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1 Introduction

The general problem. Let X be a smooth manifold of dimension n. Any n-form with compact
support w defines a functional on C®(X) : <w, f >= [ fw.

Let M be a system of linear partial differential equations on one function on X. Denote by
Sol(M,C>(X)) (or simply Solc(M)) the space of smooth solutions to M.

Any n-form, of course, defines a linear functional on Solce(M). However if the system M is not
empty, the functional dimension of Solge (M) is less then n and so many n-forms represent the same
functional.

In this paper I adress the following questions:

Question 1. What is a natural realization for the (continuous) functionals on the space Solge (M)
?

Question 2. What is a natural realization for the (continuous) linear maps from Sol(M,C*> (X))
to Sol(N,C*>®(Y))?

I assume that a functional should have essentially one natural realization and it should be given
in terms of the manifold X and system M.

2. Natural functionals on solutions to M: a very naive approach. Let A™(X) be the space
of smooth m-forms on X. Consider a linear differential operator

k:C®(X) — A™(X)

Definition 1.1 « is M-closed if dx(f) =0 for any f € Solge(M).

K is M-exact if there exists a linear differential operator v : C=°(X) — AM=D(X) such that
dv(f) = k(f) for any f € Solge (M).

k1 is M-equivalent to ko if k1(f) = ka(f) for any f € Solge(M).



Consider the vector space

M — equivalence classes of M — closed k's

DSol(M)™ :=
olM) M — equivalence classes of M — exact FK's

Example . For zero system of differential equations this is A" (X ) when m = n and zero otherwise
(see also s 2.1 below).

Integrating closed m-form (f) along a cycle v we get a map

DSol(M)™ @ Sol(M, C(X)) ® H™(X,R) — R (1)

A natural functional is a functional on Solces (M) provided by a pair [x], [v].

This definition was inspired by some examples in integral geometry ([GGS], [GGG]) as well as
by the notion of conservation laws for nonlinear partial differential equations. Unlike for nonlinear
equations, there is a general construction of elements in DSol(M)™, (see (10) below ).

3. Relation with integral geometry. Let B be a manifold of dimension m and a linear operator
I s CR(B) — C=(1) J(a)— [ K(o,y)da @)
B

is injective, transforms functions f(z) to solutions of a linear system of PDE M on T', and Ix (C§°(B))
is dense in Sol(M,C>*(I")).

Such a situation is typical in integral geometry. Namely, let {B¢} be a family of submanifolds of
a manifold B parametrized by a manifold I'. Suppose on {B¢} densities ¢ (depending smoothly on
€) are given. Then there is an integral operator

I:C°(B) — C=(I)  f(z) — : f(@)pe
3

So here K(z,y) = p(z,y) - 6(A) where A := {(z,{)|r € B¢} C B x I' is the incidence subvariety.
Suppose [ is injective. If dimI' > dimB the image of the integral transformation I is often satisfy a
certain system of partial differential equations and, moreover, in many cases is characterized as the

space of all solutions of this system ( see [J], [GGS]).
Example. Let f(z) be a smooth function in R™ and

hf@w—+wwww=/f@+wwmw

where I f(y;r) is the mean value of a function f over a radius r sphere centered at y € R™. Then
I f(y;r) satisfies the Darboux differential equation

0? 92 m-—10
<37"2_Z<’9y?+ . E>If(y§7'):0

For a point z € B the ¢ - functional f — f(x) can be considered as a functional on Sol(M, C>=(T")).
The problem of natural realization for this functional is just the problem of inversion of the integral
transform I .

4. Content of the paper. In s.3 a class of natural linear maps between solution spaces is
constructed. This provides a very general method for solving problems of integral geometry.

In s.4 we demonstrate how it works for the family of all spheres in R™. Our approach leads
to universal inversion formulas which are nonlocal when m is odd and local when m is even. In
particularly we show that a function f in R™ is determined by its mean values over spheres tangent



to a given submanifold and derive explicit inversion formulas. The only known before case was the
family of all spheres tangent to a plane (horospheres in the hyperbolic geometry, see [GGV]).

Applying our method to the system of PDE on the Grassmanninan describing the image of the
Radon transform over k-planes we come to the "form x” of Gelfand-Graev-Shapiro ([GGS],|GGGI)).
Namely the latter is the residue of our universal inversion formula on the variety I', C I' parametrized
all submanifolds Bg passing through a given point z € B ([G2]).

