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1 Introduction

Summery. Let E be an elliptic curve over an arbitrary field & and H the motive
H'(E)(1). We define complexes B(E;n+2)® and conjecture that they are quasi-
isomorphic to RHomam, (Q, Sym™H(1)). If k is a number field this together
with Beilinson’s conjecture on regulators leads to a precise conjecture express-
ing the special values L(Sym™E,n + 1) via the classical Eisenstein-Kronecker
series. It can be considered as an elliptic analog of Zagier’s conjecture.

We give a simple motivic interpretation of the elliptic polylogarithms and
show how it together with the motivic formalism implies that the complexes
B(E;n + 2)* should map naturally to RHomaam, (Q, Sym™#H(1)). When E



degenerates to the nodal curve our complexes lead to the motivic complexes
from [G1-2] reflecting the properties of the classical polylogarithms.

The complex B(E;3)* was constructed in [GL]. The groups similar to H! B(E; n+
2)* were also discussed in [W], [W2], where it was conjectured that they inject
into Extly ., (Q, Sym™H(1)).

We formulate several conjectures about the structure of the motivic Galois
group of the category of mixed elliptic motives generalizing some conjectures
about the mixed Tate motives ([G1-2]). In the end we define the generalized
Eisenstein-Kronecker series which should be related to L(Sym™E,n + m). For
n = 1,m = 2 this was conjectured in [D3] and proved in [G3].

1. The trichotomy: special values of L-functions, motivic com-
plexes and motivic Galois groups. Let E be an elliptic curve over a number
field k and L(Sym"E, s) the L-function of the n-th symmetric power of h!(E).
The seminal Beilinson conjecture relates the special values of the L-function of a
motive X over a number field, considered up to a Q*-factor, with the volume of
the image of certain pieces of the algebraic K-theory of X under the regulator
maps. However for symmetric powers of elliptic curves one should be able to
say more about the special values.

It is natural to adress the problem in the language of motives. Let MM
(resp. MM x) be the (hypothetical) abelian Q-category of all mixed motives
over a field k (resp. all mixed motivic sheaves over a regular scheme X, [Be]).
Let Q(—1) := h?*(P') be the Tate motive, Q(n) := Q(1)®" for any integer n
and M(n) := M @ Q(n).

Let E be an elliptic curve over a field k. Then h'(E) is a pure motive of
weight 1. The cup product defines an isomorphism A%h!(E) — Q(—1). Set
H := h'(E)(1). It is a simple object of weight —1. The elliptic motives are
the direct summands of the motives H®". They form a rigid abelian tensor
category Pg.

Example. If E has no complex multiplication then Pg is equivalent to the
category of finite dimensional G Ly-modules over Q. The objects S™H(m) are
simple and mutually non isomorphic. Any simple object in P is isomorphic to
one of them.

The category Mpg of mized elliptic motives is the smallest abelian tensor
subcategory of MM}, which contains H and is closed under extensions.

For an integer a let L*(Sym™E,a) be the leading coefficient of the Taylor
expansion of the L-function at s = a. For a given pair of integers n, m there are
the following intimately related problems:

Problem A. Find explicit formulas for special values of the L-functions of
pure elliptic motives, i.e.

L*(Sym"E,n + m) E/k, k is a number field
Problem B. Construct explicitly elliptic motivic complezes

RHomam, (Q(0), S"H(m)), k is an arbitrary field (1)



They may be non zero only if —n — 2m, the weight of the motive Sym™H(m),
is negative.

Problem C. Find a precise description of the Galois group of the category
of mized elliptic motives.

A weaker version of the Problem A concerns the special values of L-functions
up to a Q*-factor. We will refer to it as Problem A*.

We are making sense of the motivic Ext’s in a usual way. Namely, let E(")
be the kernel of the sum map

En+1 — E, (.’L'l, ...,.’L'n+1) — T + ...+ Tn+1 (2)

For a group A living on E"™! the notation Ay, means the part alternating un-
der the action of the group S, 41. Beilinson’s description of Ext’,, (Q(0),Q(n))
implies (see lemma 3.4) that one should have

Extiy g, (Q(0), S"H(m)) = gr) 4 Knt2m—i(B™)sgn @ Q (3)

(Here v is the v-filtration on the K-groups). If k is a number field these groups
are expected to be zero for ¢ > 1. Beilinson’s regulator map

Exty g, (Q0), S"H(m)) — Exty_ piy5(R(0), S H(m))

is provided by the realization functor from MM, to the category R — MHS of
mixed Hodge structures over R.

Problem A is the deepest one. It is of arithmetic nature, while Problems B
and C are geometric. We expect such a solution of Problem C that gives the
desired answer for Problem B. This answer in the case of number fields should
resolve Problem A*. The regulator map should be constructed first over C,
brining analysis into the picture and providing a key for Problem B.

In these problems one can consider the category of mixed motives generated
by powers of any simple pure motive X. However the case of mixed elliptic
motives seems to be especially interesting.

To smell the flavor of the problems let us look at similar questions for the
category of mixed Tate motives over a field &k (i.e. the rigid tensor subcategory
of MM, generated by the Tate motive Q(1) ).

Then Problem A is about special values ((n) of the Dedekind zeta function
of a number field k. The ideal answer to Problem A* is given by Zagier’s
conjecture [Z2].

In Problem B we are looking for complexes RHom aaq, (Q(0), Q(n)) for an
arbitrary field k. In [G1],[G2] we have constructed complexes B(Q(n); k)*:

B(k) — Bn 1 (k) @ k* — ... — Bo(k) @ A" 2k* — A"k* (4)

which reflect the properties of classical n-logarithm function Liy(z). Here B, (k)
is the quotient of Z[k*] along a certain subgroup R,,, which in the case k = C



is the subgroup of all functional equations for the classical n-logarithm func-
tion. It is placed in degree 1. These complexes ®g were conjectured to be
quasiisomorphic to RHom i, (Q, Q(n)).

A detailed exposition of this philosophy in the two simplest cases, for the
motives Q(2) and (1), is given in chapter 2.

According to the Tannakian formalism the category of mixed Tate motives
a field k is equivalent to the category of finite dimensional representations of its
Galois group. The Galois group is a semidirect product of G,, and a prounipo-
tent algebraic group scheme U(k) over Q. Let L(k) be the Lie algebra of U(k).
The action of G, provides a grading L(k)s = ®n>1L(k)_y (it is negatively
graded thanks to a weight argument).

The answer to the Problem C for mixed Tate motives which we have in mind
is this. Let I(k)s := @p>2L(k)—pn. It is an ideal, and L(k)e/I(k)e = (k3)".
(Here V — V'V is a duality between the inductive and projective limits of finite
dimensional Q-vector space.)

The Freeness Conjecture. ([G1],[G2]) I(k)e is a free graded pro-Lie al-
gebra generated by the groups By (k)V, n > 2, sitting in degree n.

For a more precise version see Conjecture 1.20 in [G2], where we proved that
it is equivalent to the description (4) of the motivic complexes.

There are several other candidates for the motivic complexes, for exam-
ple Bloch’s beautiful complexes of higher Chow groups [Bl] and their versions.
However the complexes (4) are the smallest possible and the only ones directly
related just to the classical polylogarithms. For a ”cycle” construction of the
motivic Lie algebra see [BK].

In this paper I will formulate an elliptic analog of the freeness conjecture,
see conjecture 1.2 below.

The Tannakian formalism tells us that there exists a pro-Lie algebra L(E) in
the tensor category Pg such that the category of mixed elliptic motives is equiv-
lent to the category of modules over L(E) in the category Pg. There is a differ-
ent tensor structure ®' on the category of pure elliptic motives. Assume that E
has no complex multiplication. Then S"H(m)®' S™ H(m') = ST H(m+m').
Denote by Pj, the category of pure elliptic motives with this tensor structure.

Theorem 1.1 Let us assume for simplicity that E is not a CM curve. Then
there exists a differential graded pro-Lie algebra L*(E) in the category Py, such
that for (m,n) # (0,0) one has

H;;E (L*(E)) snpitm)v = 977 4 mKnszm—i(E™)sgn @ Q

Here V) is the M-isotypical component of a simple object V' in Pf. The DG
pro-Lie algebra L*(FE) is constructed in s.4.4.

Conjecture 1.2 Assume that k = k.



a) L(E) has a unique quotient L*(E) which is a pro-Lie algebra with re-
spect to the both tensor structures on the category of pure elliptic motives and
Hp, (L*(E)) = Hp, (L(E)).

b) There is an ideal [*(E) C L*(E) with an abelian quotient

L*(E)/T*(E) = (") I H & JY B H
which should be a free Lie algebra in the tensor category Pj,.

More about the Lie algebra L*(E) in s. 4.8. The conjectures about L*(E)
imply a very specific structure for the elliptic motivic complexes.

Assuming the following vanishing conjecture (a version of the Beilinson-Soule
conjecture; the left hand side is defined via (3))

Extlyum, (Q0), S"H(m)) =0 fori <0
one can show that H}(L*(E)) = 0 for j < 0. Here 0 is the differential in L*(E).

Conjecture 1.3 Assume k = k.

a) H)(L*(E)) =0 for j # 0.

b) HY(L*(E)) is isomorphic to the pro-Lie algebra L*(E) anticipated in con-
jecture 1.2.

Remark. Let G be a reductive group. Then there is a new tensor structure
the category of finite dimensional G-modules given by Vy ® V,, — Vi, where
V) is the G-module with the highest weight A. Notice that the category of all
pure motives is equivalent to the category of finite dimensional modules over a
pro-reductive group.

2. The complexes B(E,n)®. In chapters 5-7 we study Problems A*
and B in the case m = 1. We construct a complex B(E,n + 2)* which is
conjecturaly quasiisomorphic to RHomaam, (Q, Sym™H(1)). When E is an
elliptic curve over a number field k& this leads to a precise conjecture on special
values L(Sym"E,n + 1).

This complex is an elliptic deformation of the complex (4): if E is a nodal
curve and k = k, it is quasiisomorphic to (4).

Remark. A better notation for the group Bj,+2(E) and the complex B(E, n+
2)* would be Bgnyy(1) and B(S"H(1))*.

Let us assume first that & = k. Let Z[X] be the free abelian group generated
by a set X, {z} are the generators. We will define subgroups

Z{E(K)]
(E ZIER)], B,(E) = —201
R, (E/k) C Z[E(k)] and set (E) Ro(B/F)
Put formally Bo(E) = Z. By definition R;(F) is generated by the elements
{z} + {y} — {z + y} where z,y € E(k). So Bi(E) = J(k), where J is the
Jacobian of E.



Define a homomorphism ¢ : Z[E(k)] — Z[E(k)] ® J(k) by the formula
{a} > {a} ® a. We prove in chapter 5 that §(R,(E)) C R,—1(E) ® J,
we get a homomorphism ¢ : B, (E) — B,—1(E) ® J. Consider the followmg
cohomological complex

By(E) — By 1(E)®J — ... — B1(E) @ A" 'J — By(E) @ A"J  (5)
where the differential is given by the formula
0:{a} @by Aba A oAby — {a} @aAby Aba A ... Ay,

It is the complex B(E,n + 1)*. We put it in degrees [1,n + 1]. The complex
is acyclic in the last two terms. To emphasize dependency on the ground field
k we use a notation B(E/k,n + 1)®. If k is not an algebraically closed field we

~ Gal(k/k)
postulate the Galois descent property: B(E/k,n)® := (B(E/k,n)') .
The complexes B(E/k,n)® for n = 2,3 were constructed in [GL].

Conjecture 1.4 a) There exists a canonical homomorphism
H' (B(E/k,n+2)3) — 97711 Knsoi( B™)ggn © Q (6)

b) This homomorphism is an isomorphism.

Here “canonical” means compatibility with the regulator map, see below.
The most nontrivial is the “surjectivity conjecture” from part b).

In [W] J.Wildeshaus, assuming standard conjectures on mixed motives, gave
a conjectural inductive definition of groups similar to H!B(E,n + 2)*® and for-
mulated a conjecture similar to the part a) of conjecture (1.4) for i = 1. See
also some new developments in this direction in the recent preprint [W2].

In chapter 7 we construct, assuming the standard conjectures, groups B, (E).
One has a surjective map B, (E) — B, (F) which is hope to be an isomorphism.
These groups form a complex B(E;n)® similar to the complex (5). We show
that the motivic formalism implies that (for & = k) this complex maps to
the standard cochain complex of the motivic Lie algebra L(E), providing a
morphism of complexes (for an arbitrary field k)

B(E/k,n + 2)g — RHomaam, (Q0), S"H(1)) (7)
Conjecture 1.5 The morphism (7) is a quasiisomorpism.

This conjecture implies conjecture (1.4).

3. The Eisenstein-Kronecker series, groups B, ;(E) and regula-
tors. The group R,4+1(E/C) is a subgroup of the functional equations for the
elliptic n-logarithm studied by Bloch for n = 2 [Bl] and by Beilinson and Levin
[BL] in general. Its real version is the Eisenstein - Kronecker series known



from the XIX-th century [We]. These are the special functions we need in our
conjecture on L(Sym™E,n + 1). Let us say a few words about them.

Let E be an elliptic curve over C. Choose a holomorphic differential w on
E(C). Let I' € C be the lattice of periods of w. We will always normalize w
in such a way that I' := Z & Z1 where I'm7 > 0. The differential w defines via
the Abel-Jacobi map an isomorphism E(C) — C/I'. The intersection form on
I' = H,(E(C),Z) provides a pairing

() EQ xT— 5% (2,7) = eap(3ET — 1), ®)

T—T

Consider the Eisenstein-Kronecker series

There is a homomorphism K, : Z[E(C)] — Sym" ?Hg(E(C), C) given by the
formulas
{z}— Y Kap(2) - (d2)"(dz)"!
at+b=n

Theorem (6.2) below claims that it sends the subgroup R, (E(C)) to zero.

Suppose E is defined over R. Choose a differential w € Q' (E/g) over R.
Then the lattice of periods I' is invariant under the action of complex conjuga-
tion z — Z and the isomorphism E(C) — C/T" is compatible with complex
conjugation.

For any lattice T one has K; ;j(z;7) = (—1)" K ;(2; 7). If a lattice I and a
divisor P on C/T" are invariant under complex conjugation, then K; ;(P;T) € R.

In this situation (+ means invariants under the complex conjugation acting on
E(C) and R(1)) we find a map

K, : Bu[E(CQ)]" — Sym™ 2H'(E(C), R(1))*

Restricting K, to Ker(B,(E/C) = B,,—1(E/C) @ J(C)) and assuming conjec-
ture (1.4) we should get the regulator map

grz_lKn—l(E(n_Q))sgn b2y Q — Symn_2H1 (E((C)a ]R(l))+

This together with Beilinson’s conjecture on regulators implies a precise con-
jecture on L(Sym"E,n + 1) for elliptic curves over number fields, see chapter
6.
4. The structure of the paper. In chapter 2 we recall explicit construc-
tion of the Bloch-Suslin complex ([S]) which essentially computes RHom aa,, (Q(0), Q(2))
and its elliptic analog ([GL]) which does the job for RHom g, (Q(0), H(1)).
These constructions and results in the special case when k is a number field
lead to explicit formulas for the special values of the Dedekind (-function and



the L-function of elliptic curves at s = 2. In chapter 3 we spell out the basic
formalism of motivic Galois groups and motivic Lie algebras. These chapters
are expository.

