Z

0

(E

(n�1)

; f))

sgn

be
ause (Z(E

(n�1)

; f) is regular of dimension n� 1).

W

n�1

H

n�1

Z

0

(E

(n�1)

; f) =W

n�1

H

n�1

Z(E

(n�1)

; f)

Combining (60) and (61) we get the Sym

n�1

H(1)-
omponent of the frame. The

lemma is proved.

Finally, we show that h(E

(n�1)

; f) is a mixed ellipti
 motive by indu
tion us-

ing the following basi
 observation: interse
tion of the 
y
le Z(E

(n�1)

; f

1

; :::; f

n

)

with any 
odimension 1 fa
e of the 
ube �

n

is a sum of 
y
les of form

Z(E

(n�2)

; g

1

; :::; g

n�1

). For example

Z(E

(n�1)

; f

1

; :::; f

n

) \ fz

1

= 0g =

X

x2E

m

x

(f

1

) � Z(E

(n�2)

; f

2

; :::; f

n

)

where m

x

(f) is the multipli
ity of zero at x. The lemma is proved.

Remark 7.8 One 
an apply the same 
onstru
tion to n arbitrary fun
tions

f

1

(z

1

; :::; z

n

); :::; f

n

(z

1

; :::; z

n

) on E

(n�1)

. However it is not 
lear whether the

motive h(E

(n�1)

; f

1

; :::; f

n

) is a mixed ellipti
 motive in general.

The fun
tions f

1

; :::; f

n

on the E de�ne a map

f : E

(n�1)

�! (P

1

)

n

; (x

1

; :::; x

n

) 7�! (f

1

(x

1

); :::; f

n

(x

1

))

Let E

(n�1)

f

be the image of this map and

~

E

(n�1)

f

:= E

(n�1)

f

n

�

E

(n�1)

f

\ �

�

.

Consider the following motive:

~

h(E

(n�1)

; f) := H

n

((G

m

)

n

;

~

E

(n�1)

f

)(n)

sgn

(62)
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Lemma 7.9 Suppose that f

�

: H

n�1

(E

(n�1)

)

sgn

! H

n�1

(E

(n�1)

f

)

sgn

is a nonzero

map. Then

a)

~

h(E

(n�1)

; f) is a (Q(0); Sym

n�1

H(1))-framed mixed ellipti
 motive.

b)

~

h(E

(n�1)

; f) = h(E

(n�1)

; f) as framed motives.


) If f

�

= 0 then h(E

(n�1)

; f) = 0.

Proof. a) is very similar to the proof of the lemma above. For instan
e the

Sym

n�1

h

1

(E) part of the framing 
omes from isomorphism

W

n�1

H

n

((P

1

)

n

n�

n

;

~

E

(n�1)

f

) �! Sym

n�1

h

1

(E)

Namely, H

i

(P

n

)

sgn

= 0, so there is an isomorphism

H

n�1

(E

(n�1)

f

)

sgn

�! H

n

((P

1

)

n

; E

(n�1)

f

)

sgn

Combining it with f

�

: H

n�1

(E

(n�1)

f

)

sgn

�! H

n�1

(E

(n�1)

)

sgn

we get a mor-

phism

H

n

((P

1

)

n

; E

(n�1)

f

)

sgn

�! H

n�1

(E

(n�1)

)

sgn

= Sym

n�1

h

1

(E) (63)

b) The proje
tion

E

(n�1)

� (P

1

)

n

�! (P

1

)

n

indu
es a morphism respe
ting the frames.


) is 
lear from the 
onstru
tion. The lemma is proved.

The period 
orresponding to this framing is exa
tly the fun
tion (59). In-

deed, 
onsider the di�erential form

!

�

n

:= d log(z

1

) ^ ::: ^ d log(z

n

)

in (C P

1

)

n

n�

n

. Let � be a relative n-
hain in CP

n

whi
h bounds an (n�1)-
y
le


, [
℄ 2 H

n�1

((C P

1

)

n

; E

(n�1)

f

)

sgn

. Then

L

n

(E

(n�1)

; f ; 
) =

Z

�

!

�

n

(64)

The Stokes formula shows that the integrals (64) and (59) 
oinside.