The form k appeared in [GGS] as a construction ”ad hoc” and looks like a very special phenomena.
In our approach the universal inversion formula is a very general property of the corresponding
system of linear PDE. Its locality, however, is a rather rare phenomena, which generalizes the notion
of lacunas for hyperbolic differential equations.

In particulary in these examples our natural functionals describe the whole dual to the space of
solutions of a linear system of PDE.

The appropriate language for these problems is the language of D-modules and derived categories.
In s.3 we present a "naive” version of the story, where only the first nontrivial Ext-group is in the
game. However, the degree of this "first” group is equal to the codimension of the characteristic
variety of the system. This explanes why usually theory of PDE deals with m differential equations
on m unknown functions: otherwise we will get Fxt® for k > 1. A more systematic presentation will
appear in [G2].

In s.5 we introduce a bicategory of D-modules, which is an algebraic model of integral geometry.

The objects of our bicategory are pairs (X, M), where M is a (complex of) D-module(s) on
a variety X. A 1l-morphism between (X, M) and (Y,N) is the algebraic part of the data needed
to construct a natural linear map RHomp(M,C>®(X)) — RHomp(N,D'(Y)). Composition of
1-morphisms corresponds to the composition of natural linear maps. A 2-morphism between two
1-morphism reflects coinsidence of the the corresponding natural maps on functions.

Acknowledgment. I would like to thank Alexander Beilinson, Iosif Bernstein, David Kazhdan and
Andrey Levin for stimulating discussions.
It is my pleasure to dedicate this paper to losif Bernstein in the occasion of his 50-th birthday.

2 The Green class of a D-module

1. Language of D-modules. Let Dx (or D) be the sheaf of rings of differential operators on
a manifold X. Suppose we have a linear system M of p differential equations on ¢ functions
fiyonfqy M= {23:1 dijfi = 0,4 = 1,...,p}. Then we can assign to M a coherent D-module
M given by g generators e, ..., e, and p relations:

@D &
+D(>_ dijf;)
From the other hand a coherent D-module M = Coker(DP — D?) provides us with a linear system
of p differential equations on g functions. In this language a solution f to the system M in some

space of functions F is nothing else then a morphism of D-modules oy : M — F.
The De Rham complex DR(M) of a D-module M is defined as follows:

M=

M— QoM — ... Q"o M — Q" ®p M (3)

where Q" ®p M is sitting in degree 0, d has degree +1 and d(m @ w) :==m @ dw+ a%l_m ®dr; ANw
(it does not depend on coordinates x;) and O is the structural sheaf of X.

Let A*(X) be the space of C* k-forms on X. The C*-De Rham complex DR(M @0 C®(X))
of a D-module M which looks as follows:

M—A QoM — ... — A" oo M — A" @0 M (4)



One can show that DSol(M)™ = H™" "DR(M ®o C*(X)).

For example using the Koszule complex one can see that DSol(Dx)™ = A™"(X) and DSol(Dx)™ =
0 for m < n.

Notice that DR(C*°(X)) coincides with A®(X)[n], the C*°-de Rham complex of X shifted by n

to the left. Therefore any f € Sol(M,C>(X)) defines a homomorphism of complexes
DRM ®0 C™(X)) 1, DR(C™(X) ®p C*(X)) = A*(X)[n]
Here m is induced by the homomorphism of D-modules C*(X) ®p C*°(X) — C®(X).

2. The duality functor ([Be], [Bo]). Qx has canonical structure of a right Dx-module given by
the formula w - f = fw, w-§:=—L¢w where f € Ox and ¢ is a vector field. Set

DY := Dx ®p Q%' = Homoy (2x, D) (5)

where D% is Dy viewed as a right D-module via right multiplication. Then (5) carries 2 commuting
left Dx-modules structures. The first one is provided by the left multiplication on Dy, and the second
is given by the rule £ o (A)(w) = AMw-&) — A(w) - € where £ is a vector field and A € Homp, (Qx, D% ).
For any coherent Dx-module M the second structure provides the structure of left Dx-module
on sheaves Extl, (M, DY).
Accoding to the Roos theorem for a D-module M

if codimS.S.(M) =k then FEaxth (M,D{)=0 for i<k (6)

Let D.on(Dx) be the derived category of bounded complexes of Dx-modules considered modulo
quasiisomorphisms whose cohomology groups are coherent Dx-modules. Objects of Do, (Dx) will
be denoted M?®.

Let us define duality * : Deon(Dx)? — Deon(Dx) by

*M® := RHomp, (M*, D})[dimX] (7)
In particulary H(xM?®) = E:zthi?X TUM®, DL). To compute xM?* we should find a bounded complex
P={—P? P! —-P — .}
of locally projective coherent D-modules quasiisomorphic to M® and set xM® = xP* where (xP)" =
*(P=HmX=0) .= Homp, (P~4mX—i DL).