In chapter 4 we prove theorem 1.1 and formaluate some conjectures on the
structure of the motivic Lie algebra of the category of mixed elliptic motives.
Let me mention three of them: conjecture 4.2 on the Ext groups in the category
of mixed elliptic motives, conjecture 4.3 about the small motivic Lie algebra
L*(E) and the freeness conjecture 4.10 for L*(E).

In chapter 5 we construct the complexes B(E,n+2)® and B*(E,n+2)* (they
are canonically quasiisomorphic). In chapter 6 a conjecture on L(Sym"E,n+1)
is formulated. In chapter 7 we show that restriction of the Eisenstein-Kronecker
series K41 to the 2n-th power of the augmentation ideal in Z[E] is a real period
of an explicitely constructed mixed elliptic motive. This motivic interpretaion
seems to be quite different (and simpler) then the one suggested in [BL]. We show
how this plus the motivic formalism of chapter 3 allow us to deduce conjecture
1.4a) from standard conjectures on mixed motives. In chapter 8 we define the
single valued and multivalued elliptic Chow polylogarithms and introduce the
generalized Eisenstein-Kronecker series. We hope to develope further to the
material of this chapter in future.
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2 Two basic examples: a survey

1. The Q(1)-story: the Bloch-Suslin complex and (r(2). i) Let Ry (k)
is the subgroup of Z[k*] generated by the elements Y, (=1){r(z1, ..., &;, ..., x5)},
where z; runs through all 5-tuples of distinct points over &k on the projective line,
and r is the cross ratio. The Bloch-Suslin complex B(Q(2); k)*® for an arbitrary
field & is defined as follows:

VAL )
Ry2)(k)’

We put Bg(2)(k) in degree 1. Then one should have a canonical isomorphism in
the derived category

Bz (k) LN A%E*; Bz (k) :== 0:{a}r— (1—-2z)Ax

BQ2)k)* ©  RHoma, (Q0),Q(2))

The main reason for this is the following results describing the relation of the
cohomology of the complex B(Q(2); k)® ® Q with weight 2 motivic cohomology.
According to Matsumoto’s theorem H2B(Q(2);k)* = Ka(k).
Suslin proved ([S], see also [DS]) that

H'BQ2)k)*®Q = K"(k)©Q = grjKs(k)®Q

In fact, Suslin proved in [S] that the following sequence is exact:
0 — Tor(k*, k%) — K§"(k) — B (k) - A*k* — Ka(k) — 0

Here Tor(k*,k*) is a nontrivial extension of Tor(k*, k*) by Z/27.
Finally, there exists a canonical morphism in the derived category

B(Q(2);k)* ® Q — m>1RHomamm, (Q0), Q(2))

inducing the isomorphism on H' and H?. The right hand side can be under-
stood, for example, as the complex of Bloch’s higher Chow groups. The existence
of such a morphism follows also from the motivic philosophy and the motivic
construction of the dilogarithm in [BGSV]. According to the Beilinson-Soulé
vanishing conjecture one should have

graKayi(k) Q=0 fori>0
One can reformulate this by saying that the canonical morphism

RHom pm, (Q0),Q(2)) — m>1 RHom pmam,, (Q(0), Q(2))

is a quasiisomorphism
The Bloch-Suslin complex is definitely ”the smallest possible” representative
of the motivic complex RHomaam, (Q(0),Q(2)). I think it is also ”the best



possible”, but this is of cource matter of taste. It gives a solution of the Problem
B for the motive Q(2) which we have in mind.

ii) Now let £ = C. Recall that the dilogarithm is the following multivalued
analytic function of on CP\{0,1,00}):

z dt
Lis(2) = — / log(1 — )%
0 t
It has a single-valued version, the Bloch-Wigner function:
L2(z) := ImLis(z) + arg(l — 2) - log|z|

Let
Lo : ZIC]— R, {z}r— L2(2)

Then one can show that EQ(RQ(Q) (©)) =0, so we get a well defined homomor-
phism

Lo BQ(g) ((C) — R

Theorem 2.1 The restriction of the homomorphism Ly to the subspace H' B(Q(2); k)* ®
Q = Kin(C) ® Q coinsides with the Borel regulator on Ki"?(C) ® Q

A simple direct proof of this result see in [G1].
Finally, if £ = F' is a number field combining the two theorems above with
the Borel theorem we get the solution of the Problem A* for (x(2):

Theorem 2.2 a) There exists elements yi,...,y, € H'B(Q(2); F)* ® Q such
that

0+ Cr(2) = 72 et (L (i) )

for certain q € Q*.
b) For any yi,...,y» € H(B(Q(2); F)*) ® Q one has the formula above with
1€Q

To solve the Problem A one should be able to determine effectively the
constant q(y1 A ... Ay,). I do not know how to do this. So we see that the
analysis (the dilogarithm) indeed suggested a key for the solution of the Problem
B, which leads to a solution of the Problem A*. The relation with the Problem
C was explained in details in [G2] and will be scketched briefly in section 4.

Remark. The standard notation for the groups Bgn)(k) is By (k).

2. The #(1)-story: the elliptic deformation of the Bloch-Suslin
complex and L(E,2) ([GL]) . Let us suppose that & is an algebraically closed
field. Let I be the augmentaion ideal of the group algebra Z[E(k)], and I# its
fourth pour. Let Bj be the quotient of I+ by the subgroup generated by the
elements (f) % (1 — f)~, where % is the convolution in the group algebra Z[E],
f € k(E)*, and g~ (t) := g(—t). Then there is a map

830y Bi(E) — k" @ 9)

10



whose construction will be outlined below. The complex we get putting the left
group in the degree 1 is called the complex B*(E,3)°®. This is our candidate for
RHom i, (Q0), H(1)).

If k = C we can ”define” 6;*_[(1) as follows:
Z ni{a;} — Z n;f(a;) ® a;

where

0(z) = H(l —q"z) = q1/12z_% H(l L) H(1 —q¢z7")

nez j>0 j>0

To make sense out of this formula for arbitrary field & we proceed as follows
(see also s. 4.6 of [GL]).

i. The group Bs(E). Let E be an elliptic curve over an arbitrary field k. In
5.2.1-2.2 of [GL] we defined a group By (E/k) = B2(E) which fits in the following
diagram

0

T
0 — Gn(k) — By(E/EK) X S2J(k) — 0
+6
LIE(k)\0]

such that po 6 : {a} — a- a. here the horisontal sequence is exact, and the
vertical is exact at least if k£ = k. The map 6 is defined modulo 6-torsion.
Moreover, if K is a local field there exists a canonical homomorphism

h:By(E/K) — R

whose restriction to the subgroup K* C B2(E/K)) is given by = — log ||, (
see s. 2.3). The canonical local height hg is given by the composition

ZIE(K)\0] -5 B,(E/K) 5 R

The group By (E) appears naturally from the theory of biextensions. Namely,
let P be the rigidified Poincare line bundle over J x J: its fiber over (0,0) is
identified with &*. The restriction of P to x x J (resp. J x y) minus the zero
section has canonical structure of a commutative algebraic group over k. It is
the extension of J by G, corresponding to x (resp y). This means that for

11



every point (z,y) € J x J we have a k* torsor T(,,,) together with morphisms
of k*-torsors

T(9017y) O T(h,y) g T($1+9627y) T(%Zh) O T(%?h) — T($7y1+y2)

providing the group structure ”in horisontal and vertical directions” such that
the diagram

T(ﬂvhyl) x T($27y1) x T(w17y2) x T($27y2) — T($17y1+yz) x T(w2,y1+y2)
I |
T(x1+x27y1) X T(z1+w2,y2) — T(w1+9627y1+y2)

is commutative. The horisontal sequence in the diagram above is just a different
way to spell these properties of the torsors T(, .. Set {a}s := 0({a}) € Ba2(E).
ii) The group B3 (E). Consider the homomorphism (J := J(k))

1
Oy ZIE(k)] — Bo(E)® J, {a} — —E{a}z ®a
Let R3 C Z[E(k)] be the subgroup generated by Rj and the distribution rela-

tions
m-({a}—m- > {b}), a€Ek), m=-1,2

mb=a

Then d31)(R3(E)) = 0 by theorem (3.3) in [GL]. Setting
Z[E(k)]

Bs3(FE) =
we get a homomorphism 631y : B3(E) — Bz(E) ® J. There is a map i :
B3(E) — Bs(E) provided by the inclusion i : I, < Z[E]. We define 81y as
a morphism making commutative the diagram

Bi(E) XY keJ
\: \:
031
Bs(E) 2% ByE)®J

Let us consider the following complex

O3
—

B(E;3)*: B3(E) By(BE)® J — J@ A%J — A*J (10)

Here the middle arrow is {a}» ® b — a ® a Ab and the last one is the canonical
projection. The complex is placed in degrees [1,4]. It is acyclic in the last two

12



terms. It was proved in [GL] that we get the commutative diagram:

0 0
\: \
5*1
Bi(E) XY kwJ
\: \
By(E) P9 ByE)®J — JoA2 — A3]
| ! I= =
s3] — S2IeJ — JeAJ — A3J
\ \:
0 0

where the vertical sequences are exact, and the bottom one is the Koszul
complex, and thus also exact. So B*(E;3)° is canonically quasiisomorphic to
B(E;3)°. If k # k we postulate the Galois descent:

B*(E/k;3) == B*(E/k; 3)6Gal(1}/k)

iii) The elliptic dilogarithm, algebraic K -theory and regulator on K»(E/C).
Let E(C) = C*/q¢* be the complex points of an elliptic curve E. Here q :=
exp(2miT), ImT > 0.

Log(2) = La(q"2),  Lag(z™!) =—Lay(2)
nez

(The series converges since L£3(2) has a singularity of type |z|log|z| near z = 0
and L£5(z) = —L2(271)). When k = C the group R3(FE) is the subgroup of all
functional equations for the elliptic dilogarithm. In particular the homomor-
phism }

Log s ZIE©] — R, {a} — La,(a)

annihilates the subgroup R3(E/C).
Let K(E)~ be the minus part of the action of the involution x — —z, x € E.

Theorem 2.3 [GL] a) Let k = k. Then there is a sequence
0— Tor(k*,J) — gryKy(E)~ — Bj(E) — k*®@ J — gri K1 (E)” =0

It is exact modulo 2-torsion (and exact in k* @ J).
b) Now let k = C. Then the composition

Z
gryis(E)” — Bj(E) =4 R
coinsides with the Bloch - Beilinson regulator map.

Since we have the Galois descent on grgKi(E)@ , we immediately get
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Corollary 2.4 Let E be a curve over an arbitrary field k. Then
H'(B*(E;3)%) = griK»(E)g, H*(B*(E;3)%) = gry K1(E)q

Using the complex B(E,3) instead of B*(E,3) the following lemma makes
the conditions on the divisor P effectively computable (see a numerical example
in s.1.3 of [GL]) .

Lemma 2.5 Let E be an elliptic curve over a number field F. Then an F'-
rational divisor P =Y n;(P;) over Q belongs to Ker (B3(E) — By(E) ® J)
if and only if it satisfy the following conditions:

a) Y niP;ePioP;=0 in S°J(Q) (11)

b) For any valuation v of the field F(P) generated by the coordinates of the
points P;

> nihy(P) - P;=0 in J(@Q®R (12)

In particular for any field k the group of k-rational divisors on E(Q) satisfy-
ing the conditions a)-b) above maps surjectively to grj Ko (E/k)g, and when k
is a number field this map is compatible with the regulator map in the obvious
way.

Combining lemma 2.5 with Beilinson’s conjecture on regulators we come to
an explicit formula for L(E,2), which we formulate only for £ = Q leaving the
general case to the reader.

Conjecture 2.6 Let E be an elliptic curve over Q. Then for any Q-rational
divisor P on E(Q) satisfying the conditions (11) and (12), and an integrality
condition at each prime p where E has a split multiplicative reduction (see 47)
one has

7Lo(P)=q-L(E,2) for a certain g € Q

Adding to the game Beilinson’s results on regulators for modular curves we
proved this formula for modular elliptic curves over Q ([GL]):

Theorem 2.7 Let E be a modular elliptic curve over Q. Then there exists a
Q-rational divisor P on E(Q) satisfying the conditions of conjecture above such
that

WZZ,q(P) =gq-L(E,2) for a certain q € Q*

So for the motive H(1) we see the same kind of relationship between the
Problems A* and B. It remains to see the role of the motivic Galois group of
the category of mixed elliptic motives, i.e. to understand

Why the motivic complex RHom aqaq,, (Q(0), H(1)) has the shape (9), how it
reflects the structure of the motivic Galois group, and what it tells us about the
motivic Galois group?

In particular, how to define the group B3(E) it terms of the motivic Lie
algebra of the category M g? The answers are given in chapter 4 below.
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3 Mixed motives and motivic Lie algebras

1. Categories of mixed motives. Let MM x be the (hypothetical) abelian
category of all mixed motivic sheaves over a regular scheme X. When X =
Spec(k), k is an arbitrary field, we get the category MM . We will assume
that it satisfies all the expected properties conjectured by Beilinson [Be]. In
particular any object of MM x has a canonical increasing weight filtration
We; morphisms are stricktly compatible with W,. We will ignore the fact that
existence of such an abelian category is not known yet.

Let m : X —» Spec(k) be the structure morphism. There are the Tate
sheaves Q(n)x = 7*Q(n) spec(r) Which we usually denote simply by Q(n). The
basic conjecture is Beilinson’s description of Ext’s between them:

Conjecture 3.1

Emt,l/\/[,/\/[(X) (Q(O)X ) Q(n)X) = gr:rYLKanz(X) & Q

Consider the category of pure motives over a field k. One can have in
mind Grothendieck’s category of motives with morphisms given by the Chow
correspondences modulo numerical equivalence. We will assume that it is a
semisimple abelian category.

Now let P be a rigid tensor subcategory of the category of pure motives, and
Mp the tensor category of mixed motives generated by P. This means that
Mp is closed under extensions, contains P as a full subcategory and the weight
graded quotients of any object of Mp belong to P.

Examples. 1. P is the category of pure Tate motives. Mp is the category
of mixed Tate motives.

2. P is the category of pure elliptic motives. Then Mp is the category of
mixed elliptic motives.

3. P is the category of all pure motives over k, so Mp is the category of all
mixed motives.

There is a canonical fiber functor

UV: Mp—P, M— @nezgryM

Let us axiomatise this situation. Namely, let P be an abelian semisimple
rigid tensor Q-category . We will say that Mp is a mixed category over P if
it is an abelian rigid tensor Q-category containing P as a full subcategory with
the following properties:

1. Any object M of Mp carries a canonical finite filtration WeM (the weight
filtration).

2. Morphisms are strictly compatible with W,.

3. The graded objects gr!¥ M belong to P.

4. Homa, (M, N) are finite dimensional.

Remark. We can assume also that Mp is an F-category where F' is an
arbitrary field of characteristic zero. This is essential when E is a curve with
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complex multiplication by Op, so Mg is an F-category. However to simplify a
bit notations we will assume F' = Q below.

