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INTRODUCTION

1. The classical p-logarithm function is defined n the unit disc |z| < 1
by the absolutely convergent series

4 "

St
It has been investigated widely during the past 200 years—see the book of
Lewin [L].

The most extensive literature exists for the dilogarithm Li,( z), defined by
Leibniz (1696} and studied by Euler (1776), Spence [S], Abel (1828), and
Kummer [ K] (see [L]). One of the most interesting results was the func-
tional equation for the dilogarithm that generalizes the addition formula
Inx +1In p=In(xy) for the logarithm (x, y > 0).

In the middle 1970, the dilogarithm appeared surprisingly in the work
of Gabrielov, ¢t «l. [GGL] on the combinatorial formula for the first
Pontrjagin class, of Bloch [BIl] in algebraic K-theory and values of zeta-
functions at the point 2, and of Wigner in continuous cohomology of
GL,(C).

In this paper we propose a geometrical approach to the theory of the
classical trilogarithm function Lis(z) based on the study of configurations
of six points on the projective plane and obtain analogues of most of the
above-mentioned results related to the classical trilogarithm, including:

(a) the generic functional equation for Li(z);

(b) its connection with algebraic K-theory, weight 3 motivic
cohomology. characteristic classes, and an explicit formula for a 5-cocycle
representing a continuous cohomology class of GLL(C);

{c) a proof of Zagier’s conjecture [Z3]: the value of the Dedekind
zeta-function of an arbitrary number field at the point 3 is expressed by an
{r, + ry)-determinant whose entries are rational linear combinations of
values of the classical trilogarithm at (complex embeddings of) some
elements of this field.

2. In Section | of this paper we construct for an arbitrary field F a
complex I",{n) that hypothetically after ® ©Q should give weight » motivic
cohomology of Spec F.

Namely, let Z[ P}] be the free abelian group generated by symbols {x},
where x e P!.. We define for every n> | a certain subgroup #,(F)< Z[ P}]
reflecting the functional equations for the classical n-logarithm function (for
the precise definition see part 9 of Section 1). For example, #,(F) is the
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subgroup generated by the elements {xy} — {x} — { ¥} where x, ye F*\1 c
P;\{0, 1, oc }, reminiscent of the functional equation for log |-|. We set

BF):=Z[ PL1/A(F).
Note that 4,(F)= F* Then we construct the following complex:

Jd

BAF) Lo B, (F)@F*— 4, (F)QAF* -1 ...,
B F)@ A" 2F* =5 A"F*, (0.1)

The differential & is defined by the following formulae ({x},, is the image
of a generator {x} in 4,(F)):

0. {x}m®yl A A .Vn——m’_){x}m——l®x AMAN o A Vyim (02)
if 11> 3 and
F{xL®yiA - AV, (1 =X)AXAY A - AV, 2 (03)

Then 6% =0 modulo 2-torsion.
Let us denote this complex, where .4,(F) is placed in degree 1, by I',.(n).
For an abelian group 4 we set A, :=A4A® Q.

CONJECTURE A.

K Flg= @ HY "(I'p(i)y).

" N
[5]S1<n

For a more precise conjecture see part 9 of Section 1.

The existence of such complexes was conjectured by Beilinson [ B1] and
Lichtenbaum [L1]. Another construction of complexes that hypothetically
should satisfy all Beilinson-Lichtenbaum axioms was proposed by Bloch
[BI2] and Landsburg [La].

For the number fields H'(I'-(n),) should be zero for i=2 and K, (F), =
Kerd = #4,(F)g. In this case our conjecture coincides with Zagier's con-
jecture [Z3].

Weight 2 motivic complexes 7(X; 2) for a regular scheme X were con-
structed by Lichtenbaum [L2]. In part 14 of Section | we suggest a
construction of weight 3 motivic complexes /(X;3)® Q for a regular
scheme X and—more generally—weight n complexes 7{X;n)® Q for a
smooth curve over an arbitrary field F.

3. Beilinson conjectured in [ B1] that there should exist a mixed Tate
category . /,{F) of mixed Tate motivic sheaves over spec F. So the usual
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Tannakian arguments tell us that there should exist some graded pro-Lie
algebra

LiF),= & L(F),
P |
such that the category of finite-dimensional graded representations of L(F),
1s equivalent to the category .#,(F) (see also part 10 of Section 1). Let
Q(n) , be the trivial one-dimensional L{F),-module placed at degree —n
and let y be the p-filtration on K-groups [So].

CoNJECTURE (0.1) (Beilinson [ Bel ]).
EXt,I//-t l-')( Ql()) I @(”) V74 } = gr” k-g,, ,( F)‘U'

Let us denote by W the dual space to a vector space W over Q. If W
1s a profinite vector space, then W™ will be an inductive Iimit of finite-
dimensional vector spaces and vice versa. Note that @[ PL] is an inductive
limit of finite-dimensional vector spaces and, as we will see below, the same
1s true for B,(F)y. So, for example, F¥ " is a profinite vector space.