3. The Green class of M*. For any D-modules M and N the tensor product N'®o N has
canonical D-module structure where the vector fields acts by the Leibniz rule.

Theorem 2.1 Let M* € D, (Dx) and N* € D*(Dx). Then one has canonical isomorphism in the

coh

derived category of sheaves on X functorial with respect to M® and N®
DR(xM* @0 N*)[-dimX]| = RHomp, (M*,N*®) (8)

The proof see for example in ch. VII, 9.7, [Bo].
Placing to (8) N'= C*°(X) and using * * M = M we get

DR(M ©0 C®(X))[~dimX] = RHomp,, (xM, C®(X)) 9)

One can rewrite (9) as:

DSOZ(M)m = RHOm(DW;_dZmX)(*M,COO(X)) (10)



The identity map Id € Homp, (M®, M*®) provides canonical element
G e € HIMX (DR(*M' R0 M')) (11)
I will call it the Green class of M®. Any solutions
v € RHomp(M®*,C>*(X)) and v e RHomp(xM?*, C>(X))
provides a morphism
DR<*M' ®0 M) 783 DR(COO(X) ®0 COO(X)> L A%(X)

It sends the Green class of M*® to a cohomology class [G e (¢, v)] on X.
4. Relation with the classical Green formula. Let P be a differential operator. Set

D Dx @ QL
X and P* = X ® %

P= — X
Dx-P P .- Dy ® Q'

Here Dx ® Q)_(l is considered as a left D-module with respect to the second structure. Notice that
Homp(Dx @ Q31 C®(X)) = A"(X). Let v € A%(X). According to the Green formula there exists
an (n — 1)-form w,—1(y; P;v) on X such that

Pyo-v— - P'v=dw,_1(p; P;v)

Lemma 2.2 a) %P is isomorphic to P*[1].
b) The class [Gyp(p,v)] € H" 1 (A*(X)) defined by smooth solutions ¢ € Sol(P) and v € Sol(P*)
coincides with the cohomology class of the (n — 1)-form wy—1(g; P;v).

Remark. There is canonical involution on (D% ® Q)_(l) interchanging the left Dx-structures. It
sends P - w™! just to P! - w™! where P! is the transposed to P defined using the form w.

4. The Green formula and the Bar construction. (The constructions in this subsection
were also considered by M.M.Kapranov). Let E! and E? be vector bundles over an n-dimensional
manifold X and E' -2+ E2 be a differential operator. Set V; := E*" @ A". There are canonical
pairings

To(X,E) @T(X,Vi) — R (p,g®w) — /X (o, g

So one has the adjoint operator Vj i Vo, It is a differential operator of the same order as P
uniquely defined by the property (1, P*ve) = (P, v2).
Now suppose we have a sequence (not necessarily a complex) of differential operators

P
gO B gt o el phed

Consider the sequence of adjoint differential operators

v iy By
0« Vi1 < . < Vi41

Theorem 2.3 For any k there exists forms wy_g(vo; P1, ..., Px; v) satisfying the conditions

dwy—k (05 P1, ...y Privg) = wn—t1(Pro; Pa, ..., Pry1; vg)+

k—1

> (=1 wnps1(005 Pry ooy Pi 0 Pigty ooy P o) + (1) wn—i1 (905 Prs ooy Poet; Pivg)
i=1

where we formally set wy(p; 1;v) =@ -v



5 How to compute the Green class. Let us call a D-module M excellent if the object xM is
concentrated in just one degree, i.e. H'(xM) = 0 for all i but one. By the Roose theorem (see 6 or
[Be], [Bo]) this degree is necessarily —d. In this case set *M := H~% (xM). Consider a locally
free resolution of a D-module M:

P = {,Pfk NN IPfQ _ zpfl N PO}
Let
*P® = {*('PO) — *('Pl) — *(PQ) — *('Pk)}[dx]

be the dual complex. Then E® := Homp(P*®,C*(X)) is a complex of differential operators between

vector bundles: b - »
EY 2L pt =2 R R

The adjoint complex

*

Py Py P}
Vo= {(Vi 5V == 51

is canonically isomorphic to Homp(xP®, C®(X))[—dx — k].
Let us suppose that D-module M is excellent and moreover admits a locally free resolution of
the minimal possible length k = da4. (This is usually the case in integral geometry). Then

Sol(M,C>®(X)) = KerP; and Sol(xM,C*(X)) = KerPF;;
Therefore for any ¢g € KerP; and v, € KerP; the differential form wy,_q,,(0; P*;vy) is closed.