Proposition 7.10 The R-valued period of the Hodge realization of h(E

(n�1)

; f)

is given by

L(E

(n�1)

; f) :=

Z

E

(n�1)

(C)

Alt

x

1

;:::;x

n

r

n

(f

1

; :::; f

n

) ^ !

p;q

This integral 
oin
ides with the one 
omputed by means of the Eisenstein -

Krone
ker series, as was explained before.

Re
all that A(Q; Sym

n�1

H(1)) is the group of mixed ellipti
 motives framed

by Q(0) and Sym

n�1

H(1).
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Lemma 7.11 For any �

i

2 k

�

one has the equality of framed motives h(E

(n�1)

; f

1

; :::; f

n

) =

h(E

(n�1)

;�

1

� f

1

; :::; �

n

� f

n

)

Proof. The a
tion of an element g = (�

1

; :::; �

n

) 2 G

n

m

on P

n

n�

n

= G

n

m

provides a morphism of motives h(E

(n�1)

;�

1

�f

1

; :::; �

n

�f

n

) �! h(E

(n�1)

; f

1

; :::; f

n

)

whi
h obviously preserves the framing.

Theorem 7.12 There is a well de�ned homomorphism of abelian groups

m

�

n

: S

n

k(E)

�

�! A(Q(0); Sym

n�1

H(1)) f

1

Æ ::: Æ f

n

7�! h(E

(n�1)

; f)

It is zero if one of the fun
tions f

i

is a 
onstant; one has m

�

n

(Ker�

n

) = 0.

Proof.

Below a generalization of the 
onstru
tion above is given. Let D

0

be the

group of degree zero divisors on E. For any d := (d

1

; :::; d

n

) let us 
onstru
t a

mixed ellipti
 motive h(E

(n�1)

; d) := h(E

(n�1)

; d

1

; :::; d

n

) framed by Q(0) and

Sym

n�1

H(1).

Let P be the rigidi�ed Poin
ar�e line bundle over J � J . For any two degree

zero divisors d

1

; d

2

with disjoint support there is an element

< d

1

; d

2

>2 P

[d

1

℄;[d

2

℄

where [d

i

℄ 2 J is the 
lass of a degree zero divisor d

i

.

Consider the following (n� 1)-
y
le

Z(E

(n�1)

; d) � E

(n�1)

�P

n

(65)


(E

(n�1)

; d) := Alt

(x

1

;:::;x

n

)

(x

1

; :::; x

n

;< d

1

; (x

1

)� (0) >; :::;< d

n

; (x

n

)� (0) >)

Here x

1

+ ::: + x

n

= 0 and (x

1

; :::; x

n

) belongs to Zariski open part of E

(n�1)

where the divisors d

i

and (x

i

)� (0) are disjoint. and set

h(E

(n�1)

; d) := H

n

�

E

(n�1)

�P

n

; Z(E

(n�1)

; d)

�

(n)

Theorem 7.13 a) h(E

(n�1)

; d) is a mixed ellipti
 motive framed by Q(0) and

Sym

n�1

H(1).

b) There is a well de�ned homomorphism of abelian groups

S

n

D

0

�! A(Q(0); Sym

n�1

H(1)) d

1

Æ ::: Æ d

n

7�! h(E

(n�1)

; d)

Proof. Restri
tion to a �ber of the Poin
are line bundle provides an iso-

morphism

gr

W

2

H

1

(P) �! H

1

(G

m

) = Q(�1)

and thus we get a �rst part of the framing:

Q(�n) �! gr

W

2n

H

n

(P

n

)

�

�

�! gr

W

2n

H

n

(E

(n�1)

�P

n

)
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where � : E

(n�1)

�P

n

! P

n

is the natural proje
tion.

The se
ond part of the framing 
omes from the fundamental 
y
le of E

(n�1)

just as before. The rest is straitforward.