Conjecture 0.1 in the case i=1; n=1 just means that

Ext!, (Q0),, Q) ,)=LF) ", =F%.

Set LiF). ,:=@,_" , LIF), The space of degree —n generators of the
Lic algebra L(F). , is isomorphic to the degree —»n subspace of the
graded vector space L(F)_ -/[L{F). ,,L(F). ,]. The Lie algebra
LiF), actson L{F). S/[L{F), -, L(F). ,]through its abelian quotient
LIF) /L(F). »=F%" Itturnsout that in Beilinson’s world {(a world where
his conjectures are theorems) Conjecture A is equivalent to the following.

CONJECTURE B.

(a)  L(F). . isafree graded pro-Lie algebra such that the dual of the
space of its degree —n generators is isomorphic to B F).

(b}  The dual map to the action of the quotient L{F),/L(F)_. 5 on the
space of degree —{n— 1) generators of LAF) 5 is just the differentiul

O ABAF)y— B, (F),RFF

in the complex (0.1).

In this paper we will give strong evidence for this conjecture for n < 5.

Now let me give some comments that may be helpful in reading this
paper. Most of the important results and conjectures are formulated in
Section 1. Moreover, parts 9-15 of Section | are completely independent of
the rest of the paper. To understand the proof of Zagier’s conjecture it is
sufficient to read parts 0-4, 7 of Section 1 and Sections 3. 4, 6, and 10 only.
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Most important are part 3 of Section 4 and Theorem 4.2. The long calcula-
tions in part 1 of Section 5 are given in order to write the explicit formula
{1.10) for the functional equation for the trilogarithm; we do not use this
explicit formula, only its geometrical interpretation given by Theorem 1.4
(see also part 6 of Section 1); part 2 of Section 5 is a detailed exposition
of part 6 of Section 1. The results of Section 7 are of independent interest.

I am very grateful to A. A. Beilinson for many illuminating discussions,
interest, and encouragement; in particular, he helped me to understand
that Conjecture A is a corollary of Conjecture B. I thank M. L. Kontsevich
for useful remarks and B. L. Feigin, Yu. I. Manin, J. Nekovaf, A. A. Suslin,
V. V. Schechtman, and D. Zagier for interesting conversations.

A considerable part of this work was written during my stay in the Max-
Panck-Institut fiir Mathematik in May and the Institut des Hautes Etudes
Scientifiques in the beginning of June 1990. This work was completed
during my stay at the Mathematical Department of MIT in Fall 1990, where
I was supported by the Alfred P. Sloan Foundation Grant N 90-10-14.
My special thanks to Frau Wolf-Gazo and Frau Sarlette (MPI) for care-
ful typing of the manuscript and to the MPI, IHES, and MIT for their
hospitality. I am indebted to Herbert Gangl (MPI) for his help in the
preparation of the manuscript for publication.

1. MAIN RESULTS AND CONJECTURES

0. The Single-Valued Versions of p-logarithms.
Note that

Li,(z)= —log{1 —-=2); (i-Li,,(:) =Li

1 P 1(:)(110g3. (ll)

So using the inductive formula
. . dt
Li(z)=1 Li,_()—
Jo t
the p-logarithm can be analytically continued to a multivalued function on
CP'\{0, 1, oc }. However, Bloch and Wigner introduced the function
D,(z):=Im(Liy(z))+ arg(l —z) -log ||

which is single-valued, real-analytic on CP'\{0, 1. «c}, and continuous
{but not differentiable) at 0, 1, oc. It has a singularity of type }x|-In |x| at
these points and

D,y(0) = D,(1)=D,(c)=0. (1.2)

It is called the Bloch-Wigner function.
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The corresponding function for log = is just log |z|. Analogous functions
D (z) for p =3 were introduced in [R] and computed explicitly in [Z1].
However, let us consider the slightly modified function

#(z):=Re(Liy(z) —log |z] - Liy(z) + tlog” |z| - Li (). (1.3)

Note that Dy(z):=%(z)+55log? |z| log [z/(1 — 2)?|. Z(z) is single-
valued, real-analytic on CP'\{0, 1, ¢} and continuous at 0, 1, oo. We have

]
L0) = L o) =0, :/;(sznzzcu(s) (14)
=1

(The advantage of the function #(z) 1s that, as we see below, it satisfies
functional equations without remainder terms.)

Such modified functions (=) for all p >3 were considered by Zagier,
Beilinson, and Deligne; in [B1] and [Be2] the Hodge-theoretic inter-
pretation of the functions D,(z) and ¥,(z) is given. The definition of these
functions is as follows [Z3]:

P 2/ B
:/;,<:>:%,,(Z C g ) Li, ,m).

where B, is the jth Bernoulli number (B,= 1., B, = —1/2, B,=1/6, ..) and
A, 1s the real part for odd m and the imaginary part of even m,
Lig(z) ;= —1,2.