Below we will assume that M is such a category, not necessarily of motivic
origin.

2. The fundamental Lie algebra of a mixed category over P. Set
H(Mp) := End(¥). It is a cocommutative Hopf algebra in the tensor category
P.

Let L(Mp) be the Lie algebra of all derivations of the functor ¥:

L(M’p) = Der(\Il) = {F S E?’Ld(\Il)|FX®Y =Fx ®idy +idx ® Fy}

It is a Lie algebra in the tensor category P. Its universal enveloping algebra
is isomorphic to the Hopf algebra H(Mp). The Tannakian formalism shows
that the functor ¥ provides an equivalence between the category Mp and the
category of L(Mp)-modules in the category P.

A Lie coalgebra in a tensor category C is an object £ together with a co-
bracket 6 : £ — AZL such that the composition

L2 A2 0PI \3
is zero. The standard complex of £ is defined as follows:
Co(L) =L 2 AZL PN N3 L 5 NS — .

Here £ placed in degree 1, and the differential has degree +1. We define the
cohomology groups of a Lie coalgebra £ setting H3 (L) := H*(C*(L)).

There is a duality V — VV, (VV)Y = V between the inductive and projective
limits of objects in the cateogory P. Set L(Mp) := L(Mp)V. It is a Lie
coalgebra in the tensor category Pay.

For a Q-vector space V' and an object X of a category C there is an object
VX X of C such that Home(Y,V ® X) =V @ Home(Y,X). Any pure motive
W can be canonically decomposed into the isotypical components:

W =a&yHomm (M, W)X M

where the sum is over the isomorphism classes of simple objects in Mp. The
standard complex of £L(Mp) splits into a direct sum of isotypical components

(e,

Notice that L(Mp)as is zero unless the weight M is > 0. Therefore each of
the complexes (13) has finite length.

3. The Galois group of a mixed category. Let ® : Mp — Vectg be
composition of the fiber functor ¥ with a fiber functor ¢ from P to the category
of finite dimensional (Q-vector spaces.

5

(A2£(MP))M LN 0

(A3£(Mp))M Sy (1)
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Then G(Mp) := Aut®® is a proalgebraic group scheme over Q. It is the
Galois group of the category Mp.

There are two canonical functors between the tensor categories Mp and P:
the inclusion functor P < Mp, and the functor

gr* : Mp — P gV X — BpezgrV X

Their composition is the identity functor on P. These functors obviously respect
the fiber functor, and so lead to homomorphisms of groups G(Mp) — G(P)
and G(P) — G(Mp). Thus the group G(Mp) is a semidirect product:

0 —UWMp) — G(Mp) — G(P) —0
Passing to Lie algebras we get:
0 — LieU(Mp) — LieG(Mp) — LieG(P) — 0

So LieU(Mp) is a pronilpotent Lie algebra in the category of G(P)-modules.

The category of finite dimensional G(Mp)-modules is equivalent to the cate-
gory of U(Mp)-modules in the category finite dimensional G(P)-modules. Since
the group scheme U(M7p) is prounipotent, it is equivalent to the category of
LieU(Mp)-modules in the category of G(P)-modules. One can think about
it as of the category G(P)-modules equipped with an action of the Lie alge-
bra LieU(Mp) such that the action LieU(Mp) ® V — V is a morphism of
G(P)-modules.

Lemma 3.2 Let M be a pure object. Then

RHOM iy (Mp)—mod(2(Q(0)), (M) ® MY = ((A.‘C(MP))M’a)

4. A description of the fundamental Lie coalgebra. ( Compare with
[BMS] and [BGSV]). Let A, B be simple objects of the category P. Let us
say that an object M of Mp is n-framed by A, B if we are given nonzero
homomorphisms

va:A—gry M, fg:gr¥ M - B

Consider the finest equivalence relation on the set of all objects n-framed by A, B
such that (M;va; fg) and (M';vYy; fg) are equivalent if there is a morphism
M — M' respecting the frames. Denote by A(A, B) the set of equivalence
classes of mixed motives n-framed by A, B.

Let us define an addition law setting

(M;va; fB) + (M'50}y; fig) := (M © M'; (va,vl); fB + fp)

The neutral element is A@® B with the obviuos framing. Indeed, the equivalence
between (M © A® B;(va,ida); (fp +idg)) and (M;vy; fp) is provided by the
natural morphisms M +— M A — M AP B.
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The inversion is given by —(M;va; fg) := (M;va; —fB), and one also has
(M;va;—fB) = (M;—wva; fe). Let us prove the first claim. The (A, B)-
framed object object W<oM/Kerfp is equivalent to (M;va; fB). So we may
assume without loss of generality that W<oM = M, W._, M = 0, and moreover
gry¥ M = A, gr'™ . M = B. There is a morphism

i WeoM — M & M, m +— (m,—m)

Then
MoM

Mo M =N
S M — i (M) 1

is a morphism of (A4, B)-framed objects. We get an extension
0—)W<0N1—)N1—)A@A—)0

Let us consider the extension 0 — W.oN; — N — A — 0 induced by
the morphism j_ : A - A ® A,a — (a,—a). Then there is a well defined
morphism « : A — N given by a — (ng,, —ng) where n, € N is any element
projecting to a. So we get a morphism of (A4, B)-framed objects A ® B (Q—’BQ N,
where § : B < N is the natural inclusion.

It is easy to check that A(A, B) is an abelian group. Since Mp is a Q-
category, it is a Q-vector space, and in fact an inductive limit of finite dimen-
sional F-vector spaces.

If B is a simple object then A(Q(0), B) K BY is an object of P defined by
the isomorphism class of B up to a unique isomorphism. Set

H'(Mp) := &A(Q(0), B) B B

The sum is over all isomorphism classes of simple objects B in P, but only
finitely many terms are non zero.

The tensor product of mixed motives provides H'(Mp) with a structure of
a commutative algebra in the tensor category P:

A(Q(0), B1) ® BY ® A(Q(0), B2) K By — A(Q(0), By ® By) I BY @ By

Let us define the coproduct. Let C be a simple pure object of weight —k.
Let ¢ € Homp(gr, M,C) and ¢* € Homp(C,gr'V, M). Let

v(c®): QO0) — CxCY <y g M e CY =gry/ (M eCY)
(The first arrow is the canonical morphism). Set
a(c) = (M;vg();c) € AQO),C) ®BCY

a*(c*) = (M @ CY;0(c)); fp ®idev) € A(Q0),CY @ BYRC ® BY
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Define a natural map

ve : Homp(gr™, M,C) @ Homp(C, gr'V, M) — (14)

(A(Q(O), 0) X CV) ® (A(Q(O), ¢V ©B)RC @ BV)

by setting
Vo e®c — ale) ® a*(c")

There is a canonical element in (14) defined as follows. Let ¢1,...,¢ be a
basis of the Q-vector space Homp(gr'V, M,C) and ¢}, ...,c%, the dual basis of
Homp(C, grf/kM), ie. c;oc; = 6;;ldc. Then > ¢ ® c; does not depend on
the choice of basis ¢;. By definition

A (M;’UQ(O);fB)&BV b—)@oI/C(ZCi@C:) €

@0 (A(Q(O), 0) = cV) ® (A(Q(O), ¢V ®B)RC ® BV)

The sum is over all isomorphism classes of simple objects in P whose weights
are between 0 and wt(B). It turnes out to be a finite sum.

Notice that V := @V K BY is a pro (resp. ind) object in P if and only if Vg
is pro (resp. ind) Q-vector space for each isomorphism class of simple objects
in P. There is a duality between the pro- and ind-objects: if V' is a pro (resp.
ind) object in P, then VY := @V K B is an ind (resp. pro) object in P, and
the canonical map V' — (V)" is an isomorphism.

For any simple object B of P the B-isotypical componenmt of H'(Mp) is an
ind-object in the category P. This means that H'(Mp) itself is an ind-object
in the category P. On the other hand H(Mp) is a pro-object in P.

Let E € End(¥) and E); the corresponding endomorphism of ¥ (M). There
is a natural map ¢ : H'(Mp) - H(Mp)" given by

o (M5 v000); f5) B BY ) (Bu) == f5Eavo()(QU0));

Here we extended fp to a morphism ¥(M) — B postulating that its restriction
to gr', M for [ # n is zero. We will always extend the framing morphisms in a
similar way.

Theorem 3.3 a) H'(Mp) is dual to H(Mp).
b) A provides H'(Mp) with a structure of a commutative Hopf algebra in
the category P which is canonically isomorphic to H(Mp)V.

Proof. a) According to the Tannaka theory (which remains valid for fiber
functors with values in the semisimple tensor categories) the fiber functor ¥
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provides an equivalence between the category Mp and the category H(Mp)-
mod of finite dimensional H(Mp)-modules in the category P. So we will work
with the category H(Mp)-mod.

Let us show that ¢ is injective. Suppose that (p((M;’UQ(O);fB) X BV) =
0. We may assume that ngVM =0forp>0and p < —n and grf M =
Q(0),g9r™ M = B. Consider the cyclic submodule M’ := H(Mp) - ¥(Q(0)).
Then its weights are bigger then —n, since otherwise cp((M; vo(o); fB) X BV) #

0. So we get a morphism M'& B — M which obviously respects the frames. On
the other hand there is canonical projection M’ & B — Q(0) & B providing by
the projection M’ — gri? = Q(0). Thus (M; v(0); fB) is equivalent to Q(0)® B
(with the natural frame).

Now let us show that ¢ is surjective. Let f € H(Mp)}; be a subobject iso-
morphic to BY. Denote by Kerf the corresponding subobject of H(Mp)p such
that H(Mp)p/kerf = B. Consider the H(Mp)-module: Q0)®H (Mp)p/Kerf
whith the action of H(Mp) provided by f, the nontrivial part of the action is a
morphism H(Mp)p @ Q(0) - H(Mp)p/Kerf, and the obvious framing. The
map ¢ sends it to f.

The part b) follows easyly from the definitions and the part a). The theorem
is proved.

4  Conjectures on the Galois group of the cate-
gory of mixed elliptic motives

1. A conjecture on Ezt’s in the category of mixed elliptic motives.

Lemma 4.1
RHom pam, (Q(0), Sym™H(m)) = RHompm (., (Q0), Q(n +m))[n]sgn (15)

Proof. Let p : E(® — Spec(k) be the canonical projection. Then we
should have the motivic Leray spectral sequence

EDY = Eath, (@(0), Rip,Qn + m))
degenerating at E» and abbuting to Exth}%, - (Q(O), Q(n + m)) Since
B

HY(E™)yn =0 for i#n;  HY(E™),, = Sym™h'(E)

we get (15). Conjecture (3.1) tells us that the cohomology of the elliptic motivic
complexes are given by the formula

R'Homapm, (Q0), Sym™H(m)) @ Q = ngerKn_i_gm_i(E(n))sgn ®Q (16)
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Let us choose a fiber functor ¢ : Pg — Vectg. Set H := p(H) Then p(Q(1))
corresponds to the one-dimensional representation det : GL2(H) — G, and
S™H(n) to the GLo-module S™H (n), both with the trivial LieU (M g)-action.

The following conjecture plays a crucial role. Our results are little steps
towards its confirmation.

Conjecture 4.2 Let E be an elliptic curve over an algebraicaly closed field k
The canonical morphism

RHom p,, (Q0), S"H(m)) — RHom i, (Q0), S H(m))

s a quasiisomorphism. In particular the Ext groups in the category Mg should
be isomorphic to the Ext groups (between the same objects) in the category

MMy,

Remark. This conjecture should not be true if k£ is not an algebraically
closed field. A similar conjecture for the category of mixed Tate motives is
expected to be valid for all fields .

Question. Consider the mixed category Myx,) generated by given simple
pure motives X;. When could we expect that the Ext’s in the category Mx
coinside with the Ext’s (between the same objects) in the category MM ?

2. The main hero: a Lie coalgebra £*(E). Let us assume for simplicity
that E is an ellliptic curve over a field k without complex multiplication. Then
any simple object of the category Pg of pure elliptic motives is isomorphic to
just one of the objects S"H(m).

Pg is a rigid tensor category. Let us define a new tensor structure ®' on
this category setting

S™H(m) ® SYH(m') = S"TV H(m +m')

where the morphism is the usual tensor product followed by the projection to
the S"+" H(m +m') component. We get an abelian tensor category P which
will be called the small tensor category of elliptic motives.

Remark. Py, is not a rigid tensor category since there is no dual object for
S*"H(m) if n > 0.

The mixed Tate motives are contained in the category of mixed elliptic
motives, and we have a canonical functor My (k) — Mpg. Let n* : L(k) —
L(E) be the corresponding morphism of Lie coalgebras.

Conjecture 4.3 There exists a Lie subcoalgebra L*(E) C L(E) which enjoys
the following properties:

1. L*(E) is also a Lie coalgebra in the small tensor category Pj;.

2. The natural morphism of cohomology groups

Hp, (L*(E)) — H. (L(E))
18 an tsomorphism.

3. maps L(k)g(n)v isomorphically onto L*(E)q(n)v -
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A construction of a Lie coalgebra in the tensor category Pj, which hypothet-
ically satisfies all these properties is given in s. 4.5.

Remarks. 1. A Lie subcoalgebra of £(F) is usually not a Lie coalgebra in
the tensor category Pj.

2. Hp. (L*(E)) are quite different from H_(L*(E)). The reason is clear

from the following example:
VERH)@(VEH) = (Ve V)RS*He (Ve V)R S*H

VERH) @ VRH) =V eV)RS*H

3. Consider £*(E) as a Lie coalgebra in Pg. Let M7, be the category of
comodules over it in the category Pg. If £L*(E) is a Lie coalgebra of L(E), then
M3, is a subcategory of M.

The weight consideration shows that the picture of nonzero isotypical com-
ponents of L*(E) looks as follows:

— 3

O = N WHE Oto
e © o o o

o 6 o o o o o

e 6 o o o o o o
e 6 o o o o o o
o 6 0 o o o o o
o 6 0 o o o o o

-3 -2 -1 01 2 3 4 —m

A boldface point with coordinates (m, n) corresponds to nonzero isotypical com-
ponent L*(E)gny(m)v. For example L*(E)g) = 0, L*(E) s29¢(-1)v = 0.

3. Corollaries. According to conjectures (4.3) and (4.2) one has the fol-
lowing quasiisomorphisms:

(A, ®),0) - RHOoma, (Q0), S"Hm) & (17)
RHom pm,, (Q0), S H(m)) (18)

So we get the basic formula
H' (A L%(E))snr(m)yy = 97 nimKntzm—i(B™)sgn © Q (19)

Using this we immediately conclude that

L*(E)guyv =k*BQ(L)Y, L (E)yv =JRHY
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More generally, let Jgzm+19(_p,) be the image of the subgroup of homologically
trivial cycles in CH™(E?™~Y), ., under the Abel-Jacobi map. Then

L¥(BE)g2nt1gy(—pyv = Jgansrgy(—py) BS*TH(=n)Y, n>0

Indeed, if H is a pure motive of weight 1 then

C* (L™ (BN = L7(B)u = Hp () (L™ (B) = H' (L"(E))
Recall that By(k) is the Bloch group of a field k. Let Bs(k) be its analog for
the classical trilogarithm introduced in [G1-2]).