3. Motivi
 
onstru
tion of the 
omplex B

�

(E; 3). Re
all the 
onvolu-

tion map �

2

: S

2

k(E)

�

�! B

�

3

(E); f

1

Æ f

2

7�! (f

1

) � (f

2

). We are going to show

that the diagram

S

2

k(E)

�

# �

2

&

m

�

2

B

�

3

(E)

l

�

2

�! L

�

(E)

H(1)

provides a well de�ned homomorphism

l

�

2

: B

�

3

(E) �! L

�

(E)

H(1)

(Here L

�

(E)

H(1)

_

= L

�

(E)

H(1)

�H(1)

_

, so L

�

(E)

H(1)

is a Q-ve
tor spa
e.)

Consider the map

�

2

: S

2

k(E)

�

�!

K

2

(K(E)

�

fk

�

; k(E)

�

g

�

; f

1

Æf

2

7�! ff

1

(x); f

2

(�x)g�ff

1

(�x); f

2

(x)g

A

ording to theorem 3.9 in [GL℄ one has

Theorem 7.14 �

2

(Ker�

2

) = 0

It remains to use that l

�

2

(f � (1� f)) = 0 by theorem 7.12.

Theorem 7.15 We get a 
ommutative diagram

B

�

3

(E)

Q

Æ

�

H(1)

�! (k

�


 J)

Q

l

�

2

# #=

L

�

(E)

H(1)

Æ

�! L

�

(E)

Q(1)


L

�

(E)

H

To prove this theorem we need only to 
ompute Æh(E; f

1

; f

2

), whi
h is left

to the reader.

8 Ellipti
 Chow polylogarithms and generalized

Eisenstein - Krone
ker series

1. Ellipti
 Chow polylogarithms. The single valued version. Let C be a


odimension n 
y
le in E

k

�(P

1

)

l

, k+l = 2n�1, skewinvariant under the a
tion

of G

k

�G

l

.
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Re
all the forms �

n

!

p;q

(see (43)), whi
h for p � q; p+q = n�1 form a basis

over R in H

n�1

B

(E

n�1

=R

;R(n � 1))

sgn

n

. We represent elements in

H

n�1

B

(E

n�1

=R

;R(n � 1))

sgn

n

by their 
up produ
t with the forms �

n

!

p;q

:

The single valued ellipti
 Chow polylogarithm is a fun
tion

P

k;l

: Z

n

(E

k

; l) �! H

n�1

B

(E

n�1

=R

;R(n � 1))

sgn

n

k + l = 2n� 1

de�ned as follows. Let � : C ! (P

1

)

l

and p : C ! E

k

. If k > 0:

< P

k;l

(C); !

p;q

>:=

Z

C

�

�

r

k�1

(z

1

; :::; z

k

) ^ p

�

!

p;q

p � q; p+ q = n� 1;

Here we integrate over the nonsingular part of the 
omplex points of the 
y
le

C. The integral is always 
onvergent (see [G6℄). For example

P

2;1

(C) := Alt

(x

2

;x

3

)

Z

C

�

�

1

log jz

1

j�

�

2

! ^ �

�

3

�!

The multivalued ellipti
 Chow polylogarithm, denoted P

k;l

(C), is de�ned as

follows. Let (x

1

; :::; x

k

; z

k+1

; :::; z

k+l

) be the 
oordinates on E

k

� (P

1

)

l

. Assume

l 6= 0. Let �

i

(resp. p

j

) be the proje
tion of C to the i-th 
oordinate P

1

(resp.

j-th fa
tor E) in E

k

� (P

1

)

l

.

i). Assume k � n. Then

P

k;l

(C) :=

Alt

(G

k

�G

l

)

Z

p

�

1


�:::�p

�

k


��

k+1

Æ�:::��

k+l

Æ

log z

n+1

d log z

n+2

^ ::: ^ d log z

2n�1

ii). Assume n < k < 2n� 1. Then

P

k;l

(C) :=

Alt

(G

k

�G

l

)

Z

p

�

1


�:::�p

�

n




p

�

n+1

! ^ ::: ^ p

�

k

! ^ (log z

k+1

d log z

k+2

^ :::^ d log z

2n�1

)

Example 1. The multivalued ellipti
 Chow dilogarithms:

P

0;3

(C) := Alt

(G

3

)

Z

�

�

1

Æ

log z

2

d log z

3

P

1;2

(C) := Alt

(G

1

�G

2

)