(2) and {,(3) for a Number Field F
Let Z[ P}\{0, 1, =} ] be the free abelian group, generated by symbols
fx}, where xe PIN{0, 1, o0} (Fis a field).
There 1s homomorphism

L ZIPINO L o0} ] > R, LY n oY n 2

A similar homomorphism can be defined for any R-valued function.

Now let F be an arbitrary algebraic number field; d,. the discriminant of
F, r,, resp. r,, the number of real, resp. complex places, so [F: Q] =
ry+ 2r,; and o, the set of all possible embeddings F < C (I <j<r +2r,)
numbered so that &, =07, , ., 4

Let us denote by R,(F) the subgroup of Z[ P;\{0. 1, ==} ] generated by
the expressions

Ixh— {0} + L) ‘{ 1 — \.___“ } % -y %

| —x

where v #y, x#£ 1, y# .
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Set B,(F):=Z[PL]/R:F).
Let us consider the following homomorphism

0: QLPNO, 1, 00] = By(Flg® F§
S {x}—{x},®x

({x}, is the projection of {x} onto B,(F)).

THEOREM 1.1.  Let {.(s) be the Dedekind zeta-function of F. Then there
exist

Visew Vo sn€Kerd< Q[P0 1, o0 ]
such that
(p(3)=a™|dp| 12 det | Loy (1<j<ry+12).

For s =2 a similar result was proved in [Z4]. It also follows directly
from results of Borel [Bo2], Bloch [B!1], and Suslin [S3]. A more
elementary proof, which uses only the result of Borel [ Bo2] and the 5-term
functional equation for the Bloch-Wigner function, is given in Section 2.

Zagier has conjectured that the analogous fact should be valid for all
integers s >3 and has given some striking numerical examples [ Z3].

For the proof of Theorem 1.1. we give an explicit formula, expressing
the Borel regulator ry: KJ(C)— R"*" by #A(z), and then use the Borel
theorem [Bo2].

2. The Properties of the Bloch-Wigner Function

First of all let us recall the remarkable 2-variable functional equation for
the dilogarithm, discovered in the 19th century by Spence [S], Abel [Ab],
and others [L]. Its version for D,(z) is as follows. Let r(x,, ..., x,) be the
cross-ratio of a 4-tuple of distinct points on P'. Recall that the cross-ratio
is PGL,-invariant. If ¥, are coordinates of the points x;, then

[N IRt

3

¥ ,— X3)
F(Xy,y o Xg) 1= — — —, (1.6)
: * (X, — X)X, — %)
For every set of five distinct points on P’ set
4 .
Ry(Xg n Xg) 1= 3 (= 1) [Hxgy oy £y u x)1€Z[P'NO, 1, o], (1.7)
i=0

Then for D,: Z[PENO, 1, ] > R (D,[z] := D,(z)) we have

D,(R5(xq, ..., x4))=0. (1.8)
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The Bloch Wigner function D,(z) also satisfies the relation
DX pioye oo Xy ) = (= D Dalr(xg. o x3)) (1.9)
where |g| 15 the sign of the permutation 4. This means that
Dizy= =Dyl —z)y= =D,z ). (1.9

The relation (1.9) is equivalent to the degenerate case of the functional
equation (1.8) when just two points x; coincide. Indeed, in this case
D,(r(x4, ... x3)) =0 according to (1.2). So if, for example, v, =x, = x then
(1.8) means that D,(r(x,.x,. x3. X))+ Dy(r(x,. x;, x.x;)})=0 and so on.

The relation (1.9) can be deduced formally from (1.8). This means that
the difference of the left- and right-hand side of (1.9) can be represented as
a sum of several expressions (1.8},

Moreover, it seems that any functional equation for the Bloch-Wigner
function D,(z) can be deduced formally from the one (1.8). The reasons lie
in algebraic K-theory —see part 10 below.

It is well-known that log |-| 1s (up to a multiple) the unique continuous
function satisfying the functional equation f(xy)}= f(x)+/(v). Thanks to
Bloch, we know a similar characterisation of the dilogarithm:

THeOREM 1.2 [BI1].  Any measurable function on Pl satisfving the
Sunctional equation (1.8) is proportional to the Bloch- Wigner function D,(z).

3. The Generic Functional Equation for the Trilogarithm

We see that for better understanding of the properties of the dilogarithm
we ought to interpret its argument as a cross ratio of 4 points on a line and
then consider 5-tuples of points.

13

Y3

Y2 .

X2 Y1 X1

FiGure 1.1
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Y2
¥3

B ]
X2 b
FIGURE 1.2

It turns out that the generic functional equation for the trilogarithm also
has a geometrical nature: it corresponds to a special configuration of seven
points on the plane. Namely, let x,, x,, x; be vertices of a triangle in P%
(ie., these points are not on a line); y,, y,., vy are points on its “sides”
X1X3, X5, X3, and X;X; and a point z is in a generic position (see Fig. 1.1).