Lemma 4.4 (17) together with the results of [G2], [GL] implies that the lower
left corner of the diagram looks as folows (all groups are tensored by Q):

JSSH(—l) ° ° ° °
° ° ° °
J Bji(E) ° °
0 k*  By(k) Bs(k)

Proof. The structure of the bottom row follows from 3) and the main results
in [G2]. The #H(1)V-isotypical component of the standard complex of £*(E) is

,C*(E)H(l)v — C*(E)Q(l)v QL (E)yv =k*@JK H(l)v

The motivic interpretation of the group Bj(E) as a group of H(1)-framed mixed
elliptic motives (see theorem 7.15 below) leads to a morphism of complexes

BiE)RH(1)Y — ko JRHQL)Y
! =
ﬁ*(E)H(l)v — e JK 7‘[(1)\/

Thanks to the main result of [GL] and property 2) this map is a quasiisomor-
phism. So L*(E)yq)v = B3(E) RH(1)".

The Lie coalgebra £(E) has a much more complicated structure, see 5.4.8
below for the simplest example: description of L(E)g1)v-

Zero cycles on E(). The only way how the object S"# could appear as a
direct summand of a tensor product of n simple objects of negative weights in
the small tensor category Py, is this:

S"MH = H ..® H (ntimes)

Set

L*(E)s2qv i= Blay ®S*HY (20)
The S?HY- isotypic component of the cochain complex A'EE*(E) looks as
follows:

(£ (B) — A3, £7(B)) (Bt (B) Os2y A2)) ) S*HY

SZHV
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Similarly the S™"H"-isotypic component of A% E'C*(E) is( .. — AMJ)XSTHY.
Therefore we get

Ext"(Q(0),S"H) = C’H”(E("))Sgn = aquotient of A"J  (21)

The last equality indeed follows from the Bloch’s theorem on zero cycles on
abelian varieties [Bl5].
Similarly we deduce that for m > 0 one should have

oty (Q0),S"H(m)) = aquotient of A"J 0 K2 (k)

4. The duality between DG Lie coalgebras and commutative DG
algebras. Let £® be a DG Lie coalgebra in a tensor category C, which is not
supposed to be a rigid tensor category. This means that we have a complex
(£®,0) and a cobracket

§: L% — AZ(L%)

which is a morphism of complexes satisfying the co Jacobi identity. Let
C(L%) == L°[-1]® S3(L°[-1]) @ SZ(L[-1]) @ ...

be the free super commutative algebra (without unit) generated by L®[—1].
There are two cohomological differentials on C(L£®): the first is provided by the
differential in £°*, and the second comes via the Leibniz rule from the cobracket
0. Their sum is a differential providing a structure of a commutative DG algebra
on C(L*). For example, if £* = L is concentrated in degree 0, then S7(L[-1]) =
AZL[—n] and we get the standard cochain complex of the Lie coalgebra:

O(L) == L[-1] @ A2(L)[~2] & A3(L)[-3] ® ...

Let £* be a DG Lie coalgebra and A® is a DG commutative algebra. De-
fine MC(Homy(L*[—1], A®)) as the set of all degree zero elements in w €
Homy,(L*[—1], A®) satisfying the Maurer-Cartan equation dw + tw Aw = 0.
Here w A w is the composition

£o—1] = S2(L°[-1]) — SZA® — A°®

If we think of w as of element in (£*[—1])¥ ® A®, we get the usual formula for
w A w. Then one has

MC(Homy(L*[-1],A%)) = Hompacom(C(L),A)

We get a functor
C : DGCoLie - DGCom

There is a functor in the opposite direction:

F: DGCom — DGColLie
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satisfying
Hompaeorie(L*, F(A%) =  MC(Homg(L*, A%[1]))

Namely, F'(A®) is the cofree Lie supercoalgebra F(A°®[1]) generated by the com-
plex A®[1]. There is a canonical projection p : F(A*[1]) — A°®[1]. According
to the universality property of the cofree Lie coalgebras to define the differen-
tial on F(A®[1]) it is sufficient to define its projection F(A®*[1]) — A*[1]. By
definition it is the sum of the differential in A®[1] and the product A?(A4°[1]) =
S2(A*)[2] — A®[1].

The functors C and F' are obviously adjoint. So there are canonical mor-
phisms

A* — Co F(A®) L — Fo(C(L®)

Theorem 4.5 These morphisms are quasiisomorphisms.

This theorem was proved by Quillen [Q] when C is the category of Q-vector
spaces, but it is true for an arbitrary tensor category C.

The functor F' has another description via the bar construction. Namely,
let B(A®) be the reduced bar complex of a DG commutative algebra A®. It
has a structure of a Hopf algebra. Let Bo(A®) be the augmentation ideal of
B(A®). Then the space By(A®)/(Bo(A®) - Bo(A®)) of the indecomposable ele-
ments has a natural structure of a DG Lie coalgebra (a good reference for the
Bar construction is ch. 2 of [BK]).

5. A cycle construction of £L*(E) (Compare with [Bl4]). Let sgn be the
one dimensional alternating representation of GG, where a generator of each fac-
tor Z/2Z acts by —1 and the restriction to S, is the alternating representation.
The group G, acts naturally on E™.

The idea of the construction. Let I'x(n) be a motivic complex on a reg-
ular scheme X, i.e., it is a complexr of Q-vector spaces quasiisomorphic to
RHomamy, (Q(0),Q(n)). We will need also a canonical morphism of com-
plexes I'x(m) x I'y(n) = Cxxy(m + n). We will take below the complex of
Bloch’s Higher Chow groups on X as a concrete version of I'x (n) to work with.
Then

N*(E) = @amsns0,0300 5 (1 + 1) B S H(m)

has a natural structure of a commutative DG algebra (without unit) in the small
tensor category of pure elliptic motives. Namely, the product is provided by the
natural morphism of complexes

Ppn(m+n)sgn X Cgar(m' +0')sgn —  Tgosw(m+m' +n+n")sg,
(take the external product of the complexes on E™*" and project it onto the

signum part with respect to the action of the group Gy 1,/). It remains to apply
the functor F'!
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Now let us spell out the details for the complexes of Bloch’s Higher Chow
groups. Let Z"(E™ k) be the Q-vector space of codimension n cycles with Q
coefficients on E™ x (P'\{1})¥ which are skewsymmetric with respect to the
action of G on (P'\{1})*¥ and meet the faces of the coordinate cube defined by
setting some of the coordinates equal to 0 or oo properly. Set Z™*"(E"™, ¢)sgp 1=
(ZmH(E™, ) ® sgn)“". We define a complex Z™ T (E", %),,, placing

Z"(E", ¢)sgn in degree 2n+m —c
The differential is the alternating sum of the face maps:
Zm+n(E”,c)sgn — Zm+n(En, c—1)sgn
A ®'-product of RHom’s

RHom pa, (Q0), S"H(m)) ® RHomaam, (Q(0), 8™ H(m')) —  (22)

RHom paq, (Q(0), S™ H(m +m'))

is provided by the usual tensor product

RHom(Q,A) ® RHom(Q,B) — RHom(Q, A ® B)
and the canonical projection S"H(m) ® S™ H(m') — ST H(m + m").
Lemma 4.6 a) One has a quasiisomorphism

ZMHYE™ %)sgn =  RHompaam, (Q0), S"H(m))

b) The product of cycles followed by the projection to the G, 4. -alternating
part provides a morphism of complexes

Zern(‘Evn7 *)Sgn ® Zmurnl (Enl,*,)sgn — Zm+n+m’+n’ (EnJrnl,* + *’)sgn
which coincides in the derived category with the ® -product of RHom’s (22).

Proof. Follows from lemma (4.1) and the results of Bloch [BI2], [BK].
Set
N*(E) = 692m-‘1—n>02m+n(En7 *)sgn X Sn%(m)v

There is a commutative product on N*(E) given by
(Zm+n(En7 %) sgn B SnrH(m)\/) ® (Zm’+n’ (Enl 7 */)sgn X SnIH(mI)V)

(Zm+n+m'+n' (En+n'7 * + *,)sgn X Sn+n’fH(m + m/)v)

26



Proposition 4.7 N*(E) is a commutative DG algebra (without unit) in the
small tensor category of pure elliptic motives.

Thus setting £*(E) := FN*(E) and using theorem 4.5 we get a proof of
theorem 1.1.

Conjecture 4.8 H{(FN™*(E)) =0 if i #0.

H°(FN*(E)) is a Lie coalgebra in the tensor category Pj which is our
candidate for £*(E).

Proposition 4.9 Assuming the conjecture (4.8) one has for (n,m) # (0,0):

(H;;E (HO (L (E)))) = RHompia, (Q0), S™H(m)) ® S"H (m)"
SnH(m)V

Proof. This folows immediately from theorem 4.5 and lemma 4.6.

6. The Freeness conjecture for mixed elliptic motives. The Lie coal-
gebras in this paper are Ind-objects in the cateogory of pure motives. Denote
by L(E), L*(E), I*(E) the Lie algebras dual to the Lie coalgebras L(E), L*(E),
I*(E). Set

I"(E) = ®ntm>1L"(E) 57 21(m)

It is clear from the picture above that I*(E) is an ideal in L*(E) and
L*(E)/I*(E) = (k*)"RQ(1) & J'RH (23)

is an abelian Lie algebra.

Conjecture 4.10 I*(E) is a free Lie algebra in the tensor category Py,.

A Lie algebra L in P}, is free if and only if H? 2 (L) =0fori>1.

Remark. According to the property 3) this conjecture implies the Freeness
conjecture for mixed Tate motives.

7. The vector space L(E)g)v. It follows from 19 that one should have

L(E)smt19y(—n)yv = Jgentigy—n) = CH" (BP0,

Let M be a simple object of Pg. According to H.-Weyl’s theorem Homp, (M, ™H)

is an irreducible G,,,-module. Denote it by prn) (we will omit (m) sometimes).

Set

CH?*+? (E4"+2)p2(1)v = (C’H2n+2(E4n+2) ® PQ(1)V) C 52(J52n+17-£(—n))

Gant2

For any integer n > 0 one can define an abelian group 3&)1) together with the

following exact sequence:

0 — kfy — BY) —s CH?"™2(EY+2)

Q(1) —0 (24)

Po()Vv
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For n = 0 this is the group B2(E) we discussed in chapter 2. In general the
extension 24 comes in a similar way from the biextension related to codimension
n + 1 cycles in E?"*1 (see [B13]).

Let us take the sum of all these extensions:

0 — k* @ Qf] — ®nz0BYy)) — BnzoCH™2(E™2),  ®Q(1)Y — 0
There is a homomorphism
a:k"eQt] — k", a®t"+—a

Theorem 4.11
_ BB

CQ(l)v B kera

Using the identification

Dn>0 (Azﬁ(E)SMHH(fn)V) = @n200H2n+2(E4n+2)pQ(l)v X Q(l)v

Q)
we get a canonical homomorphism, provided by (24)
2
,C(E)Q(l)v — DOn>o0 (A ’C(E)S%HH(*")V)Q(UV

This homomorphism gives the cobracket d. Its kernel is isomorphic to k*.
Notice how simple is L*(E)q(1)v = k¢, and how complicated is L(£)q(1)v!
8. Reflections on elliptic motivic complexes. Suppose that E is defined
over an algebraically closed field k. I conjecture that:
a) For any m,n such that n > 0,n + 2m > 0 there exists an abelian group
BE"’H(m) together with homomorphisms

61 : B;"H(m) — Bgn—lH(m) ® J, n + 2m >0

(52 : Bgn’}-[(m) — Bg"'H(m—l) k" m > 1
For m > 1 one should have
B§2m+1H(7m) = J52m+17.[(,m) and Ba(m) = Bm(k)
where B,, (k) are the groups introduced in [G1-2]. For instance Bj, = J and
B, = k*.

Q1)
b) One should get a bicomplex L% 44(m) Of the following shape.
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For m > 0:

B;nH(m) — B;‘”H(mfl) ANE* — . — BEnHu) AATTLE*
I I I )
Bg"_l?l(m) AN — Bgn—lH(mq) ANINES — ... — BE"‘W—L(I) ANJANANE*
! !
d d d
* n * n * n m L.*x
BQ(m)/\AJ — BQ(m,l)/\A JNE —_— . — AT AN A™E

Here the horizontal differentials are b Az — 1 (b) Az and the vertical ones are
bAx+— 02(b) A .
For m = 0:

By — Biucigyy NJ — ... — Blay, AN 2T — A" J
For m < 0, set m' := —m. Then
B;’"H(fm’) — Bg"_l'H(—m’) X J— ... — B;2ml+1'H(—m’) [%4] /\n72m 71J

c¢) The total complex associated with the bicomplex FE"H(m) (abusing nota-
tions I will denote it also by I‘EHH(M)) after tensoring with @ should be quasi-
isomorphic to RHomaa, (Q(0), ST H(m)).

Example. F;‘{(m) is the total complex associated with the bicomplex

Bimy = B AR e By AATTERT = BI(E)AATTHR
+ i ! 2 !
Q Q * & m=2f* m L.*
By NI = By oy ANIANET = o= By AJAATTIRT o J A AL

d) There should be a variation P, ,, of mized elliptic motives framed by
Q(0) and S™H(m) over a certain finite dimensional variety X (n, m) over k. The
groups Bgny—[(m) should come from it as follows. The variation Py, , provides a
homomorphism

lnom = QX (n,m) (k)] = A(Q(0), S"H(m))

where [, ,, ({z}) for € X, n, is the class of the framed mixed motive P, ,(z).
(Pn,m(z) is the fiber at x of the variation P, ,,,). Passing to the coalgebra Lie
we get a homomorphism

ln,m : QX (n,m) (k)] = L(E)snay(m)v
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Set Bsnyy(m) := Im(lnm). The group B;’"H(m) is the largest Q-subspace of
Bgnyy(m) such that the restriction of the coproduct § to the group B;’"H(m) has
non zero components only in

ﬁSn—lH(m)V ANIRHY @ ﬁS"H(m—l)V ANk X Q(l)v, ifm>1

and in

ﬁsn—ly(m)v AJ KX 7‘[\/, itm <1
By definition é; and d2 are the components of the restriction of ¢ to B*"H(m) X
S (m)". The restriction of § to Bgnyym) X S"H(m)" may be more compli-
cated.

The periods of the R-Hodge realization of the variation P, ,, are the new
transcendental functions denoted P, ,, which is needed to get the special values
L(S"H,m + n).