Z

p

�

1




log z

2

d log z

3

P

2;1

(C) := Alt

(G

2

�G

1

)

Z

p

�

1




p

�

2

! � log z

3
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Example 2. The multivalued ellipti
 Chow trilogarithms:

P

0;5

(C) := Alt

(G

5

)

Z

�

�

1

Æ��

�

2

Æ

log z

3

d log z

4

^ d log z

5

P

1;4

(C) := Alt

(G

1

�G

4

)

Z

p

�

1


��

�

2

Æ

log z

3

d log z

4

^ d log z

5

P

2;3

(C) := Alt

(G

2

�G

3

)

Z

p

�

1


�p

�

2




log z

3

d log z

4

^ d log z

5

P

3;2

(C) := Alt

(G

3

�G

2

)

Z

p

�

1


�p

�

2




p

�

3

! ^ log z

4

^ d log z

5

P

4;1

(C) := Alt

(G

4

�G

1

)

Z

p

�

1


�p

�

2




p

�

3

! ^ p

�

4

! � log z

5

The multivalued ellipti
 Chow polylogarithms are periods of mixed motives,

whi
h are easy to write down.

2. Some interesting 
y
les. Let L

n

(a) be the 
odimension n 
y
le in

(P

1

)

2n�1

responsible for the 
lassi
al n-logarithm (see [Bl6℄ and [BK℄):

L

n

(a) := fx

1

; :::; x

k�1

; 1�x

1

; 1�x

2

=x

1

; :::; 1�x

k�1

=x

k�2

; 1�a=x

k�1

g 2 Z

n

(2n�1)

Consider the following 
y
le in Z

n

(E

(n�k�1)

; k + n):

Alt

(x

1

;:::;x

n�k

)

�

x

1

; :::; x

n�k

;L

k

(f

1

(x

1

)); f

2

(x

2

); :::; f

n�k

(x

n�k

�

(66)

Noti
e that we are using this E

(n�k�1)

, not E

n�k�1

.

Examples of 
y
les.

in Z

2

(E; 2) : Alt

(x

1

;x

2

)

fx

1

; f

1

(x

1

); f

2

(x

2

)g

in Z

2

(3) : fz

1

; 1� z

1

; 1� a=z

1

g

in Z

3

(E

(2)

; 3) : Alt

(x

1

;x

2

;x

3

)

fx

1

; x

2

; f

1

(x

1

); f

2

(x

2

); f(x

3

)g

in Z

3

(E; 4) : Alt

(x

1

;x

2

)

fx

1

; 1� x

1

; 1� f

1

(x

1

)=x

1

; f

2

(x

2

)g

in Z

3

(5) : fz

1

; z

2

; 1� z

1

; 1� z

2

=z

1

; 1� a=z

2

g

I think the single valued ellipti
 Chow polylogarithm on these 
y
les should

provide the new trans
endental fun
tions needed for L(Sym

n�k�1

E; n).

3. The generalized Eisenstein-Krone
ker series and L(Sym

n

E; n +

m) for m � 1. Conje
ture 2.1 in [G2℄ for the �eld k(E

(n)

) tells us that

H

n+1

M

(Spe
k(E

(n)

);Q(n+m)) is generated by the sums of the elements of form

X

i

ff

(i)

0

(x)g

m


 f

(i)

1

(x) ^ ::: ^ f

(i)

n

(x) in B

m

(k(E

(n)

))
 �

n

k(E

(n)

)

�
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satisfying the 
ondition

X

i

ff

(i)

0

(x)g

m�1

^f

(i)

0

(x)^f

(i)

1

(x)^:::^f

(i)

n

(x) in B

m�1

(k(E

(n)

))
�

n+1

k(E

(n)

)

�

(67)

De�nition 8.1 D

0;1

(n;m)

is the subgroup of B

m

(k(E

(n)

))
�

n

k(E

(n)

)

�

generated

by the elements

Alt

(x

0

;:::;x

n

)

ff(x

0

)g

m


 g

1

(x

1

) ^ ::: ^ g

n

(x

n

) (68)

where f; g

k

2 k(E)

�

, x

0

+ :::+ x

n

= 0.