Further denote by (y, | ¥,, vi, X5, z) the configuration of four points on
a line, obtained by projection of the points y,, vs. X,, z with center at the
point y, (see Fig. 1.2). Set

Ryx,yiz)i=(1+t+1) o [{Hy] ¥2. ¥1. X3.2)}
—{r(yi | yaoyaexa, 2 M x5, pa X0 va) )
+{r(z | ya. v X 2)) {2 ]y, v x00))
+{r(z | x5, X3, X, )} —{r(z | X200, X1, ¥2)} ]
+{r(y, | ¥a. ¥3 X2, X3)} —3{1} (1.10)
where 7. x;—>Xx,,,, y;—);,, (indices modulo 3) (for example 7*-
{r(yy | vouva X2, 2)} ={r(ys | ¥1.¥2. X1, 2)} and so on) and. by defini-

tion, {1} ={x} + {1 —x} + {1 —x '} for some x € F*\1. As we see below,
the choice of x 1s not essential for our purposes.

THEOREM 1.3. In the case F=C the following holds:

(a) ZAfxt—{x"'})=0
(b) L{x} +{l—x} +{l—x""}H =LA =a3).
(c) Z(Rs(x;,¥;,2))=0.

Remark. Let us consider all possible configurations of 4-tuples of points
on a line, obtained by projection of some four points among x,,y,. =
with the center at a fifth one. Let us say that two such configurations are
equivalent if they differ only by a permutation of points. It is interesting
that the formula (1.10) contains just one representative for every equiv-
alence class of configurations obtained in this way.

607114723
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FiGure 1.1

Let us give a more conceptual version of the functional equation. The
function Z(r(x,. ... x,)) that a priori is defined on configurations of four
distinct points in CP' can be prolonged continuously to the set of 4-tuples
so that just two of them coincide by the following rule:

2 if xy=x,0rx,=ux,

Lr(xy, X)) = i
Ar(x, ¥4)) {0 in other cases

Let (/,, ..., 5) be a 6-tuple of distinct points in P{ such that /,, /,. /, lie on
the same line, but there are no four points among the {; with this property.
Put  ZPLr(x,. .. X4)) = = LX), X, X5, X)) — 2400y, Xy, oL X)) +
Zi(1) and set

oyl =1 Y (0 LU g s D o 1))

0<ij<2 (1.11)
~//3(1n1(n~ s [a(S;) =(-1 )‘al '//3““‘ 15)'

It can be proved using the identity Y(x)+ Z(l—x)+ LA(l—x ")=
#(1) that these definitions are correct.

Now let ({,, ... [,} be a configuration as presented in Fig. 1.1'. Then for
every i there are 3 points among (/. ... [.. ... Iy} that lie on the same line.

THEOREM 1.4.  For a configuration (1. ... ;) as in Fig. 1.1',

6
Y A=A 1) =0

i=0
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We will prove in Section S that the functional equation (1.10) can be
deduced from this one using only the relation from Theorem 1.3(b). (This
is not quite obvious: for example, all coefficients in 1.11 are +1/3).

Now let (/,, ..., /) be a configuration of six points in generic position in
PZ. Put I, :=1yI, n 1,1, (see Fig. 1.11 in part 6 below) and

5

Al o s Z (= 1) ity o Ly 1)

{The right-hand side was already defined in (1.11)). We will prove in
Section 5 that this function .#(/,, ..., /5) is skew-symmetric with respect to
permutations of points /; and satisfies the 7-term relation

(=1 sy, s by oy 1) =0, (1.12)

=

i=0

4. Explicit Formula for a 5-Cocycle Representing a Class of Continuous
Cohomology of GL,(C)

Choose a point x € CP% Then there is a measurable cocycle

fm: GL(C)x --- xGL{(C) >R
~ _/
—~—

6 times

SN g0y oo &5) = (L0 X,s oy G5 X). (1.13)

It is certainly invariant under the left action of GL4(C). So the 7-term
relation (1.12) just means that /' is a measurable cocycle of GL,(C).
Different points x give cohomologous cocycles.

The function .%(z) is continuous on CP' and hence is bounded. There-
fore the function /' is also bounded. Applying Proposition 1.4. from
Chap. III in [Gu] we see that the cohomology class of the cocycle (1.13)
lies in

Im(H? (GL+(C), R) > H3(GL4(C), R)) (1.14)

LlS(

where HX (G, R) denotes the continuous cohomology of a Lie group G.

Recall that (see [Bol])
L(S( (C) R) ;[lllau.?’"'s u?.n—]] (115)

where w,e H%, '(GL,(C), R). The subspace generated by the element u;, is
called the mdecomposable part of HZ '(GL,C),R). In particular,
dim H3 (GL,(C), R)=1. The constructed cocycle represents a non-trivial

cohomology class.
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5. Functional Equations for the Trilogarithm in Coordinates

Let us now write R,{x;, »,,z) in coordinates. Choose homogeneous
coordinates for the points x,, z, y, as follows:

1 0 0 1 1 0 ¢

O I o0 1 a 1 0

o 0 1 1 0 H 1
X| X2 X3 I ¥ ¥y Vs

Then Rq(x,, v,, z) coincides with R.{a, b, ¢), where

ca—a+1
Rila, b, c)i= @D <{('a—a+ 1} +%(a at }4—{('}
ca

cyele

>

{, (he—c+ 1) }_{('a~a+ 1 +%‘(h('~('+1)a?