Theorem 2.4 The cohomology class of the form wn_q,,(¢o; P*;vy) coinsides with the Green class
G m(po; vg).-

3 Integral geometry: the general scheme

Let M and N be excellent D-modules on manifolds X and Y (see s.2.5), so *M := (xM)[—dp] is a
D-module. Let cpq be the codimension of the singular support of M in T* X, so dy+ ey = dim(X).

Then solutions
f € Homp(M,C*®(X)) and g€ Homp(xM,C*>(X))

provides a homomorphism
e . 83 rrem o0 % M pda ge
H DR(*M@OM)HH DR(C (X) ®0 C (X))—»H A*(X)

The Green class of M goes under this map to a cohomology class of degree das on X. Recall that
we put DR(M) in degrees [—dim(X),0], while the smooth de Rham complex A®(X) is sitting in
degrees [0, dim(X)].

Let us define a natural linear map

I: Sol(M,C®(X)) — Sol(N,D'(Y)) (12)

by a kernel
Ki(z,y) € SdGMRN,D'(X xY)) (13)

and a cycle yx of dimension da¢ in X as follows. Let Gaq(-,-) be a cocycle in DR(?k./\/l ®o M)

representing the Green class. Using solutions Ky(z,y) of *M (where y is considered as a parameter)
and f(x) of M we get a closed differential form Ga(K(x,y), f(x)) of degree dyq on X. Set

f(2) — / Ga(K1(, ), f(x)) € Sol(N, D'(Y)) (14)
Y

6



Under certain assumption on the wave front of the kernel Kj(x,y), which we will assume below, the
integral over cycle v makes sence and the image of (13) lies in C*>(Y').
Then a (natural) inverse for I is an integral transformation

J:  Sol(N,C®(Y)) — Sol(M,C®(X)) (15)
J: pla) — / Gn (K (2, ), o(1)) (16)
Yy

defined by a certain da-cycle vy in Y and a kernel
Kj(z,y) € Sd(MRFIN,D'(X x Y)) (17)
This data defines also a transformation

Jt: Sol(3M,C®(X)) — Sol(GN,C™(Y)) (18)

g(x) — [ Gumlg(), Ky(z,y)) (19)
rX

There is canonical pairing

<oesum o Sol(FM,C®(X)) @ Sol(M,C®(X)) @ Hy,,(X,R) — R (20)

<g.f>um = [ Gumlyg(z), f(z))
00

and a similar one for N.

Theorem 3.1 (the Plancherel formula) . Let J be a natural inverse for I: J oI =idx. Then for
f e Sol(M,C>®(X)),g € Sol(xM,C>*(X)) one has

<g.f>m = <JglIf>y (21)
Proof. <g,f>m = <g,Jolf >p. So the theorem follows from

Lemma 3.2 Let ¢ € Sol(N,C*(Y)) and g € Sol(*M,C>(X)). Then
<gJo>m = <Jyge>y (22)

_ Proof. The Green class is multiplicative with respect to the X - product. So we can set Gy :=
Gr R Gpr. Consider the following solutions

g(x) R (y) € SolGMRFIN,C*(X xY))

Kj(x,y) € SO(MRN,D'(X xY))

They are solutions to the dual systems. So there is a pairing

< g(x)Xo(y), Kj(z,y) >rmanv (23)

related to the cycle yx x vy. We can evaluate it computing first the pairing along X and then along
Y. In this case we get the right- hand side of (22). Computing first pairing along ¥ and then along
X we get the left-hand side of (22).

The kernel K; is a much more simple (and fundamental) object then the actual integral trans-
formation J. The reasons are the following:

1) The kernel K is a canonically defined distribution, while the formula for J¢(x) depends on a
cocycle G '\ representing the Green class.



2) Explicit calculation of cocycle G can be a nontrivial problem and so the final formula for the
right-hand side of (16) could be quite complicated even for a very simple kernel K.

So the problem of inversion of the transformation I splits on 3 steps:

Step 1. Find a distribution (17).

Step 2. Compute a cocycle G for the Green class.

Step 3. Find a cycle vy .

The distribution (17) should be uniquely defined if exist. However it may not exist.

The Green class always exist. Different cocycles representing it together with different choices of
cycles vy provides the diversity of concrete inversion formulas.