Denote by X the element (68). Set

�(X) := Alt

(x

0

;:::;x

n

)

ff

0

(x

0

)g

m�1

^ f

0

(x

0

) ^ g

1

(x

1

) ^ ::: ^ g

n

(x

n

)

It belongs to the group B

m�1

(C (E

(n)

))
 �

n+1

C (E

(n)

)

�

.

r(X) :=

n

X

i=1

(�1)

i

X

a2E(k)

v

a

g

i

�Alt

(x

0

;:::;x

n

)

ff

0

(x

0

)g

m


g

1

(x

1

)^:::ĝ

i

:::^g

n

(x

n

)

j

x

i

=a

Here v

a

g is the valuation of g at the point a. Let d

n;m

:= � + r. r(X) lies in

the sum of the groups B

m

(C (X

i;a

))

�


 �

n�1

C (X

i;a

)

�

where X

i;a

is the divisor

x

i

= a.

Conje
ture 8.2 a) There exists a map

Kerd

n;m

�! H

n+1

M

(E

(n)

;Q(n +m))

sgn

whi
h in the 
ase k = C 
ommutes with the regulator map.

b) One might hope that this map is surje
tive.

Part a) of this 
onje
ture 
an be dedu
ed from standard 
onje
tures. If m =

1 this is exa
tly 
onje
ture dis
ussed in 
hapter 5. If n = 1 the 
onje
ture follows

from the 
onje
ture 2.1 in [G2℄, see also 
onje
ture 8 in [G4℄ and n = 1;m = 2

it is proved in [G3℄. In general the main argument for the hope expressed in the

part b) is simpli
ity of the ansatz used to de�ne the elements (68).

Element (68) provides a 
y
le of type (66), as was explaned above. The

value of the regulator on the element whi
h lies in Kerd

n;m

should 
oinside

with the value of the ellipti
 Chow polylogarithm P

n;m

on the 
orresponding


y
le. Thus to get the generalized Eisenstein-Krone
ker series responsible for

the spe
ial values L(Sym

n

E; n+m) we evaluate the Chow polylogarithm P

n;m

on the 
y
le (66) using the Fourier de
omposition of L

k

(f(x)) and then the
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same method as in 
hapter 6. This boils down to 
omputation of the following

regulator integral (p+ q = n)

r(ffg

m


g

1

^ :::^g

n

; �!

p;q

) :=

Z

E

n

(C)

log jf j

m�2

��

2

(1�f; f)^�

n

(g

1

; :::; g

n

)^!

p;q

Set

r(ffg

m


 g

1

^ ::: ^ g

n

) :=

X

p+q=n

r(ffg

m


 g

1

^ ::: ^ g

n

;!

q;p

)(dz)

p

(d�z)

q

2 Sym

n

H

1

(E(C ); C )

Let

�

Z[E℄
Z[E℄
Z[E℄

�

E

=

�

Z[E�E �E℄

�

E

be the abelian group generated by the elements fx; y; zg where x; y; z 2 E(k),

subje
t to the relations fx; y; zg = fx+ 
; y+ 
; z+ 
g for any 
 2 E(k). De�ne

�

n;m

: ffg

m


 g

1

Æ ::: Æ g

n

7�!

�

Z[E℄
Z[E℄
Z[E℄

�

E

ffg

m


 g

1

Æ ::: Æ g

n

7�! (1� f)
 (f)
 (g

1

) � ::: � (g

n

)

Consider the folowing fun
tions where p+ q = n;m � 2:

K

p;q

n;m

(x; y; z) := (

Im�

�

)

m

�

0

X




0

+:::+


m

=0

(x; 


0

)(y; 


1

+ :::+ 


m�1

)(z; 


m

) � (�


m

(


0

� 


1

) + 


m

(�


0

� �


1

)) � 


p�1

m

� �


q�1

m

j


0

j

2

� ::: � j


m�1

j

2

j


m

j

2n

I will 
all them the generalized Eisenstein-Krone
ker series. For n = 1 this is

the fun
tions K

m+1

(x; y; z) de�ned in [G4℄, see also [G3℄. For n = 1;m = 2 this

fun
tion was 
onsidered by Deninger [D3℄.