(ca—a+1)b ¢ J (('u—a—i-l)f
(be—c+1)
e —abc}. 16
{1('(1—(1-}»1)[7(} {1}>+{ abe (1.16)

Here @, fla. b, ¢):=fla, b, c)+flc,a, b)+f(b, ¢, a), and according to
Theorem 1.3 (a) we do not distinguish between {x} and {x '}.

It is interesting that all coefficients in this formula are equal to one.

Let us consider a specialisation of this formula setting @ = 1. Then we get

Rl b )= —{(

b('~('+l)}_{’(h('—('+l

e , }—{(h('—('+l)b}

t2

be e
+{~h('}+{/7}+{('}—{1}>. (1.17)

From the geometrical point of view R.(1,h, ¢) corresponds to a con-
figuration of 7 points as in Fig. 1.3 (- lies on the line x5 v7).

The corresponding functional equation for the trilogarithm coincides
with the classical Spence-Kummer one, discovered by Spence in 1809 [S]
and, independently, by Kummer in 1840 [K] —see Chap. VI in Lewin’s
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X3

Y2

Y3

Xy Y1 X

®
z

FIGURE 1.3

book [L]. To see this let us set x =(bc—c+ 1}/bc, y=(b—1)/b. Then we
get

(s S S e s e s - ),

Substituting v=(y—1)/(y—x~1), u=x/(x+1—y) we obtain the last
formula in Section 7.2 of Chap. VI in [L].

The Spence-Kummer equation (1.17) can be deduced formally from
Theorem 1.3. More precisely, it can be represented as a sum of three
generic equations (1.16)—see the Proof of Proposition 5.6. The validity of
the converse statement is an interesting problem.

FIGURE 1.4
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FIGURE 1.5

Let us emphasize that the functional equation for the function %(z) has
no remainder terms (such as products of logarithms and dilogarithms).
For the Bloch-Wigner-Ramakrishnan function D;(z) or the ordinary tri-
logarithm this is no longer true. The function equations for #,(z) have no
remainder terms for any p.

Subsequent specialisation of (1.17) gives

Ryl Le)= — {2} +4fc} +4] ~c;
R 1, 1)=3{1} +4{—1}.
So we have (compare with the formulae (6.4) and (6.5) in [L]):
L) =4 Ll e)+ Ll —o), L —1)= =3/4%(1).

The corresponding configurations of seven points in P? can be seen in
Figs. 1.4 and 15.

6. The Group of “Abstract Trilogarithms”

For a G-space X points of G\X x --- x X are called configurations. Let
Cy(P3) be the free abelian group generated by all possible configurations
(4, ... Is) of six points in P;.

X3

Y2

Y3

X2 Y X

FIGURE 1.6
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X3

Y2

Y3

L4 L4 v

X2 x) Y

FIGURE 1.7

Let (x,, X5, X3, )1, ¥2. ¥2) be a configuration of six points in P; as in
Fig. 1.6 (i.e., y, lies on the line X, x;, |, indices modulo 3) such that

Hysl X, Xy, yp,pa)=x.
Let us define a homomorphism
L;:Z[PINO, 1, 50] — C4(P7),

setting

Ly: {"} = (X, Xy, X3, Vi Vs Vi)

The configuration where y,, y», y, are on a line will be denoted by s,
(see Fig. 1.7).
DEFINITION 1.5. %(F) is the quotient of the group C4(P) by the

following relations

(R1) (ly, ..., I5) =0 if two of the points /; coincide or four on a line.

(R2) (The 7-term relation). For any seven points /;, ..., [ in Pi,
6 . A
Z (=1 (lyy ol . 1) =0.
i=0

(R3) Let (mq, ..., ms) be a configuration of six points in P such that
m, = nigm; N\ mym, and m; is in generic position (see Fig. 1.8). Set

Lyx}y = —Ly{x} =20 {1 —x} +75.
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Then

4
3y wms) =3 (=1) Lirims | mg, o ity o mig)}.
=0

Remark 1.6. Let us consider the action of GL;(F) on 6-tuples of points
in P;. Then a configuration (/,, .., /5) is stable (respectively semistable) in
the sense of Mumford if and only if among the points /, there are no two
coinciding or four lying on a line (respectively three coinciding or five
lying on a line)—see [ Mu]. So relation (R1) means that (/,, .../5)=01f
the configuration (/. .... /5) is semistable or unstable.

LemMma 1.7, In the group %(F)
Ugs s Ly = =1V gys o L5y

where |o| is the sign of the permutation o.

Proof. Consider the relation (R2) for a configuration (/. ... /) where
just two of the points coincide and apply (R1). |

ly
AN
\\
130 N 1
\‘ s
AN
Y
————)
1, 1N ly lg

Fig. 1.9. A configuration (/,. ... ls)elm L.
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Iy

(f-—-———- ° °
L Iy lo

FiG. 1.10. (/... 1) =0 in %(F).