4 Integral geometry on families of spheres and intertwiners

1. Integral transformation. Let
S™ = {af + . ah g — @ = 0}/R

be a sphere in RP™+!. The stereographic projection identifies the set of its hyperplane sections with
the family of all spheres in R™.

Let Qm+1 := {zi+...4+a22, 1 —x2,. 5 = 0} be a cone in R™*2\0. It has two connected components:
Q;CLH in the half space xp,,12 > 0 and its opposite Q,, ;. Denote by ®,(S™) the space of all
homogeneous functions of degree A on the cone Q;’Z 41

Let (,, be a hyperplane section of Q;g 1 isomorphic to a sphere. The orientation of R™*2 provides
canonical orientation of 3,,. Namely, 3,, inside of the cone is cooriented out of the origin , and the
cone itself has canonical coorientation (outside of the convex component) in R™*2. Let 3. be an
oriented this way cycle. Its homology class is a generator of H,,( :;L 41 Z). Set

m+2

Om+2(z,dz) = Z (—1)i_1xidm1 A vedzi. A Ao
i=1

There is canonical nondegenerate pairing

< -y - >gm: (I)l_m<5m) (=) (I)_l(Sm) — R (24)

<gen= [ 06ttt ) @@ d (25)

Here we integrate the closed m-form on Q;; 41 By definition it is the restriction to Q;; 41 of any
form «, satisfying the condition

d(x% +.t x?n—i—l - x%n—i—Z) Aoy = f(:E)g(SC)O’m+2(:U, dm)

The restriction is well defined on Q; 1
Let &1, ..., &mao be coordinates in (R™+2)" dual to z; and < &, >= > &a;. For f € ®1_,,(S™)
set

(LA = [ 8(aF + .+ afyy — h0) f(2)6(< & >)omaa(, do) (26)

Bt

Consider the following kernel:
K_(m-1)(§,7) = s (< g,x>) foroddm and < &,z >~V for even m

It defines an integral transformation acting on g € ®_1(S™) as follows:

(J9€) = [ 8(ai+ .t 270s1 — 2710)g (2) Ky (< § @ >)0msa(2, dx) (27)

B



Set
m—+2

A= 6621 tot agm-‘rl B a£2m-~-2; L = Z gla& —a
i=1
Let N, be the following system of differential equations
N : Lap =0, Ap=0

Lemma 4.1 a) If(&) is an even function satisfying the system N_i.
b) (JY) () is an odd function satisfying the system N_(,,_1).

2. The Green class. Now let us make the crucial step. Consider the following m-form:
Wm(v; 90) = (28)
S DTG0 g v )~ & Ei(v 9 — v 9) A6 A i A Sz

1<i<j<m+2

Here €;p42 = —land g; = 1if j #m + 2.
Let wm+1(v; A; ) be the Green form of the Laplacian A:

w1 (U A590) = > (1) e (e, v — @ vg )€ A djn A s (29)
1<j<m+2

Then (28) is the contraction of the Green form (29) with the Euler vector field L.

1.
wn (v ) = —51me+1(v;A;¢>)

Theorem 4.2 a) *N, =N, where a+b+m =0.
b) The form wp,(p;v) represents the Green class Gy, (¢;v) of the system Nj.

In particulary the form wy,(¢;v) is closed if the functions v and ¢ are solutions of the systems
N, and NV, where a +b+m = 0.

Scetch of the proof. Consider a complex of D - modules D 4p2 L p sitting in degrees
[-2,0] (d has degree +1) that we will visualize as follows:

D
A/ Nl
D D
—Lq_2 \ /A
D

One can prove that it is a resolution of the D- module A, and a) follows easyly. To calculate the
Green class we use theorem (2.4) for this resolution .

Remark. More generally, for any homogeneous differential operator P with constant coefficients
in R™ the Green form for the system Pf =0, L,f = 0 is equal to —%iLwn,l(v; P; ).

3. Construction of the inverse operator. The function If(£) is defined in the domain
Ti= {1+ ...+ €., > &2 5} Let I' = T'/RY be the manifold of all oriented rays inside T'. Tts
closure I' parametrizes oriented hyperplane sections of the sphere S™.

I = S™H\D,UD_ where D; isaball {&Z+...4+&2, .1 < &%.5}/(R*)T and D_ = —D,.. Therefore
H,,(I',Z) = Z. Consider the cycle -, of rays in the hyperplane &,,yo = 0. It is cooriented in the
direction to the ball D). So an orientation of R™*2 provides an orientation of this cycle. Denote
by ;5 the oriented cycle. Its homology class is a generator of H,,(T',Z).