Example. P, is the (motivic) elliptic polylogarithm sheaf on E\0, and
Pn, are the Eisenstein-Kronecker series from 1.5. The group Bgnyy1) (resp.
BgnH(l)) should coincide with the group

_ QE(K] . i
Bry2(E) = Ronia(B)’ n2(E) = m

which will be defined later on. Here Iy is the augmentation ideal of the group
algebra Q[E (k)]

8. The structure of L*(E) and elliptic motivic complexes. Let us
define the (®-vector spaces C;’"H(m) by setting

HY(I*(B)) = ©Cry(y B S"Hlm)”
Let 0* be the the cobracket in the Lie coalgebra £*(E). Conjecture (4.10) means

that
5* : Cg'"'H(m) — Cg'"'H(m—l) N k* D C‘;‘n—lfi_[(m) A J (25)

Lemma 4.12 The S"H(m)V -isotypical component of the Serre-Hochshild spec-
tral sequence for the ideal I*(E) C L*(E) computing cohomology of L*(E) col-
lapces to the total complex associated with a bicomplex ( which should be tensored
XS"H(m)Y ):

Commmy = Oy @8 2 Chuyam) @ S™HET IR
+ i
* * * * m+{nT—2] «
Csn—lH(m) ® J — CS“*I’H(m) ®JRE — ... = 05"717{(—{"772]) ®RJ® S k
Chimy @AM = Oy @A @K o Oy @A @AMl
+ i
Comy @A = Cp iy @A T K" = AT @ Ak
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The length of the rows decreases when we are going down. Here is how it
looks for n =4, m = 1:

San) - Clay ®k* = Clagyy) ® Ak

+ + +

Gy ®J = Chy@J 0K = Clhy ) ®J oA
+ +

Céagy @NT = Choy ® N T @K
1
Ciiny @ AT

!

k* @ A*J

Proof. The E; term of this spectral sequence is

EPY = p (k: ®J, HL. (T'(E )
1 LEw),
Since H%E (Z*(E)) is zero for ¢ > 1 the only non zero rows are By and E'.

Moreover Ef’o is zero unless p = n + m, and
EPT™0 = AnJ @ Ak
Further, E”! is non zero only if 0 < p < m + n. If so, then
EPY = @appmp Chnmapym p @ AT QAR

So the E; term of the spectral sequence gives us precisely the groups in the
bicomplex. The differential dy : Ey — E; provides all the differentials exept the
last two in the right bottom corner targeting to A”J ® A™k*. These two we get
from the differential d». The lemma is proved.

The structure of the quotient L*(E)/[I[*(E),I*(E)]. There is an exact se-
quence of Lie algebras

IFE) LB (B
[(B),1°(B)]  [IF(E),-(B)]  I(B)

0—

-0 (26)

The action of L*(E) on I*(E) leads to the action of L*(E)/I*(E) on
I*(E)/|[I*(E),I[*(E)]. The Lie algebra structure on L*(E)/[I*(E),[*(E)] is
determined by this action.

The inclusion L*(E)q1)v © L*(E)y 1) < L*(E) provides a canonical split-
ting s : L*(E)/I*(E) — L*(E)/|[I*(E),I*(FE)] as an extension of Q-vector
spaces. Recall that L*(E)/I*(E) = (k)" ®Q(1) © Jy K H is an abelian Lie
algebra. So to define the Lie algebra structure on L*(E)/[I*(E), I*(E)] we need
to know the Q-vector spaces C*ny(m) and the homomorphisms (25). That is
precisely what the following two conjectures are doing.
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Conjecture 4.13 i) There is a canonical map B;"H(m) — C;nH(m) such that
155, =0+

ii) BEHH(m) = C;nH(m) if n =0,1. Otherwise one has an exact sequence

0= Bugy(m) = Conaim) = Blugy_zgzayy @ 5™ k" =0 (27)

Set Conai(my = Cénrt(my/ BSni(m)- Then 6 induces a map
Contrim) = Conm(m-1) @k & Cguigy(my ®J (28)
Now we can formulate the second part of conjecture (4.10).

Conjecture 4.14 The second component of the map (28) is zero, and the first
component coinsides with the homomorphism

® SR — B, y@ S g ke (29)

Bgnpi(—in51y)

(=[]
given by the identity X the Koszul differential.

Theorem 4.15 Assume all the conjectures of this section. Then the complex
LSnsi(m) @ quasiisomorphic to RHom,, (Q0), S"H(m))

Proof. The complex RHom g, (Q(0), S"H(m)) is quasiisomorphic to the
standard complex C*(L(E)) of the Lie coalgebra £L(E). According to the prop-
erty 1) there is a morphism of complexes

Ch, (£7(E)) — C, (£(E))

which is a quasiisomorphism thanks to the property 2).
The part ii) of conjecture (4.13) just means that there is a canonical embed-

ding of complexes
§ Tuggm) < Cpe (L7(E))

We are going to show that it is a quasiisomorphism.

Using the part i) of conjecture (4.13) we see that the quotient of the bicom-
plex we got from the spectral sequence along the bicomplex FE"’H(m) looks as
follows. The two bottom rows become zero, and each of the remaining rows is
B3 times a Koszul complex. For instance in the case n =4, m =1 the quotient
is get

B§4H(_1) ® Szk* — B§4H(_1) R k* ® k* — B§3H(—1) ® AZk*
0

01l 01
Bioy 1)y ®J ®S°k* = By ) ®J®k* @k = By ,)®J @Ak
01l 01l

By, @ N TR K — By @ T @k~
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5 The complexes B(F,n)* and B*(E,n)*

1. An auxillary complex. Let A be an abelian group. Consider the following
complex

Q4] -5 Q4] ® Ag > QIA] ® A2Ag > QIA] ® APAg - ... (30)
The differential is defined by the formula
0:{a} @by Aba A oAby — {a} @aAby Aba A ... Ay, (31)

It is infinite if Ag := A ® Q is infinite dimensional. Let I% be the k-th degree
of the augmentation ideal I4 C Z[A].

Lemma 5.1 §(I%) C ng_l) ® A.
Proof. I is generated by the elements
({ar} ={0}) * ({a1} = {0}) * ... * ({ax} — {0})

Clearly

d(fary = {0}) * oo+ ({ax} —{0}) = Y [[(Has} = {0}) * {ai} @ as

i ji
So the complex (30) has the “diagonal” filtration by subcomplexes
-5l oAy It eA A -5 I o A4y s
Each graded quotient is isomorphic to the Koszul complex
S"Ag — S"TAg® Ag — ... — Ag®@ A" Ag — A™Ag

2. The groups B,(E). Recall that By(E) := Z and B, (E) = J(k). We
will usually write J for J(k). The group B2(E) is the group discussed in s. 2.1.
In particular if k = k it is a quotient of Z[E(k)].

Recall that

E(n_l) = {(l'la 7xn) C En| sz = 0}

The group S, acts naturally on E(®=1_ Let p; : E*~1) — E be the projection
to the i-th factor. We will use the “coordinate notations” denoting p; f by f(z;)
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etc. Let us define the following diagram:

KM (k(EUH)))

o
S”(kz(E)*)
B N
r
by setting
o flo---ofn — Z (_1)|U|{p;(1)f17 7p;(n)fn} = Z {pifa(l)a"'ap:z,fa'(n)}
€S, ocESh

For n > 2 set

Brn: S"E(E)* — If_{(‘k) fiow.ofor— (f1)*(f2) * ... x (fn)
Definition 5.2 Let k = k and n > 3. Then R,,(E/k) is the subgroup of Z[E]
generated by Brn—1(Kerfin—1) and “distribution relations” :

{a}p —m"*. Z {b}n, a€ E(k), m=-1,2 (32)
mb=a

Example R3(FE) is generated by the elements (1 — f) * (f)~, where {z}~ :=
{—z}, and (33).

Remark. It would be more natural to add to the subgroup R, (E/k) the
distribution relations for all m € Z, m # 0. However we will get the same group,
and for our purposes the definitioon above is technically more convinient.

Definition 5.3 Let k = k.

 Z[E(RK)]
Bu(E) = 3 k)

Theorem 5.4 6(R,(E)) CR,_1(E)® J.

The proof consists of two independent parts. For a more dificult one see
proof of the theorem (5.9) below. The easy one follows from

Lemma 5.5 For any m € Z, m # 0, one has

5, ({a}n —mn2. Z {b}n) =0 inthe group Bp_1(E)®J (33)

mb=a
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Proof. For n = 2 this is done in [GL]. The general case follows by induction:

5({a}n w2 Y {b}n) = {1 @a—m" - 3 (bl @mb =

mb=a mb=a

({a}n,1 DY {b}n,l) ©®a=0

mb=a

So we get a homomorphism ¢ : B,(E) — B,_1(F) ® J and thus the
following complex B(S™2H(1))*:

Bu(E) 5 By 1 (B)®J -5 .. -5 By(E) @ A" 2T -5 T A" 1T -2 AnT
(34)
Here the very left group sits in degree one. The differential is defined by the
formula (31) and has degree +1.
If k£ is not an algebraically closed we postulate the Galois descent:

B(E/k,n+2) = (B(E/k,n + 2)§) ¢ E/®

Let us also define the groups B (E) for k = k:

n

B:(E) :==Im (12n_2 — Bn(E))

Here the map is induced by the natural inclusion I?"~2 < Z[E].
It follows from the lemma (5.1) that 6, (B} (E)) C B _,(E) ® J. So we can

n—1

consider the following subcomplex B*(E,n)® of the complex (34).

BiE)-5 B (B)oJ -5 Lk A2

n n—1
Proposition 5.6 The canonical morphism of complexes

B*(E,n+2)y — B(E,n +2)g
is a quasiisomorphism.

Proof. This morphism is injective by the definition of the groups B} (E). It
follows immediately from the lemma below that the quotient is isomorphic to
the Koszul complex

SnJQ — Sn_le ®JQ —_— ... —> SQJQ ®An_2JQ — JQ ®An_1JQ — AnJQ

Lemma 5.7
B.(E)/B,(E)® Q= 5"Jy
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Proof. We may assume that k is closed. We need to study the quotient
of the group Q[E(k)]/I?"~2 along the subgroup generated by the distribution
relations. Notice that

QER)/I 2 =QaJg® S Iy ® ... ® S 3 Jy
where the isomorphism is given by i = (g, ..., i2,—3) where
im : QE(k)] — S™Jo; {a} — a™

Let us denote by DR, the subgroup generated by the distribution relations (33).
Then the homomorphism

i = (0, oy bny oy i2n—3) : DRy — Q@ Jop ® ... S"Jg & ... ® S 2 .Jy

is surjective. Indeed,

ik ({a}n w2 Y {b}n) = (1—m"*) . gk

mb=a

In particular i, (DR,,) = 0. The lemma and hence the proposition are proved.

3. The complex B*(E/k,n+ 1), is an elliptic deformation of the com-
plex B(Spec(k),n)g . Let me remind that the complex B(Spec(k),n)*® looks
as follows:

B(k) — Bn 1(k) @ k* — ... — Bo(k) @ A" 2k* — A"k*

where By, (k) is the quotient of Z[k*] along a certain subgroup R,.

There is an important difference between these two complexes. The com-
plex B(Spec(k),n)g, is defined directly in terms of a field k, while to define
the complex B(E/k,n + 1)g we have to go to the algebraic closure of k and
then postulate the Galois descent property. So in general they can only be
quasiisomorphic.

Suppose k = k. When E degenerates to (Pl,{()} u {oo}) the complex

B(E/k,n + 1)¢, degenerates to a complex quasiisomorphic to B(Spec(k),n)g,
(for n = 2 see s.3.4 in [GL]).

In a sence the elliptic situation is simpler. For example our definition of the
group R, (E) is not inductive and more explicit then the definition of the group

Ryn(k) in [G2]. In fact when E degenerates to (Pl, {0}u {oo}) our definition

suggests a new way of defining of the groups B, (k) from [G1]-[G2].
4. Proof of the theorem (5.4). Let 0 € S™ be a permutation and a; € E.
Consider the following codimension p cycle in E(*=1):

X(o;a1,...,ap) == {(®1, ..., xpn) C E(n_1)|x0(1) =1, To(p) = Gp}
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It is a product of elliptic curves E. Let us define a homomorphism

iy APE[E]0 STPR(E) — [ AT
Xe(E(r-1)p

by setting

{ai A Map}@fpri0.0fu — D> (=D H o1 (@opi1)s o Fa@o(m) Hx (rs01,000)

0ESRK

Denote by ﬁf'n) the image of the homomorphism fiy,—1.

The elements of type fi(z1) A ... A f(m) in AE(E™=D)* and their lin-
ear combinations may be called the decomposable elements; this suggests the
notation.

Let F' be an arbitrary field with a discrete valuation v and the residue class
F,. The group of units U has a natural homomorphism U — F* , u > @.

v
Choose a uniformizer 7 € F*, ord,m = 1. There is canonical homomorphism

AT(F") o AMT(ED)
uniquely defined by the properties
Op(ur A ... Auy) =0; Ou(m Aug A ... ANuy) = (T2, .oy Un)
Consider the following complex on E("~1):

AMRED) S ] ATHR)) D D [T k)
Xe(E(r-1)1 Xe(B(n—1)n-1
(35)
Here 0 := )y Oy(x) where v(X) is the valuation corresponding to the irre-
ducible divisor X
Lemma 5.8 The groups Dp form a subcomplex in the complex (35)

Proof. Clear from the definitions.
Let us define for p < n a homomorphism

BEHD PP — P @ AP

We define ﬁ(p 1 first on space of decomposable elements on the subvariety
z1 = ai,...,Tp = a, by the formula

Br(lm_l) : fp+1($p+1) A A fn(mn)|z1:a1,---,zp:ap —

(fpr1) * ek (f)* (a1 + ... +ap) a1 A ... Ay
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It extends uniquely to the space of all decomposable elements assuming the
skewsymmetry with respect to the action S,,. In particulary it is defined on

DP ..
(n) .
If p=n—1then Df) =k"® Z[E("~Y]*9" and we have a homomorphism

B p*QZ[EMVIm — k* AL, TR (a1, ...y @y) — TRALN... Ay 1
Finally, one can define a homomorphism
oA 2] L koAl
Namely, there is a homomorphism
B3(E) @ A" %] -2 Byy(E) @ A" {a}3 @by A .. — {a}r @aAbiA ..

Let BYY (E) be the subgroup of B,,(E) generated by k-th degree of the augmen-

tation ideal If.. The restriction of this homomorphism to B§4) (B) @ A" 2J C
B3(E) ® A" 2] lands in k* ® A"1J. Indeed, the composition

IL @ A" ] 2 By(BE) @ AP — S2T @ AnLT
is equal to zero.

Theorem 5.9 The maps Br(f) provide a homomorphism of complezes

"'1 15} ~2 15} o ’“n o ’“n
D(n) — D(n) —" D(n—l) — D(n)
LAY LY AR 1AM
o % ey LS miean?y L kreAnlg

Proof. We will do in details the commutativity of the left square, at the
same time proving the theorem (5.4). The commutativity of the other squares
except the very right one is completely similar.

The commutativity of the right square is a more subtle statement. For n = 2
it was already proved in [GL], s.3. The general case n > 2 is similar.