The homomorphism L, induces the homomorphism
L. Q[P0 1, 0] > %(F)g.

It is not hard to prove that this map is an epimorphism. Indeed, the
relation (R3) implies that a configuration as in Fig. 1.8 lies in the image
of L,. It remains to apply the 7-term relation to configurations as in
Figs. 1.9-1.11.

Let us prove that relation (R3) does not follow from the relations (R1)
and (R2). Denote by C3( P?) the free abelian group generated by configura-
tions of five distinct points in P> such that there are no four points on a
line among these points. Then there is a homomorphism &: Ci(P?)—
C3(P?) defined as follows: degenerated configurations satisfying condition
(R1) map to 0 and 8(ly, ... 15) := AI(S S (—1) (lg. ... [, ., Is5)), where Alt

l3
»
Vs
Vs
/, 14 [
Vs
s
Vs
/

L 7

(5 4

’

// 15.
/s
/
Vs
’
/
/
O oo .
L o

FIGURE 1.11
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is the skew-symmetrization. Note that if the points m1,, m,, m, lie on a line
! and w5, m, ¢/, then there exists an element ge PGL+(F) such that the
S5-tuples of points (my, w1y, m,y, My, my) and  (mg, my, o5, 0y, my) are
equivalent under the action of GL,(F). Therefore Alt(m,, .., m,)=0. So
8(1:3{,\'})=0, but for a configuration (m,, .., ms) as in Fig. 1.8 we have
amy, ..., ms)=(my, .., Py,

Let us denote by R3(F) the subgroup in Z[ PI\O, 1, 2 ] generated by the
following clements (compare with Theorem 1.3):

Gap+il=xp+{l—x "H=({yp+{T=y}+{l-y '},
Ralxi v 2o,
where x,yeF*\1, x, 5, z€P3, and the configurations of the points

(X, X5, X3, ¥, ¥a, V3, 2} are as in Fig. 1.1, where there are just three lines,
containing exactly three points of a configuration. Set

BL(F):=7Z[P,\0, 1, ¢ [/R:(F).
THEOREM 1.8.  The homomorphism L, induces the isomorphism

Ly By(F)g 3G(F)y.

The inverse homomorphism
M,:=L,""G(F),— Bi(F),

can be defined explicitly on the generators of the group 4(F) as follows.
Set /4{x} = —{x} —=2{1—x} +{1}. Then for a configuration (/,, .., I5) as
in Fig. 1.9,

Mlly, odyi=4 Y (=00 s o By 1))

Osij=2
compares with (1.11), and for a generic configuration (/,, .... /5),

5

LUyl i= Y (=07 VL Yy Ty d)

i=0

{/, is defined in Fig. 1.1), where the right-hand side was already defined
above. The proof of the correctness of this definition uses the basic relation
Ri(x,,y,.2) In the group B,(F) —see part 2 of Section 5.
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7. The Trilogarithm Is Determined by Its Functional Equation

Let Meas C,(CP") be the space of all measurable functions on con-
figurations of m points in CP". Define a map

Meas C,(CP") -2 Meas C,, . (CP")

by the formula (d} f )Xo, s X)) =27 o (— 1) f(Xg, oy £1y s X,0)-
Recall [ Mu] that a configuration (/,, .., /,_,)} of m points in CP" is
stable if and only if for any subspace L — CP”,

The number of points /; in L < m
dim L + 1 n+1

Let Cont C;f,(CP”) be the space of all continuous functions on stable
configurations of m points in CP". We have the following complexes
Meas C (CP?) and Cont C3(CP?):

—— Meas CS(CPz)—d{» Meas C(,(CPz)i Meas C,(CP?) (1.18a)
— . Cont CS(CP?) 5+ Cont CS(CP?) %4 Cont CS(CP?)  (1.18b)

Note that the complex conjugation = — = acts on CP? and hence on these
complexes. Denote by H¢(Cont(CP?))* the subspace of invariants of this
action.

THEOREM 1.9.
(a) dim H%Cont C5(CP?*))=dim H% Meas C (CP?*)) =2
(b) H®Cont C {CP?))"* is canonically isomorphic to H> (GL5(C), R)

cts
(c) The function .#(/,,..,Ils) represents a nonzero element in
H%Cont C5(CP?)*.

Let us consider a degenerate configuration (/, .., /) presented in
Fig. 1.12. It depends on one parameter, - :=r(ls | Iy, [,, 1, l;) e C*. In this
case . #(1y, ..., I5) = ZL4(2).

THEOREM 1.10.

(a) The space of continuous functions f(z) on CP'\O, 1, oc that satisfy
the functional equation f(R4(a, b, ¢)) =0 (see Fig. 1.11) is generated by the
Sfunctions L4(z) and D,(z)-1n |z|.