Lemma 4.3 The form wp,(p;v) can be pushed down to T’

Let K be a a compact hypersurface in I'. Its homology class [K] € H,(T) is equal to d(K) - [v};].
The integer d(K) is the intersection number of the class [K] with the "Euler” class consisting of
spheres passing through a given point x € S™ and tangent to a given hyperplane in T,,5™.

Let C' be a submanifold in S™. Consider the family I'c of oriented hyperplane sections of the
sphere S™ tangent to C'. For example when C is a point d(I'¢) = 1.

Theorem 4.4 a) For any m-cycle K € T' one has

A(K) < f,g >sm=cn - / wm(I7:7')

K
(71)(77171)/2
S emmT
b) In particulary

fl)m/Q(m

—1)!
@ ) for even m.

where —cp, = for odd m and (

A(K) - @) = [

K

i (11 K () (&7)) (30)

So the inversion formula is local for odd m and nonlocal for even m.

Proof. Let n=(0:..:0:1:1) be the “North pole”in S™. The variety I';, parametrizing the
hyperplane sections of the sphere S™ passing through the point n is a hyperplane given by equation
ém—i-l + §m+2 = 0.

It is sufficient to prove these formulas for one cycle K. The following lemma shows that for
K =T, they reduce to the Plancherel theorem and the inversion formula for the classical Radon
transform (see [GGG]). Set & = (&1, v, Emar1)-

Lemma 4.5 . The restriction of the form wp,(;v) to Ty is equal to
wm(SO; ,U)‘Fn = (_1)m+1 (U : (8§m+1 - 8§m+2)()0 — ¢ (8Em+1 - 8§m+2)v) Um(€/7 dgl)

Integrating by parts we get 2 - (—1)m(<p “(Ogpsr — 8§m+2)v) om(§,dE)

4. Admissible families of spheres. Restricting our integral operator I to a family K of
spheres we get an integral transformation I : ®1_,(S™) — U, (K). Here ¥{ (I'¢) is the space of
even homogeneous degree A functions on K ¢ R™*2.

Apriory the restriction of the form wy,(¢;v) to a hypersurface K depends not only on the re-
striction of the functions ¢ and v on K, but on their first derivatives in the normal direction to K.
Therefore for general K the right hand side of (30) can not be computed if know only Ik (f). So it
does not give an inversion formula for the integral transformation Ix.

Definition 4.6 A hypersurfaces K C T' is called admissible if the cohomology class of the re-
striction of the form wp,(¢;v) to K depends only on the restrictions of smooth solutions ¢ €
Solceo(N_1), v € Solge(N_1) to K.

More precisely, this means that there exists a bidifferential operator v : C®°(K)®? — A™(K)
such that for any ¢,v as above  [wn(¢;v)|k] = [V(olK,v|K)]-

Theorem 4.7 a) For any C C S™ the hypersurface T'c is admissible.
b) Any admissible hypersurface in T is a piece of a hypersurface T'c for a certain C C S™.

Proof of a). For C' = n this follows from the lemma (4.5). Indeed, the vector field (0,,., —0,,.,)
is tangent to the hyperplane I',.

In general we proceed as follows. The form wy,(y;v) is given by a bidifferential operator of first
order (see (28), so its restriction to K is determined by the restriction of the functions ¢ and v to the

10



1-st infinitesimal neighborhood of K. Let n € I'c and t(n) be the tangency point of the hyperplane
< n,z >= 0 with C. Then one can see that the tangent space to I'x at a point #(n) coinsides with
Li(n)-

5. Inversion of the integral transform related to an admissible family. The restriction
of the form wy, (1 f; K_(—1)(§, 7)) to I'c depends only Ir. f. So one can expect the inversion formula

AT (@) = e |

e

wm<frcf;K—(m—1)(§7$)) (31)

similar to (30). However the cycle I'¢ lies in the closure I, while the form wy,(y;v) was well defined
only inside I, so it is apriory unclear whether the formula makes sence and is it possible to use the
Stokes theorem.

To avoid this trouble we consider the integral transformation I only on the subspace of functions
vanishing in a small neighborhood of the subvariety C' in S™. Assuming this let us perturbate the
cycle I'c near the boundary of I' by moving it a little bit inside of T'.

Geometrically this means that we replace small spheres tangent to C' by close to them small
spheres which are not tangent to C. This perturbation does not affect the integral (31). Indeed, if a
function f(z) vanishes in a small neighborhood of C'its integrals over the spheres in this neighborhood
are equal to zero.