Conje
ture 8.3 There exists a variation of mixed ellipti
 motives over (E �

E � E)=E su
h that its real periods are given by the generalized Eisenstein-

Krone
ker series.

De�ne a homomorphism

K

n;m

:

�

Z[(E�E �E)(C )℄

�

E

�! Sym

n

H

1

(E(C ); C )

fx; y; zg 7�!

X

p+q=n

K

p;q

n;m

(x; y; z)(dz)

p

(d�z)

q
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Theorem 8.4 Assume

Alt

(x

0

;:::;x

n

)

�

ff(x

0

)g

m�1


 f(x

0

) ^ g

1

(x

1

) ^ ::: ^ g

n

(x

n

)

�

= 0

in the group B

m�1

(C (E

(n)

))
 �

n+1

C (E

(n)

)

�

. Then

r(ffg

m


 g

1

^ ::: ^ g

n

) = K

n;m

Æ �

n;m

�

ffg

m


 g

1

Æ ::: Æ g

n

�

The proof is 
ompletely similar to the proof of theorems 6.4 and theorems

3.4 and 4.7 in [G3℄, and thus is omitted.

REFERENCES

[B1℄ Beilinson A.A.: Higher regulators and values of L-fun
tions, VINITI, 24

(1984), 181{238 (in Russian); English translation: J. Soviet Math. 30

(1985), 2036{2070.

[B2℄ Beilinson A.A.: Higher regulators of modular 
urves, Contemp. Math. 55,

1-34 (1986)

[B3℄ Beilinson A.A, Height pairings between algebrai
 
y
les, Le
t. Notes in

Math. 1289, (1987), 1{26.

[BD1℄ Beilinson A.A., Deligne P.: Polylogarithms and regulators, To appear.

[BD2℄ Beilinson A.A., Deligne P, Interpr etation motivique de la 
onje
ture de

Zagier, in Symp. in Pure Math., v. 55, part 2, (1994), 23-41

[BL℄ Beilinson A.A., Levin A.M.: Ellipti
 polylogarithms, Symposium in pure

mathemati
s, 1994, vol 55, part 2, 101-156.

[BMS℄ Beilinson A.A., Ma
Pherson R, S
he
htman V.V.: Notes on motivi
 
o-

homology, Duke math. Journal, 54 (1987), 679-710.

[BGSV℄ Beilinson A.A., Gon
harov A.A., S
he
htman V.V., Var
henko A.N.: Ao-

moto dilogarithms, mixed Hodge stru
tures and motivi
 
ohomolgy, the

Grothiendie
k Fes
htrift, Birkhouser, vol 86, 1990, p. 135-171.

[Bl1℄ Blo
h S.: Higher regulators, algebrai
 K- theory and zeta fun
tions of

ellipti
 
urves, Le
t. Notes U.C. Irvine, 1977.

[Bl2℄ Blo
h S.: Algebrai
 
y
les and higher K-theory, Advan
es in Math. vol.

61 (1986) 267-304.

[Bl3℄ Blo
h S.: Cy
les and biextensions, Contemporary Math. 1989, vol 83,

19-31

[Bl4℄ Blo
h S.: Remarks on mixed ellipti
 motives, Preprint 1997, To appear in

the Pro
eedings of the 
onferen
e on regulators in Jerusalem.

62



[Bl5℄ Blo
h S.: Some elementary theorems about algebrai
 
y
les on abelian

varieties, Inventiones Math, 37 (1976), 215-228.

[Bl6℄ Blo
h S.: Algebrai
 
y
les and the Lie algebra of mixed Tate motives Amer.

J. of Math., 4 (1991), 771-791.

[BK℄ Blo
h S., Kriz I.: Mixed Tate motives, Annals of mathemati
s, 1994, vol.

140, N3, 557-605.

[De℄ Deligne P. Valeurs de fon
tion L et p�eriodes des int�egrales, In Pro
. Symp.

Pure Math., 33 (1979), 313-346.

[De2℄ Deligne P. A quoi servent les motifs?, in Symp. in Pure Math., v. 55,

part 1, (1994), 143-163.