{(b)y Let Fl,,..,Is) be a continuous function on the set of all
stable configurations of six points in CP? that is skew-symmetric with
respect to permutations of I, and satisfies the T-term relation
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FiGure 1.12

S o (—1FU,, .., lﬂ, wndey=0 (for any stable configuration (1, ... 1))
Then the restriction of F to the degenerate configuration (1, ..., Is) presented
in Fig. 112 is a linear combination of () and Do(z) - In |z|.

Remark.  Let fe Cont CHCP?). Then, of course, d¥(d¥ f) =0, but the
value of d¥ f at a configuration (/. .../;) as shown in Fig. 1.12 can be
an arbitrary continuous function on CP'\0, »c. So the skew-symmetry
relation does not follow from the 7-term one for stable configurations
{compare with Lemma 1.7).

The following proposition proves part (c) of Theorem 1.9.

PROPOSITION 1.11. (%  M)(xy, ... xs) ¢d ¥ Cont CJ(CP?).

Proof. Suppose that (& - M;)(x,. ... xs)=d¥ [ The left-hand side is
skew-symmetric with respect to permutations of points x,. So we have

(L M) (Xgs o xs) = Altd ¥ f=d* Alt f,

where Alt g(xy, ...y, =%, 6 (=1 (X 0,0 0 Xpn 1))

Note that if for a configuration (uvy. ..., t,) of five points on the plane
Uy. Uy« U, lie on a line and u4, v, are not on this line, then the configurations
{Ug. Uy Uas Us, Uy) and {vy, vy, Us, Uy, v3) are equal. But for a configuration
(ly. ... Is) as in Fig. 1.12 all configurations (/. ..., [.. ... 15) are of this type.
so d¥Alt f1/,....15)=0. |
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Now let us construct a representative of H%Cont CS(CP?)). Let V, be a
three-dimensional vector space with a volume form w,edet V¥, A(l,1,1,) :=
(wa lo A ly A LD, Set for a generic configuration of five vectors (/,, ..., 1,)
in V,

4
LMy by =3 (=1 Dol | lys s Iy o 1) IT In |4¢1; 1.1,
VAT

It does not depend on w (Proposition 3.7). Further, (d*f*)(/y, ... I5) 1=
S o (=1 f Py i f, ...y I5) does not depend on the length of the vectors
1, (Proposition 3.9) and so defines a function on configurations of six points
in V5. It can be prolonged to all stable configurations (see Section 4). The
restriction of the function thus obtained to a degenerate configuration
presented in Fig. 1.12 is just D,(z)-In |z| (see Lemma 4.7). The constructed
function is skew-symmetric, so the proof of Proposition 1.11 shows that it
does not lie in d¥ Cont C3(CP?).

We will see in Section 9 that this function can be obtained by transgres-
sion of a non-zero element in H? (GL,(C), R) in some spectral sequence.

Finally, H*(Cont CS(CP'))=kerd¥, because all 3-tuples of distinct
points on CP' are PGL,(C)-equivalent and so for a generic configuration

of four points on CP' we have 3 '_ (=1) /g, . {;s .., 13) = 0.

THEOREM 1.12. There exists a C™-function #,(ly, ... 01, _ ) on the
manifold of generic configurations of 2n vectors in an n-dimensional C-vector
space such that

a

(a) XM (=1 # o, . d;, .ly) =0 for a generic configuration
(g i 15,,).

(b) #(goly.g81lis s 8an_1lan_1). £:€ GL(C), is a measurable
(2n — 1)-cocycle of Gl,(C) representing the indecomposable class in
HEYGL,(C). R).

The proof of this theorem uses a variant of Suslin’s spectral sequence
[S1].

The existence of such a function was conjectured in [HM]. see also
[GGL] and [GM].

8. The Classical Trilogarithm and Weight 3 Motivic Cohomology

Now let F be an arbitrary field. The groups K, (F) were defined by
Quillen [ Q1] as homotopy groups

K, (F):==,(BGL(F)")

where BGL(F) ™ is the H-space having the same homology as BGL(F), i.e..
the same as the homology of the discrete group GL , (F)= GL(F).
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By the Minor-Moore theorem [MM ],
K, (F)® Q= Prim H,(GL(F), Q). (1.19)

Recall that K, (F)=2Z, K|(F)=F*.
On the other hand, we have the Milnor ring K}/(F) which is defined as
a quotient ring of the tensor algebra

TFY) =B F*®R - X F* (n times)

P

by the homogeneous ideal generated by all tensors (1 —x)® xe T,(F*)=
F*®&® F* Itis not hard to prove [ M1] that

KM(FY=A"F*{{l =X) AX AV A - AV, 5} (1.20)

where A"F* = Q" F*/{ - x;®@x,, ;- + X, ®x,-- }.

There is the canonical ring homomorphism m: K}(F) - K, (F). Thanks
to Matsumoto we know that it is an isomorphism for n =2 (see [M2]). It
is injective modulo torsion [S1]. But the Coker(s) can be rather big.