Remark. The cycle K becomes homologous to 0 in the sphere S™*! parametrizing all oriented
hyperplanes.

6. The general intertwiners. Let ®](S™) (resp. @, (S™)) be the set of all even (odd)
homogeneous functions of degree A on the cone Q41

Let (1) the 1-dimensional O(m + 1,1)-module where the connected component of unity acts
trivially and elements —Id and diag(—1,1,...,1) acts as (—1).

Formula (24) defines canonical nondegenerate pairing

< semi B (8™ ® By (S™) — £(1) (32)

Further, there is nondegenerate pairing
<SG SOlgoo(N’)\) ® SOZE’OO(/\LA,,,L) —e(1); < p,v >Ny = /+ wm(p,v)
Y

Indeed, the involution ¢ —— —¢& multiplies the form wy,(p,v) by (=1)™*2 and the cycle v, by
(—=1)™*!. The involution diag(—1,1,...,1) multiplies by (—1) the orientation of the space, cycle
vt and the form wy,(¢,v). This provides the extra factor £(1) in the above formulas. Notice that
Py (S™) ®e(l) = @5 (S™).

Consider the kernels

<& a>Psgn(< & a>)
B (252

<>

I_{/\_(é,x) : I_(j\r(f,w) : I‘(%) (33)

Let us denote by M, the D-module on R™*2 corresponding to the system {L_,f =0, (22 +...+
T i1~ Tpyo)f = 0}, Then

KE(E,x) € Sol (M AR AN, D(R™2 x (Rm+2)'))

K’j(f,x) is an even solution and I_(; (&,z) is an odd one. Notice that My = *M_,_,,, and N, =
*N_)_m. So they define integral operators

IV @t (S™) — Soleee (NA)T; Jy : Solgee (Noy_p) T — @1 (S™) ® e(1) (34)
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(I (&) = , 5(af 4 oy — 30 o) (@) KT (€ @) omaa(x, da) (35)

1

()€ = 5 [ i3 (6. (36)

Theorem 4.8 a) These operators are intertwiners for the group O(m + 1,1) and one has

7.(.m—i—l

1d
D(5)D(25+2)

dK)-J-,_,, ol =

b)For an admissible family I'c the operator J, provides an operator J, . : \IIX(FC) — D, (S™)
which is the inversion of the integral operator I} o+ ®_5_p,(S™) — ¥ (T¢).

Remark. Interchanging odd and even kernels one can similarly define another pair of intertwin-
ers.

The operator Jy is intertwiner thanks to the following reasons.

1. A group element g € SO(m + 1,1)p sends form wy, (¢, v) to the form wy,(g- ¢, g - v). Indeed,
the form w,, is a cocyle representing the Green class for the system A). This system as well as the
volume form in R™*2 is invariant under the action of the group SO(m + 1, 1)g.

2. A connected Lie group acts trivially on the homology.

3. One can show that J, commutes with —Id and diag(—1,1,...,1).

In the defintion of the inverse operator J, we can integrate over an m-cycle K c (R™+2Y
projecting to K. So J, apriory defined for any smooth function ¢(§). However it commutes with the
group action only on the subspace Sol(Ny, C*®(R™*?)). Indeed, g moves the cycle K to a different
cycle gK homologous to the initial one. To compare the integrals we use the Stokes formula for the
form wy, (p; Kx(§,x)). The integrals will be the same only if the form is closed. This happened only
if go(f) S SOZCOO(NA).

The generalized functions (33) has no poles on A\. One has

_ —1)FE!
K}T(gal’)b\:—@kﬂ-l) = ( (211)‘ : 6(2k)(< Ea:ﬁ >)7
_ —1)E(k — 1)
Ry (€ a)mmn = o 0 (< g >)

So theorem (4.4) is a special case of theorem (4.8).

5 The bicategory of D-modules

1. Motivations. How to compute the composition of natural linear maps between solution spaces?
A closely related problem is the inversion of a given natural linear map.

Usually the natural kernels are distributions satisfying holonomic system of differential equations.
This means that the image of homomorphism

;./\/ll X M2 — D,(Xl X XQ) (37)

provided by the kernel Kio(x1,22) € Homp (iMl X Mo, D'(X1 X Xg)) is a holonomic D-module.

Let us denote it by K12 and by ¥M; B My =% K1 the corresponding morphism of D-modules. So
(37) is a composition
FM R My 22 Ky — D'(X) x Xo)

We will keep only the first arrow and call it a holonomic kernel.
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Example. Suppose that M; = Dy, for i = 1,2. Then ¥Dx, = Dx, and Dx, X Dx, = Dx, xx,-
Morphisms of D-modules Dx, xx, — K are defined by their value on the generating section 1 and
correspond just to the sections of IC.