[D1℄ Deninger, C.: Higher regulators and He
ke L-series of imaginary quadrati


�elds I, Invent. Math. 96, 1-96 (1989)

[D2℄ Deninger, C.: Higher regulators and He
ke L-series of imaginary quadrati


�elds II, Ann. of Math, 132, N1 (1990), 131-158.

[D3℄ Deninger, C.: Higher order operations in Deligne 
ohomology. Inventiones

Math. 122, N1, (1995), 289 - 316.

[DS℄ Dupont J., Sah S.H.: S
issors 
ongruen
es II, J. Pure Appl. Algebra, v.

25, (1982), 159{195.

[G1℄ Gon
harov A.B.: Geometry of 
on�gurations, polylogarithms and motivi



ohomology, Advan
es in Math. vol 144, N2, (1995), 279 - 312.

[G2℄ Gon
harov A.B.: Polylogarithms and motivi
 Galois groups, Symposium

in pure mathemati
s, 1994, vol 55, part 2, 43 - 96.

[G3℄ Gon
harov A.B.: Deninger's 
onje
ture on spe
ial values of L-fun
tions

of an ellipti
 
urve at s = 3, Spe
ial volume dedi
ated to Manin's 60-th

birthday, Plenum, 1997. ( alg-geom e-preprint, Preprint MPI January

1996.)

[G4℄ Gon
harov A.B.: Polylogarithms in arithmeti
 and geometry, Pro
. ICM-

94 in Zuri
h, vol 1, p. 374 - 387.

[G5℄ Gon
harov A.B.: The Eisenstein-Krone
ker series and L(Sym

2

E; 3), Preprint

September 1995.

[G6℄ Gon
harov A.B.: Chow polylogarithms and regulators. Math. Res. Let-

ters, 1995, N1.

[GL℄ Gon
harov A.B., Levin A.M.: Zagier's 
onje
ture on L(E; 2), Inventiones

Math., vol. , N (1997), ?-??.

63



[J℄ de Jeu R.: Zagier's 
onje
ture and wedge 
omplexes in algebrai
 K-theory,

Comp. Math. 96, N2 (1995) 197-247.

[MS℄ Mestre J.-F., S
happa
her, N. : Series de Krone
ker et fon
tions L des

puissan
es symmetriques de 
ourbes elliptiques sur Q, In: Arithmeti
 al-

gebrai
 geometry. Van de Geer. G., Oort, F., Steenbrink,J.(eds) (Prog.

Math., vol. 89, pp. 209-245). Birkhauser 1991.

[Q℄ Quillen D. : Rational homotopy theory, Ann. of Math, 90 (1969) 204-295.

[SS℄ S
happa
her N., S
holl, A.: The boundary of the Eisenstein symbol , Math.

Ann. 1991, 290, p. 303-321.

[S℄ Suslin A.A.: K

3

of a �eld and Blo
h's group, Pro
eedings of the Steklov

Institute of Mathemati
s 1991, Issue 4.

[We℄ Weil A. : Ellipti
 fun
tions a

ording to Eisenstein and Krone
ker, Ergeb-

nisse der Mathematik, 88, Springer 77.

[W℄ Wildeshaus J. : On an analog of Zagier's 
onje
ture for ellipti
 
urves,

Duke Math. Journal, (1997) vol. 87 N2, 355-407.

[W2℄ Wildeshaus J. : On the generalized Eisenstein symbol, Preprint, 1997.

[Z℄ Zagier D.: The Blo
h-Wigner-Ramakrishnan polylogarithm fun
tion, Math.

Ann. 286, 613-624 (1990)

[Z2℄ Zagier D.: Polylogarithms, Dedekind zeta fun
tions and the algebrai
 K-

theory of �elds, Arithmeti
 Algebrai
 Geometry (G.v.d.Geer, F.Oort, J.Steenbrink,

eds.), Prog. Math., Vol 89, Birkhauser, Boston, 1991, pp. 391{430.

Max-Plan
k-Institute fur mathematik, Bonn, 53115, Germany; sasha�mpim-

bonn.mpg.de

Department of Mathemati
s, Brown University, Providen
e, RI 02912, USA.

64