Consider an element

fi(@1) A A fo(zn) € APk(E™Y) (36)

Let v, (f) be the order of zero of the function f(t) at t = a.
The part of the coboundary (in the complex DP, ) of the element (36) sitting
on the divisor z; = ap is equal to

Z Vo, (f1) - fa(@a) Ao A fro(xn), a2+ ...+ xp = —ay (37)

al EE(]C)
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Let t, be the shift by a on the group E(k), so t,{b} = {a + b} and t,f(z) =
f(z —a) (sic). Then (tof) = (f) * (a). Then it can be written as

Z Vay (f1) * fo(y2) Ao Atay fu(yn)s Y2+ o +yn =0
a1 €EE(k)

Applying the homomorphism B2 to the element (37) we get
> vay(f1) (o) ok () % (a1) ® @ (38)
a1 €E(k)
From the other hand writing
(fi) *..x(fn) = Z Va, (f1) o Ve, (fn) - {a1 + ...+ an}
aiEE(k)
we get
S((fO) %% (fu)) = D ay (1) ooa, (Fn) {01+ +an} @ (ar+...+an) (39)
aiEE(k)

Collecting the terms with a; in the right factor we get just what needed: the
formula (38). Taking into consideration the coboundaries of the element (36)
sitting on the divisors =, = a, we will get the other terms (with ap) in (39).
To prove the commutativity of the right square we replace it by a bigger
diagram
~ a

Dy — Dty
LY LB

Bs(E)® A" 2] -5 By(E)® A" 1J

and then prove its commutativity in a way similar to the proof of theorem 4.5
in [GL]. The theorem is proved.
Consider the Gersten complex for the Milnor K-theory on E(®~1) ([NS)):

EXkECD) S [T B kX)) 55 11 E(X)*
Xe(E(r-1)t Xe(Em=1)n-1

The Gersten complex is obtained from (35) by factorisation along the sub-
group generated by the Steinberg relations. Let

. . 1 2
Di, - Dy — Dy — o — D?n)
be the image of the complex ﬁ('n) in the Gersten complex. In other words

DP

_ TP P
(n) = Dy /51

(n)
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where Stf’n) is the intersection of ﬁf'n) with the subgroup generated by the
Steinberg relations in [ y¢(po-1))p-1 A PHLE(X)*,

Lemma 5.10 &(f) (St{’n)) =0in By, (E)® AP~

Proof. Consider the subvariety X (id; a1, ...,ap—1) in E(=1) and its projec-
tion

p:X(idyay,...,ap_1) — E"7P D (T, xp) — (Tp, ooy Tn—1)
The subgroup of Steinberg relations is generated by

{f(@p, .-, ®n—1), (1 = )(@p, -, ®n=1), 91(Tp, ..., Tn—-1), .-}

Notice that z, = —a; —... —ap—1 — 2 — ... — £,,—1. This means that an element
Zj{flg]) (Xp)y ey ) ()} of the subgroup of Steinberg relations can be written
as

P W), o tmar—may £ ()}
J

on
E(nP) = {(yp: ---:yn)k’/p +..t+yn = 0}

Now the lemma follows immediately.

Theorem 5.11 There is a canonical homomorphism of complexes

1 2 n
D(n) — D(n) —_— ... — D(n)
1B 1BY 1B
Bi(B) 5 BiB)eJ 5 . 5 koAl

Proof. Follows immediately from lemma (5.10) and theorem (5.9).

6 The regulator integrals, Eisenstein - Kronecker
series and a conjecture on L(Sym"E,n+ 1)

1. Beilinson’s conjecture in the case of L(Sym"h!'(E),n + 1). Let E
be an elliptic curve over a number field k. According to the general Beilinson
conjecture on regulators the special value L(Sym™h'(E),n+1) should be equal,
up to standard factors, to the (co)volume of a certain lattice obtained as follows.
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The n-th Deligne complex R(n)p on a regular variety X can be defined as
the total complex associated with the following bicomplex:

An-1 L% . L arm-1) L A -1 -5
1T T
0 S 0

(40)
Here (A%,d) is the C*°-De Rham complex, 7, : AR ® C — A%(n —1) is
the projection induced by m, : C — R(n — 1), 2z z+ (=1)(»" Dz the
group A% (n — 1) is placed in degree 1 and (2%,9) is the De Rham complex of
holomorphic forms with logarithmic singularities at infinity.

One has the regulator map

rge : HY (EWU,Q(n)) — 3 (E“H) @o R, ]R(n)) (41)

sg sgn

The right hand side is a group of purely topological origin:

HY, (E("—1> ®0 R, ]R{(n)) = gt (E(”_l) %0 C,R(n — 1))+ -

sgn sgn

+
(FonocHE (B (©), RO = 1)ign) =

+
(®asscSym™=" Hp (B, (C), R(1))

Here 4+ means invariants of the complex conjugation acting on ¢’s and on the
coefficients R(n — 1).

The image of the regulator map (41) is conjectured to be a lattice. HJ} (E(”_l) ®Q
R, @(n)) gives another lattice in HJ, (E(n_l) ®o R, R(n)) . The covolume

sgn sgn

of the lattice Imrep, measured with respect to the second lattice should coincide
(up to standard factors) with the special value of our L-function at s = n + 1.

2. The Eisenstein-Kronecker series. Let me recall their definition:

z, o
Kij(z7)= ) (-7-), i,j>1

For the relation with the elliptic polylogarithms see [BL], [Z].
Lemma 6.1 a) For any lattice T one has K; j(2;7) = (1) K ;(z;7)

b) Suppose that the lattice T' and a divisor P on C/T' are invariant under
the complex conjugation. Then K; ;(P;T) € R.
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Proof. Clear.
Consider for each n > 2 a homomorphism

K, : Z|E(Q] — Sym"?H'(E(C),C)

{z} — Z Kop(z;7)(d2)*(dz)" !

at+b=n
Theorem 6.2 K, (R,(E(C))) =0.

We will prove it in s 6.3 below. So we get a homomorphism
K, : By[E(C)] — Sym" *H*(E(C),C)

This means that R, (E(C)) is a subgroup of functional equations for the Eisenstein-
Kronecker series.

Lemma 6.3 Suppose that E is defined over R and the lattice I' was defined
using a real differential w. Then

K, : Bo[E(Q)]" — Sym™ 2H'(E(C), R(1))*

Here + means invariants of the complex involution acting on both R(1) and
E(C).

Proof. Follows from lemma (6.1).

3. Computation of the regulator integral. The main result of this
section is due to Deninger (see [D1], s.6). Our presentation is technically simpler
since working with distributions we avoid the convergence problems.

For any functions fi, ..., f, on a manifold X consider the following (n — 1)-
form with values in R(n — 1) := (2mi)" 'R

rn(fLy e fo) = (42)

Alt, Z C; -log|fildlog|f2| A ... Adlog|faj+1] A diarg fajia A ... Adiarg fp
Jj=>0

Here C; := W and Alt,, is the operation of alternation of f;’s. Then

drn(fla () fn) = 7Tn(d10g f1 AL A leg fn)

This just means that the pair

(Tn(fla---:fn): legfl/\---/\dIngn)

is an n-cycle in the Deligne complex (40). It is the product in the real Deligne
cohomology of the 1-cocycles (log |fi|,dlog f;). Set

Wp,g i= (Z ((12 AN dé;j_q)(p’q) (43)
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(=) -
where dz; means either dz; or dz; and the sum is taken over all possible terms.
For example

w20 = dz1 N dzs, w11 = dzy NdZy + dzy A dzs, wo,2 = dzi N\ dzs

The forms mpwp, for p > ¢,p+ ¢ = n — 1, form a basis over R in
n— n—1
Hy (Bl R(n = 1) sgn-

We can represent elements in Hjy ! (E%l(l), R(n—1))sgn by their cup product

with forms m,wp 4
1

(2mi)(n=1) BEr-1)(C) Z(_1)‘U‘T”(p;(1)f1’""p;(n)fn)/\”nwpvq

ocESy,
Theorem 6.4
- N N Imt
/E("—l)((c) D (D@ 1) fry s Py ) Awpg = en—— Kp+1,g41(free.xfn)
ocES,

where ¢, € Q.

The constant ¢,, can be obtained from the proof below.

Proof. It consists of several reductions of the integral.

Step 1. The form w,, 4 is skew invarant under the action of the group S,. So
the integral is equal to

n!l. / T (DY 1y P fn) Awp g
E(-1)(C)

Step 2. Let

n

A (f1yooms fn) = (=1)log|f;|dlog|f1| A ...dlog]| fil-.. A dlog] fn] (44)

i=1

Lemma 6.5 For any functions fi,..., fn

/ Tn(f1y ey fn) Awp g = by / an(fi, - fn) Nwpg
E(=1)(C)

E(=1)(C)
where b, € Q* is a (computable) constant.

Proof. One always have either dlog f; Aw,, = 0 or dlog fi Aw,, = 0. So
we can replace everywhere di arg f by +dlog|f|.
Step 3.

/ an(Fty s fr) Aty g = n/ l0g | fald10g | f1 A Ad10g | fr_1[Awp.q
E(n—1)(C) E(n-1(C)
(45)
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Indeed, log|fi|dlog |f2| + log|f2|dlog|fi| = d(log|fi| - log]|f=|) and so by the
Stokes theorem

/ d(log | f1] - 10g | fo])d10g |fa] A . A d1og | fu] Awpg = 0
E-1(Q)

Step 4. Let us compute the right integral in (45).

Lemma 6.6

log ()] = 27 3™ w(nEe2 1 g (46)

2
~€I'\0 |7|
where C’f 1s a certain constant.

Proof. One can get a proof applying 99 to the both parts of (45). The
constant C'y can be computed from the decomposition of f on the product of
theta functions using the formula in s. 18 ch. VIII of [We]. According to step
5 it does not play any role in our considerations.

Step 5. By the Stokes formula

/ Cy-dlog|fil A ... ANdlog|fn-1| Awpy =0
E(=1(C)

we see that one can neglect the constants C'y.

Step 6. We may suppose that in (45) the form wy , is written in variables
Z1, -, Zn—1- Then for each summand in w, , one can replace dlog|f;| by 1/2-
dlog f; or 1/2-0log f; depending whether in this summand appeared dZ; or dz;.

For example for the summand dz; A...Adz, AdZp11 A ... AdZ,—1 we will have
the integral

n
Qn—l

. / log | fn(2n)|010g f1(21) A ... A Olog fo(zp)A
Er=1(0)

0log for1(Zpt1) A .. AOLOg from1(Zn—1) Adza A ... Ndzp NdZp1 A oo ANdZ,

Differentiating the distributions we get

dlogf(z) = 3 wa(pE=u2T

2 e
Jlogf(z) =— 3 va(f>%
~Er\o

The condition z; + ... + z, = 0 just mean that we compute the value of the
convolution of one variable distributions:

logfrz) | Dlogf(2) Blogfy(s) | dlogfui(2)

log | fa(2)] + 52 o OB 8h5l2), |, Qloe)n
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at 0. Using the fact that the Fourier transform sends the convolution to the
product and the formulas above we get the theorem.

Recall that we have a homomorphism K, 11 : Z[E(C)] — Sym™ *H}(E(C),C)
which is constructed as follows

{z}— z_: Ko p(2) - (d2)* ' (d2)"~" € Sym" ™" Hp(B(C), C)
=0

Theorem (6.2) claims that it sends the subgroup R,+1(E(C)) to zero.
4. Proof of the theorem (6.2). For any function f on a manifold one
has dlog|f| A dlog|1 — f|. So a non zero term in the integral (6.5) could be

/E( o (log |f|dlog |1 - f| —log |1 f|dlog|f[) Adlog | fa| A... Adlog | fu| Awp,q

One always has
(log | f|dlog|1 — f| —log[1 — fldlog|f]) Awp,q =

+i- (log |f|darg(1 - f) —log |1 = fldargf) Awp,

Further one has, even in the sence of the distribution,

dLy(f) = log|f|darg(1 — f) —log|1 — f|dargf

So we can rewrite the integral as
:i:i-/ d(L2(f) Ndlog|fs| A ... Adlog|fn| Awpg) =0
EC=1)(Q)

It is zero by the Stokes formula.

Now using theorem (6.4) relating Eisenstein-Kronecker series to the regulator
integral we come to the proof of the theorem.

Theorem (6.2) and lemma (6.1) imply

Theorem 6.7 The Eisenstein-Kronecker map K11 provides a homomorphism
= 5 +
Knt1 : B [E(Q)]O @) — (@a;p%cSymnle}g(Eg((C),R(l)))

Combining these results with conjecture (1.4), our construction of the elliptic
motivic complexes presented in s. 4.1 and Beilinson’s conjecture on regulators
we come to conjecture (6.8) about L-function of Sym™~*h!(E) at s = n for an
arbitrary elliptic curve E over a number field.

5. A conjecture on L(Sym"E,n + 1) In this section we will assume for
simplicity that E be an elliptic curve over Q. We will left to reader as an easy

exercise to generalise all the discussion to the case of an elliptic curve over an
arbitrary field F.
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Conjecture (1.4) together with Beilinson’s conjecture on regulators imply a
precise conjecture on L(Sym"E,n + 1)

For any divisor P =) ns(P;) on E(C) put K; ;(P) := > nsK; j(Ps).

The integrality condition . Suppose E has a split multiplicative reduction
at p with N-gon as a special fibre. Let L be a finite extention of @, of degree
n = ef and O, the ring of integers in L. Let E° be the connected component of
the Néron model of E over Oy,. Let us fix an isomorphism E0 =Gn/F,

provides a bijection between Z /e NZ and the components of EF e For a d1v1sor
P such that all its points are defined over L denote by d(P; 1/) the degree of
the restriction of the flat extension of a divisor P to the v’th component of the
(eN)-gon.

Let Byy1(x) be the (n + 1)-th Bernoulli polynomial. The integrality con-
dition at p is the following condition on a divisor P, provided by the work of
Schappaher and Scholl ([SS]). For a certain (and hence for any, see s. 3.3 in
[GL]) extention L of @, such that all points of the divisor P are defined over L
one has ([L: Q,] = ef):

14
Y. dPiv)Brn(—5) =0 (47)
vEL/(eN)Z

Let C), be the conductor of the system of the l-adic representations related
to Sym"h'(E). Set

_20+1 2
Bar+1 = szﬂfl) ([mT)(Hl)(HQ), Pa=0Cy 2 ‘W_Ql(ImT)(Hl)

Conjecture 6.8 a) For any elliptic curve over Q there exist [§]+ 1 Q-rational
divisors P, on E(Q) such that

L(Sym™h' (E),n + 1) ~gq+ Budet| Ky ni21(Pu; 7)] (48)

(1 <a,b<[§]+1), and the divisors P, satisfy the following two conditions:

i) 0(Py) =0 in Bpyi(E)® J(@)Q (49)

ii) the integrality condition: at each prime p where E has a split multiplica-
tive reduction with special fibre a Neron N-gon

14
> dp; V) B (=) =0 (50)
vEL/(eN)Z

b) For any [2] + 1 Q-rational divisors P, on E(Q), satisfying the conditions
above the right hand side of (48) is equal to q - L(S™h'(E),n + 1) where q is a
rational number, perhaps equal to 0.

46



In [W] J.Wildeshaus, assuming standard conjectures about mixed motives,
formulated a conjecture similar to the part b) of the conjecture (6.8) ( an elliptic
analog of the weak version of Zagier’s conjecture).