For instance, if X; = Xy = A! and K;2 is the D-module of delta functions on the diagonal the
morphisms above correspond to sections f(z)6®) (x — y).

So holonomic kernel is a finer algebraic version of a holonomic distribution on X; x X5 then the
D-module which this distribution satisfies.

2. A bicategory of D-modules. For a definition of (lax) bicategory see, for example, p.200 in
[KV].

In this section we work in the derived category. In particulary all morphisms are morphisms in
the derived category. So we will write f, instead of Rf, etc.

The objects of the bicategory are pairs (X, M) where X is an algebraic variety over a field k& (char
k=0)and M € D’ (Dx).

A l-morphism between the 2 objects (X, M) and (Y, N) is a holonomic complex of D-modules
K e DZOZ(DXXy) on X x Y together with a morphism

AsMBEN -5 K
A 2-morphism between 1-morphisms
AMBEN LK and s MEN 25 K,
is a morphism 19 : K1 — Ko making the following diagram commutative:

*M1 X Ms
ay N\ a2

P12
Ky - Ko

The composition of 2-morphisms is defined in an obvious way.
It is the composition of 1-morphismes which makes the whole story interesting and relevant to
integral geometry. To define it consider objects (X;, M;) where ¢ = 1,2,3 and 1-morphisms

*M71 X Ms it Kio * MoK Msj 22, Ka3 (38)

Let Ay : X1 xXox X3 — X1 X X9 % X5 X X3 be the diagonal embedding of X5 and w9 : X1 X Xox X3 —
X1 x X3 be the projection. Set

K13 = K1z 0 Koz 1= mo, A </C12 X /C23>

and define morphism *M; K Mg =% K3 as the composition of the morphisms id K G K id and
a9 M areg:

WMy B M BT AL (*/Vll K Mo B+ My K Mg) RECCC SN (/Clz X /ng)

Example The identity 1-morphism Idag. Let Ao be the D-module of delta functions on the diagonal
A C X x X. Then for any M € D°  (Dx) there is a canonical morphism

coh
Ing i MR M[—dx] — da

Replacing M by a locally free resolution we reduce this statement to the case M = Dx.

The Dx — mod — Dx bimodule Dx is canonically isomorphic to the bimodule dp ® Qx. The
section 1x of Dx corresponds to the canonical section 6(A)dx providing the canonical morphism
Ipy : DR Dy — da.
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We will say that the 1-morphism awg is weakly inverse to the 1-morphism a2 (see (38)) if there
is a 2-morphism from the identity 1-morphism Ids, to the composition of 1-morphisms asa3 o as.
This means that the following diagram is commutative:

WMiRM, OB B AL (wn 5 Mo B My K Ml)
lIM1 JRWQ*AIQ(GQ X ag3)
oA 2, R'/TQ*AIQ (]Cu X ,ng)

Remark. These definitions make sence for any (not necessarily holonomic) K;; € D%, (Dx).
3. An example: the Radon transform on the plane. Set

X1 ={(z,y)} = RQ? Xy ={(a,b)} = R27 X3 = {(xlvy/)} =R’
and My, = Dx,. Notice that xDx, X Dx,\, = DXiXXi+1[dXi]' Set
5(A)=6(y —ax —0b) and &6(A) =68y —ax’ —b)

Ki2 := Dxyxx, - 0(A), Koz := Dxyxxsy - 0(A")

a2[—2]  1x,xx, — 0(A),  ona[—2] ¢ Lxyux, — 6(A)
Proposition 5.1 The formula

5z —2)o(y — o) — 8(y — az — b) ® 6 () — az’ — b)dadb (39)
defines a homomorphism of D-modules an,, — K13 and hence a 2-morphism Ide1 => (a13,K13).

Proof. We have to show that applying to the right hand side of (39) any differential operator
which annihilates the left hand side, we will get exact 2-form in the de Rham complex with respect
to (a, b) variables. This follows from the formulas

(z— ') - 5(A) @ 6 (A )dadb = d(d(A) ® 6(A')(zda + db))

(y — /) - 6(A) ® 6 (A")dadb = d((S(A) ® 6(A')a(zda + db))
(02 + 0)8(A) ® 60 (A dadb = d(é(A) ® 5<1>(A’)ada)
0y + 0,)5(A) @ 60 (A")dadb = d(é(A) ® 5(1)(A)da)
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