For n = 2 the formula (48) was proved for modular elliptic curves over Q
in [GL]. Formula (48), even without precise conditions on the divisors P,, is
the most nontrivial part of the conjecture for n > 2 ( see also s.8 in [G4]). An
efficient way to formulate the conditions on the divisors P, without referring to
the definition of the subgroups R, (FE) is given in the chapter 7.

When E degenerates to the nodal curve, the conjecture on L(Sym?E,3)
leads to Zagier’s conjecture [Za2] at s = 3, which was proved in [G1]-[G2]. This
gives a credit for the conjecture (6.8).

The key condition (49) is obviously satisfied if P, are (multiples of) torsion
divisors. The determinants from (48) for torsion divisors where considered by
Deninger ([De2], s.5) (and inspired by the Eisenstein symbol of Beilinson [Be]).
They work well for CM elliptic curves. However Mestre and Schappacher [SM]
deduced from a result of Serre that for a given non CM elliptic curve over QQ
for all n > ng the determinant is always zero for any (-rational torsion divisors
P,. So to get the L-values one has to consider the non torsion divisors.

6. A more explicit form of the conditions on the divisors P,. Let
P =3"n;P; and k(P) be the field generated by the points P;. Let us denote by
h, the canonical local height related to a valuation v of a number field K. Let
K, be the completion of a number field K corresponding to v. Recall the height
homomorphism h, : B2(E(K,)) — R. If v is a non archimedean valuation
then the target of this homomorphism is (logp) - Q.

Let us consider a homomorphism

dm : Bpy1(E) — By (E) @ 8" g, {a}nt1 — {a}nt1-m ®a- ... a

We will need the following pairs of homomorphisms. If m = 2:
i) A homomorphism

P2 & id : BQ(E) ® SnilJQ — S2JQ Y Snile

where p2 : {a}2 — a - a.
For any valuation v of we have
ii) The height homomorphism

hy ®@id : Bo(E) ® S™ ' Jyp — R®g S™ 'y

where v is any valuation of the field K (P).

For m > 2:

iii) The Bernoulli homomorphism, defined for any bad prime where E has a
split multiplicative reduction with the Néron N-gon:

Berp, : By (E) @ 8" ™ Jg — S™H™
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v
{a}m @by oo b1 — Y d(a, V)Bn () b1 bt m

iv) The Eisenstein-Kronecker homomorphism

Ky ®id : By (E) @ ST Jg — Sym™ ?H'(E(C),R(1))" ® S"T' "™ Jy

Remarks. 1. In formulas above Jg means J(Q)g. However for a given
divisor P we land in Gal(Q/Q)-invariant part of powers of J(k(P))g.

2. Let us consider the Eisenstein-Kronecker homomorphism only on the ker-
nel of the Bernoulli homomorphism. Then Beilinson’s conjecture on regulators
means that it should land in

(the regulator lattice in  Sym" 2H'(E(C), ]R{(l))+) ® Sntt=m g,

So by the Mordell-Weil theorem if k(P) is a given number field then the target
group is a finite dimensional (-vector space.

3. If v is a p-adic valuation of the field k(P), then (logp)~! - hy(P;) € Q,
and so the target of the height homomorphism is a finite dimensional Q-vector
space.

4. If the a divisor P is in the kernel of the height homomorphisms for all
archimedean valuations but one then thanks to the product formula it is sent to
zero by all of them. In particulary if k(P) = Q we can forget the archimedian
valuation.

Composing each of these homomorphism with the appropriate map d,, we
get homomorphisms

(p2 ®id)ods, (hy®id)ods, Beryody, (Kp®id)ody, (51)
here m > 2.

Proposition 6.9 The condition 6(P) = 0 in the group B, (E)® Jg implies that
all of the homomorphisms (51) are equal to zero.

Proof.Clear.

The height condition is the crucial one. If it is satisfied, then for a given
field k(P,) the other conditions should give only a finite number of conditions
on the divisors P,.

If a Q-rational divisor P is sent to zero by all of the homomorphisms (51)

then this essentially means that §(P) = 0 in the group B, (F) ® J(Q)g. To see
this we write the homomorphism d,,, as a composition of homomorphisms ¢ ® id

By11(E) — Bu(E)®Jg — (Bn 1(E)®Jg)®Jg — ... — By (E)®JF"H ™
(52)
followed by the projection

B (B) @ J§" ™™ — B, (BE) © S"T "y

Let us spell the details in the first interesting case: n = 3.
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Proposition 6.10 Let us assume that the Bloch-Beilinson regulator rge : Ko(E)z —
R is injective. Then if for n = 3 a Q-rational divisor P belongs to the kernel of
homomorphisms (51) then §(P) = 0 in the group B3(E) ® Jy

Proof. Consider the homomorphism
dy : B4(E) — By(E) ® S*J, {a}s — {a}2®a-a (53)

Suppose an element P € By(E) is in the kernel of the homomorphism (p» ®
id) o dz. Then P € Bj(E) and f(P) € (Q* ® S?J(Q))F(@/Q,

The image of the divisor P under this homomorphism belongs to the sub-
group k(P)* ® S2J(k(P)) . The hight condition is a way to say that it is equal
to zero.

Let us write the map ds as a composition

By(E) — B3(E)® J — (By(E) @ J) ® J — By(E) ® S?J
Notice that
Ker (Bg(E)®J — (BQ(E)®J)®J) ®Q = Ker (Bg(E) — BQ(E)®J) 2J®Q
Consider the homomorphism

B;(E(C)) ® J(C) — J(C) ® R, b {a}s— Ko1(a) @b (54)

There is a homomorphism K,(E(C)) — B3(E(C)) such that the following
diagram is commutative (see [GL]):

K2(E(C) 5 R
{ L Id
Bs(E(C) X% R

So assuming the injectivity of the regulator K2(E)7z — R we see that (54)
should be injective on Ker (Bg(E) — B2(E)® J) ®J®Q

7 The complexes B(E;n)* and motivic elliptic
polylogarithms

1. In this chapter k = k, and all abelian groups are tensored by Q, so we work

with the corresponding Q-vector spaces. For instence J := J ® Q etc.

Let
QEMK)] = QEK®]©J,  {a} — {a}®a
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Theorem 7.1 Let us assume standard conjectures on mized motives. Then
there exist canonical homomorphisms 1, : QUE(k)] — L(E)gn-2941)v such that
the following digram is commutative:

QIE(K)] — QE(K)] @ J
lh—1d $lno®id

2]
ﬁ(E)Sn—2H(1)v — ﬁ(E)Sn—SH(l)v ®J

Proof. The proof is based on the existence and basic properties of the
motivic elliptic polylogarithms of Beilinson and Levin [BL]. For any nonzero

point a € E(k) let GV be an element of Extl, (Q(0),H) wich corresponds to

a € J under the isomorphism Ext), (Q(0),H) = J. Set G\ = sm@h).
The motivic elliptic (n — 1)-logarithm at a is a mixed elliptic motive El,,—1(a)
which provides a certain extension class in Ewtly,, (1, Gy (1)). In particular

its weight graded quotients are
H,Q(1), H(1), ..., "D H(1)

Therefore it has canonical framing and so defines an element of A(#, S(~DH(1)).
After tensoring it by H and twisting by Q(—1) we can introduce a natural fram-
ing by Q and S("=2H(1) (since S DH @ H = SWH @ S™=2H). Therefore
we picked up an element 1,,_;(a) € A(Q, S 2 H(1)).

The commutativity of the diagram follows from the properties of the ellip-
tic polylogarithms ([BL]). The crucial point is this. Since W<_3El,_1(a) is a
symmetric power of the motive Ggl), The projection to L£(E) of the elements
in A(S®H(1),S™=D (1)) coming from the canonical framing by S*)#(1)
and S(=D#(1)) of the motive El,_;(a) are zero provided 0 < k < n — 2.
So projecting the coproduct of El,_i(a) to A2L(E) the only nonzero con-
tribution we get is given by the component of the coproduct coming from
AH,SM=DH (1)) @ AST2DH(1),S™ VH(1)). The fact that it is equal to
l,—2(a) A a follows immediately from the basic property of the elliptic polylog-
arithm motive (see [BL]).

Definition 7.2

QEK)]

R.(E) =Kerl,_1, B.(E) = Ro(E)

Theorem (7.1) implies that ¢ provides a well defined homomorphism § :
B (E) — Bp—1(E) ® J. So we get a complex B(E;n)*:

Bu(E) — By 1(E)®@J — ... — Bo(E)@ A" 2] — J@ A" L] — A"J
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Set
rn(J) = Ker(J@An_lj — A”J)

The theorem (7.1) and this definition immediately imply that there exists canon-
ical homomorphism of complexes

B.(E) — B, 1(E)®J — . —  By(BE)®A"2J
ln1d Ino®id] Lh®id
E(E)S"*W-l(l)v — L:(E)Snfa'H(l)v RJ —...— [:(E)Q(l)v ®AP2J

Lemma 7.3 The bottom complex is a subcomplex of the ST"~2H (1) -isotypical
component of the standard cochain complex of the Lie coalgebra L(E).

So if k = k, we get a canonical injective morphism of the complexes

B(E;n+1)* — (A‘C(E),a) e (55)

Let KM | be the sheaf of Milnor K-groups. Combining this morphism with the
canonical morphism from the right hand side to RHom paq,, (Q(0), S 1 H(1))
provided by the inclusion functor Mg — MM, we get

Corollary 7.4 Let us assume the formalism of mized motives. Then
a) there exists canonical homomorphisms

H'(B(E;n +1)8) — gr) Kni1-i(E" )5, © Q (56)
b) The homomorphism for i =1 is injective.

Indeed, thanks to (55) this is true if & = k. The general case follows since
we have the descent property both for rational K-theory and, (by definition),
for the complexes B(E;n + 1)g,.

Remark. We do not expect a morphism of complexes (55) exist if & is not
algebraicly closed. The reason is this. If £ is not closed we have postulated the
Galois descent for the complexes B(E;n +1)®. On the other hand the standard
complex of the Lie algebra L(E/k) should not satisfy the Galois decent.

I hope a stronger result should be valid:

Conjecture 7.5 a)
9K i(B" )gn © Q= HHET Y KL )sn ®Q - (57)
b) There ezists a canonical isomorpism in the derived category

B(E;n + 1)§ = RHomam, (Q(0), S"H(1))
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in particular
H' (B(E, n+ 1)@) = grgKn+1—i(E(n71))sgn ®Q (58)
¢) Let k = k. Then the homomorphism of complexes (55) is a quasiisomor-
phism.

If the conjecture (4.2) is correct, then b) is equivalent to c).
According to the lemma (7.3) this conjecture implies conjecture (1.4).
Part a) of the conjecture is trivial for n = 2.

Lemma 7.6 For n = 3 and k = k the part a) of the conjecture (7.5) follows
from the rigidity conjecture for Ki"¢(k).

Proof. The statement boils down to Ker = Ima in the sgn-part of the
diagram

— By(k(E@) @ k(E®@)* — APK(E2)*
la l
HYE(E(z))l BZ(k(Y)) i) HYG(E(Z))l AQk(Y)*
13 {
0

Let 8 =[[y By. Then Kerfy = Ki"(k(Y))g. By the rigidity conjecture any
point y € Y provides an isomorphism K" (k) = Ki"(k(Y))g. So Ker/Ima
is a subgroup of

Coker (K;;"d(k)Q ok(E?) — [ K;;"d(k)Q) = CH"(E®),, Q=0
Ye(E®)!
The lemma, is proved.
2. Motivic realization of elliptic polylogarithms. Let f = (f1,..., fx)

be an n - tuple of rational functions on E.
Motivation. Consider the following multivalued analytic function on

{n — tuples of rational functions on E(C)} x H,_1(E™Y(C))sgn.

P(E™Y; f;9) 12/Alt(zl,...,zn)logfl(l"l))dlogf2(332)/\---/\d10gfn(33n) (59)

where v is a cycle representing a nontrivial class in H,,_;(E"~Y(C))sgn, . The
subscript sgn,, means the skewsymmetric part with respect to the permutations.
(A better way to define this function is given by formula (64) below.) We will
show that this function is a period of a mixed elliptic motive.
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Choose a coordinate z on PL. Let A, be the coordinate cube in (P*; 0Uco)"”,
i.e. union of 2n hyperplanes z; = 0, z; = co. Notice that (P1)"\A, = (G, ).
Let us define a codimension n cycle

Z(EM=Y. 1y c EM=D x (Ph)"
as follows:

Z(E(nil); )= Alt(w17...7wn){$1: ey T f1(@1), ooy fr(Tn) } U BN x {1,..,1}

Here we use the coordinate system z1, ..., 2, i.e. z; = fi(x;). The group S,, acts
on (G, )" by permutations. So we get an action of the group S,, x S,, on E("~1) x
(Gy,)™. In this chapter we mark by the subscript sgn the skewsymmetric part
under this action. Consider the following mixed motive

WECD; f) = HYE" Y x (G)", 2°(E"Y; ) (1) sgn

where Z0(E(®=1; ) := Z(E(=1); f)\(Z(E<n—1>; fn An).
More precisely, h(E™=Y; f)(—n) := R"p»F(E; f)syn where F(E; f) is the
following mixed motivic sheaf on E(®~1Y x (IP')". Take the constant sheaf on
the complement to Z(E™V; /Y UE® Y x A, in E™1 x (PY)"; extend it by
j« to the divisor E("~1) x A,, and then by j; to Z(E(™1; f).
Lemma 7.7 h(E™V; f) is a mized elliptic motive framed by Q(0) and Sym"™ H(1).
Proof. i) Q(0)-component of the frame. Let us prove that
gran H (BT % (Gn)", Z2(E™ 5 £))sgn = Q(=n)

Notice that H"(G,,)?,, = H"(Gy,)" and H (G,)%,, = 0 for i < n. So the

sgn sgn
projection E(*~Y x (G,,)" — (G, )" induces an isomorphism

Q=) = gr H"(Gm)")sgn — gri, H" (BT x (Gin)"™)sgn
The canonical morphism
H"(E™™Y % (Gn)", Z°(E™Y; f)sgn — H(E" ™D x (Gn)")sgn
induces an isomorphism after taking gr)’ . Indeed, there is an exact sequence
H* 1 Z0E" Y ) — HY(E™ Y < (G)", 2B Y5 f))sgn —

HY(E" x (Gn)")sgn — H"Z(E" Y5 f)

and
gri " 20BN f) = gryy (HY T ZO(BEMY ) =0
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since Z°(E(™~Y); f) is an open regular variety of dimension n — 1.
ii) Sym™ =Y H(1)-component of the frame. One has

HY(E" x (P)", Z(E"™Y; £))sgn = Sym" ' h'(E) (60)

Indeed, H"(E(™~Y x (P')"),,, = 0. So there is an exact sequence
H' 7 (B 5 (BY))agn — HYH(Z(E; ))agn

Hn(E(n—l) « (Pl)n,Z(E(n_1)§f))sgn — 0

Further,
anl(E(nfl) % (]Pl)n)sgn — Symnflhl(E)

H" N Z(E"™Y; £))sgn = Sym"'h (E) & Sym"~'h*(E)

and « is injective.
The restriction map induces an isomorphism

gri_  HM(EMY x (PY)", Z(BTY; £))sgn — (61)
gri  HY (BT % (G )", Z°(E" Y5 ) sgn
because (Z(E™1); f) is regular of dimension n — 1).
Wn_lHn—IZO(E(n—l); f) — Wn_lHn_1Z(E(n_1); f)

Combining (60) and (61) we get the Sym™~'#(1)-component of the frame. The
lemma, is proved.

Finally, we show that h(E(™~Y; f) is a mixed elliptic motive by induction us-
ing the following basic observation: intersection of the cycle Z(E™V; fi, ..., f,)
with any codimension 1 face of the cube A, is a sum of cycles of form
Z(E"2;g,....,gn1). For example

Z(E(n_l);fla"'afn) N {Zl = 0} = me(fl) . Z(E(n_2);f27"'7fn)

FASI D)

where m, (f) is the multiplicity of zero at z. The lemma is proved.

Remark 7.8 One can apply the same construction to n arbitrary functions
F1(21, s 20)s oy fr(21, ooy 20) on BV However it is not clear whether the
motive h(E™~Y; f1, ..., fn) is a mized elliptic motive in general.

The functions fi, ..., f, on the E define a map
f : E(n_l) — (]Pl)na (:L'la 7:L'n) — (fl(ml)a"'afN(ml))

Let E}"fl) be the image of this map and E}”fl) = E}"fl)\(Ej(cnfl) N A).
Consider the following motive:

REC=D, £) i= HY(Go )", B () (62)
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Lemma 7.9 Suppose that f. : Hn_l(E(n_l))sgn — Hn_l(EJ(cnfl))sgn S @ nonzero
map. Then
a) h(E™V; f) is a (Q0), Sym™ " H(1))-framed mized elliptic motive.
b) h(EC=V; f) = h(E™D; f) as framed motives.
¢) If f, =0 then h(E™=Y); f) = 0.

Proof. a) is very similar to the proof of the lemma above. For instance the
Sym™ Lh(E) part of the framing comes from isomorphism

Waot HM(BY)™\ A, ES V) — Sym™ ' hl(B)
Namely, H'(P")s4, = 0, so there is an isomorphism
H* (B egn — H (B, B )gn
Combining it with f* : H* ' (E{" V)50 — H" 1 (E=1),,, we get a mor-
phism
H (B, B )agn — H'HEO) 0 = Sym™ B (E)  (63)

b) The projection
E(nfl) % (]Pl)n N (]Pl)n

induces a morphism respecting the frames.

c) is clear from the construction. The lemma is proved.

The period corresponding to this framing is exactly the function (59). In-
deed, consider the differential form

wa, = dlog(z1) A ... Ndlog(zy)

in (CP')™\A,. Let I be a relative n-chain in CP™ which bounds an (n—1)-cycle
7, 7] € Hoet ((CPY)™, BV 4. Then

Lo(E™Y,; f;) = /F wa, (64)

The Stokes formula shows that the integrals (64) and (59) coinside.

Proposition 7.10 The R-valued period of the Hodge realization of h(E™~V); f)
s given by

E(E(n_l)’f) = / Altxh___’xnrn(fl: “eey fn) A Wp,q
E(=1)(C)

This integral coincides with the one computed by means of the Eisenstein -
Kronecker series, as was explained before.

Recall that A(Q, Sym™ 1H(1)) is the group of mixed elliptic motives framed
by Q(0) and Sym™1H(1).
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Lemma 7.11 For any \; € k* one has the equality of framed motives h(E™=V); f1, ... f,)

R(EM=D: X1 fiy ooy An - fn)

Proof. The action of an element g = (A1,...,A,) € G, on P"\A, = G},
provides a morphism of motives h(E™ ;X\~ f1, ..., \p-fr) — W(E®D; fi, .. fn)
which obviously preserves the framing.

Theorem 7.12 There is a well defined homomorphism of abelian groups
my, : S"K(E)" — A(Q0), Sym™ *H(1))  fio..ofur— BV )
It is zero if one of the functions f; is a constant; one has m} (Keru,) = 0.

Proof.

Below a generalization of the construction above is given. Let D° be the
group of degree zero divisors on E. For any d := (di,...,d,) let us construct a
mixed elliptic motive h(E(~Y;d) := h(E"Y;d,,...,d,) framed by Q(0) and
Sym"™1H(1).

Let P be the rigidified Poincaré line bundle over J x J. For any two degree
zero divisors dy,ds with disjoint support there is an element

<di,ds >€ P[d1]7[d2]

where [d;] € J is the class of a degree zero divisor d;.
Consider the following (n — 1)-cycle

Z(E™Y;d) ¢ EY x pr (65)
c(E(”*l);d) = Al (T ey T < dyy (1) — (0) >0 < dy, (22) — (0) >)

Here z; + ... + &, = 0 and (1, ..., ,,) belongs to Zariski open part of E("~1)

where the divisors d; and (z;) — (0) are disjoint. and set
BBV d) = HY (B x P, Z(BD;d)) (n)

Theorem 7.13 a) h(E™ Y d) is a mized elliptic motive framed by Q(0) and
Sym™~1H(1).
b) There is a well defined homomorphism of abelian groups

S"D° — A(Q(0), Sym™ YH(1))  dio..od, — h(EM™Y;d)

Proof. Restriction to a fiber of the Poincare line bundle provides an iso-
morphism
gry HY(P) — H*(Gy) = Q(-1)

and thus we get a first part of the framing:

Q(—n) — gr¥ HM(P"™) I gri¥ HM(E=1) x PT)
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where 7 : E("=1) x P — P i5 the natural projection.

The second part of the framing comes from the fundamental cycle of E(*—1)
just as before. The rest is straitforward.

3. Motivic construction of the complex B*(E;3). Recall the convolu-
tion map B2 : S?k(E)* — B3(E), f1 0 f2 — (f1) * (f2). We are going to show
that the diagram

S2k(E)*
N

l5

Bi(E) — LY(E)uq
provides a well defined homomorphism
15 : B3 (E) — LY (E)y)

(Here L*(E)y 1y = L*(E)ya) BH(1)Y, so L*(E)y ) is a Q-vector space.)
Consider the map

Ky (K(E)_

o STRE) — By

fiofor— {fi(@), f2(=2)} = {fi(=2), f2(2)}

According to theorem 3.9 in [GL] one has
Theorem 7.14 p»(Kerfs) =0
It remains to use that I5(f * (1 — f)) = 0 by theorem 7.12.

Theorem 7.15 We get a commutative diagram

5
Bj(E)y ™% (k@ J)g

s | \=
* 4 * *
L(E)uay — L(E)gn) ® L (E)n
To prove this theorem we need only to compute dh(E; fi1, f2), which is left

to the reader.

8 Elliptic Chow polylogarithms and generalized
Eisenstein - Kronecker series
1. Elliptic Chow polylogarithms. The single valued version. Let C be a

codimension n cycle in E* x (P!)!, k41 = 2n—1, skewinvariant under the action
of G x Gy.
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Recall the forms m,wp 4 (see (43)), which for p > ¢,p+¢ = n—1 form a basis

over R in Hg_l(E;”]R_l, R(n — 1))sgn,- We represent elements in
HE ' (EJg ' R(n — 1))sgn, by their cup product with the forms m,wp,q:

The single valued elliptic Chow polylogarithm is a function
Pra: ZMES ) — HE '(ERT R0 = 1))ggn,  k+l=2n-1

defined as follows. Let 7: C — (P!)! and p: C — E*. If k > 0:

< Pra(C),wp,q >= / T rg-1(21, 0 28) AD'Wpy P> q,p+qg=n—1,
C

Here we integrate over the nonsingular part of the complex points of the cycle
C. The integral is always convergent (see [G6]). For example

P21 (C) := Alt (4, 24) / 7y log |z1|miw A i@
c

The multivalued elliptic Chow polylogarithm, denoted Py ;(C'), is defined as
follows. Let (21, ..., Tk, Zk+1, .-, 2k41) be the coordinates on E¥ x (P')!. Assume
1 #0. Let m; (resp. p;) be the projection of C' to the i-th coordinate P! (resp.
j-th factor E) in E¥ x (P1)L.

i). Assume k < n. Then

PM(C) =
Alt(g,xar) / log zp+1dlog zpqo A ... Adlog 2o, 1
PIYX o XPRY X Th410 X ... X T 416
ii). Assumen <k < 2n — 1. Then
P]cJ(C) =
Alt (g, xan) / Ppiw A . Appw A (log zpq1dlog 2o A ... Adlog zap—1)
PIYX . XPhY

Example 1. The multivalued elliptic Chow dilogarithms:

Py3(C) = Alt(GS)/ log zadlog z3
mé

Plyz(C) = Alt(G1><G2) / lOg szlOg zZ3
PIY

P271(C) = Alt(szgl) / pzw -log z3

PIY
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Example 2. The multivalued elliptic Chow trilogarithms:

Po5(C) == Alt(g,) / log z3dlog z4 A dlog zs
TyOXTEE
Py 4(C) == Alt(g, xq.) / log z3dlog z4 A dlog 25
pyYXmsd
Py 3(C) = Alt (g, xas) log zzdlog z4 A dlog 25
PIYXP3Y
P;5(C) == Alt (g xa) / piw Alog z4 A dlog zs
PIYXP3Y
Py1(C) == Alt (g, xay) / pyw A pyw - log 25
PIYXP3Y

The multivalued elliptic Chow polylogarithms are periods of mixed motives,
which are easy to write down.

2. Some interesting cycles. Let L, (a) be the codimension n cycle in
(P1)27=1 responsible for the classical n-logarithm (see [B16] and [BK]):

Ly (a) :={z1, ..y @1, 1—x1, 122 /21, ... 1=} —1 /Tp—2, l—a/x_1} € Z"(2n—1)

Consider the following cycle in Z*(E™ *~1 k +n):
Alte oo (€1 @nmbs L (1 (210), fo(02), o fami(wns)  (66)

Notice that we are using this F(»=%=1) not En—k-1,
Examples of cycles.

in Z*(E,2): Al zo {1, fi(21), f2(22)}

in 2%2(3): {z,1—-2z,1—a/z}

in 2%E®,3): Alt (4 20,250 121, T2, f1(21), f2(72), f(23)}
in Z%(E,4):  Alt(y, o {z1,1— 21,1 = fi(m1) /a1, f2(22)}
in 23(5): {z1,22,1 — 21,1 — 22/z1,1 — a/ 22}

I think the single valued elliptic Chow polylogarithm on these cycles should
provide the new transcendental functions needed for L(Sym" *~1E n).

3. The generalized Eisenstein-Kronecker series and L(Sym"E,n +
m) for m > 1. Conjecture 2.1 in [G2] for the field k(E™) tells us that
HY ! (Speck(E™),Q(n+m)) is generated by the sums of the elements of form

S @ © A A A SO i BaRE) © ATKE)
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satisfying the condition

Z{fé”(w)}mflAfé“(w)Aff“(w)A...AfS)(m) in B (K(E™)) @A™ k(BM)*
z (67)

Definition 8.1 D(();llm) is the subgroup of By, (k(E™)) @ A"k(E™)* generated
by the elements

Alt(,....e) 1 (@0) }in @ g1 (1) A oo A gn(2n) (68)
where f,gr € k(E)*, zo + ... + z, = 0.
Denote by X the element (68). Set
O(X) := Alt(4y,....e) 1 fo(T0) frn—1 A fo(mo) A g1(21) A oo A gn(2n)

It belongs to the group By, (C(EM)) @ AnHC(E™))*.

n

r(X) =Y (=1 Y vagi-Alt(ay,....n){ fo(20) bm®g1 (1) A Agn(n) .

i=1 a€E(k)

Here vqg is the valuation of g at the point a. Let d, n := 0 +r. 7(X) lies in
the sum of the groups B,,(C(X;4))* ® A" 1C(X;,)* where X;, is the divisor

T; = Q.
Conjecture 8.2 a) There ezists a map
Kerdy, ;m, — H (B, Q1 +m))sgn

which in the case k = C commutes with the requlator map.
b) One might hope that this map is surjective.

Part a) of this conjecture can be deduced from standard conjectures. If m =
1 this is exactly conjecture discussed in chapter 5. If n = 1 the conjecture follows
from the conjecture 2.1 in [G2], see also conjecture 8 in [G4] and n = 1,m = 2
it is proved in [G3]. In general the main argument for the hope expressed in the
part b) is simplicity of the ansatz used to define the elements (68).

Element (68) provides a cycle of type (66), as was explaned above. The
value of the regulator on the element which lies in Kerd, ,, should coinside
with the value of the elliptic Chow polylogarithm P, ,, on the corresponding
cycle. Thus to get the generalized Eisenstein-Kronecker series responsible for
the special values L(Sym™E,n +m) we evaluate the Chow polylogarithm Py, ,,
on the cycle (66) using the Fourier decomposition of Ly (f(z)) and then the
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same method as in chapter 6. This boils down to computation of the following
regulator integral (p + ¢ =n)

r({f}m®gl/\---/\gn;@p7q) = / lOg |f|m72'a2(1_f7 f)/\an(gla ---;gn)/\wl),q

E ()
Set
r({f}m Qg1 N...N\ gn) =
pt+g=n
Let

(Z[E] ® Z[E|® Z[E])E: (Z[E x E x E])E

be the abelian group generated by the elements {z,y, z} where z,y,z € E(k),
subject to the relations {z,y,z} = {z + ¢,y + ¢,z + ¢} for any ¢ € E(k). Define

Bum : {Ftm ® g1 0.0 gn — (ZIE]@ ZIE] S Z[E])
{FIm@gro..ognr— (L= f)®(f) @ (91) * .. % (gn)
Consider the folowing functions where p 4+ q¢ =n,m > 2:

I
K20 (2,y,2) = ()™ x
’ m
z’: (€,7%) (W, 71 + -+ Ym=1)(Z,7m) - (Gm(V0 —71) + Ym(Go — 71)) - B - 74t
Yo+...+vm=0 |’70|2 Tt |7m*1|2|7m|2n

I will call them the generalized Eisenstein-Kronecker series. For n = 1 this is
the functions K, 4+1(z,y, z) defined in [G4], see also [G3]. For n = 1, m = 2 this
function was considered by Deninger [D3].

Conjecture 8.3 There exists a variation of mized elliptic motives over (E X
E x E)/E such that its real periods are given by the generalized Eisenstein-

Kronecker series.

Define a homomorphism

Ko - (Z[(E x E x E)((C)]) — Sym"H(E(C),C)

{w,y,2} — D KB (2,y,2)(dz)"(d2)*
pt+a=n

61



Theorem 8.4 Assume

Alt(ay,..e0) ({F(@0) 1 © F(@0) A g1(21) A A gu(aa)) = 0

in the group B, 1(C(E™)) @ A" C(E™)*. Then

r({f}m b2y g1 AN A gn) = Kn,m o Bmm ({f}m b2y g10..0 gn)

The proof is completely similar to the proof of theorems 6.4 and theorems
3.4 and 4.7 in [G3], and thus is omitted.
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