Set

B(F):=Z[P,\0, 1, /R (F) (p<3)
where the subgroups R, (p =1, 2) are generated by the elements

R(F)y={[xy]—[x]—[r] x,ve F*\1},

4
R5(F)= { Y (=1 [Hxge o £ x) ] X € Pl X # .\',},

i=1

and the subgroup R,(F) is defined in part 5 in a similar way. The definition
of these groups is reminiscent of the functional equations for the classical
p-logarithms, p < 3.

Note that the map [x] — x defines an isomorphism B,(F) = F*.

Let us consider the Bloch—Suslin complex B,.(2):

B(F) -5 APF*
Jr [x]=(l—x) A x

with the group B,(F) placed in degree 1. Note that o,(R,(F})=0, so the
definition is correct.

Let KY9(F):=Coker(K}{'(F)— K;(F)). Using some ideas of Bloch,
Suslin proved the following remarkable theorem (see also closely related
results of [DS] and {Sa]).
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THEOREM 1.13 [S2]. There is an exact sequence
0— Tor(F* F*)~ —» KPYF)—> Kerd,—0

where Tor(F*, F*)~ is the unique nontrivial extension of Z/2Z by
Tor(F*, F*).

Historical Remark. The kernel of the homomorphism J: Z[ PL] — A*F*
is called the Bloch group. It was introduced by Spencer Bloch in his
pioneering work [BI3]. The relation of this group to K™F), and also
the interpretation of elements of R,(C) as functional equations for the
Bloch—Wigner function together with a geometrical spectral sequence for
the computation of H] (GL,(C), R), appeared in [BI1]. Influenced by
these ideas, Dupont and Sah [ DS] and independently Suslin [ S3], see also
[S2], divided Z[ P}.] by R,(F) and clarified the relation of H'(B(2)) with
H,(GL,(F)) and K'(F). I recommend also the excellently written first
part of [ D]. The group B,(C)~ has a beautiful interpretation as a scissors
congruence group of tetrahedra in the Lobachevsky space. Dupont and
Sah have also studied the homology of GL(3, F) and configurations in
the projective plane (unpublished, cf. [ Sa, p. 307] and Dupont [ D1]). See
also [LS].

Theorems of Matsumoto and Suslin claim that
H'(Br(2)®@Q=K(Flg
H(B.(2)) = K,(F).
Let us define the complex B.(3)® Q as follows:
Bi(F)g—> (Bo(F)® F*)g — (A°F*), (1.21)
where the left group is placed in degree 1 and
dxt=[x]1®x; H[x]®r=(1—-x)Ax A

(Here {x} is a generator in the group B,(F) and [x] is a generator in the
group B,(F)).
The correctness of the definition is provided by the following theorem.
THEOREM 1.3". 3:(R:(F)) =0 in B,(F)® F* modulo 6-torsion.

Now let us introduce the rank filtration on K,(F). According to the
stabilisation theorem of Suslin [S1],

H,(GL(F), Z)=H (GL(F), Z) (1.22)
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KII‘F)‘:.J = Prlm H/,(GL,,(F). @)
Therefore
Im(H,(GL, ,(F),Q)—H,(GL,F), Q))

gives the canonical filtration on H,(GL,(F), @) and hence defines a
filtration

K(F) oK\ (FIuo K (F)go - (1.23)
Set
KUF) g = KF) o /K0 (1.24)
THEOREM .14  There are canonical maps
e KUPYF), > HY(B3)®Q)
¢ KV WF)g > HY(BL{3)® Q).

Remark. Suslin proved in [S1] that K!"WF), = K}(F),. More
precisely, he proved that the homological multiplication

H(F*yx - xH{(F*) > H(F*x - xF*)— H (GL,(F)}
defines an isomorphism modulo (# — 1}!-torsion
KY(F)— HAGL,(F))/H,GL, _(F)).
In particular, we have
K(F) = HY (B(3)®Q).
CoNJECTURE 115, ¢, and ¢, in Theorem .14 are isomorphisms.

9. Polyvlogarithms and the Weight p Motivic Complexes I'j.(p)

In this section we give an inductive definition of subgroups #,(F)c
Z[ P}.] and hence define for all p groups

BAF) :=Z[ P)/AAF).
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Set #,(F)=F*. Let us consider the homomorphisms

Z[PL]1 -5 F* A F*
o {x}(l=x)Aax, xeP\O,L,c & {0}, {1}, {cc} =0

Z[P]—" B, (FI®F  p>3;
o {x}—{x}, ®@x, xePp\0, 1,00,  &{0}, {1}, {oc}—0,

where {x},_, is the image of a generator {x} in Z[ P}.]/#, ,(F). These
formulae reflect the differential equation (1.1) for Li(z). Then the sub-
group A,(F) is defined as follows:

Let X be a curve over F and F(X) be the field of rational functions
on X. Consider an element

ni{ff} € Z[P]HX)]-

o=

Iz

!

A rational function f; defines a map f;: X — P.. So for any point ye X
there is a specialisation

N

aluy=3 n{f(u)}eZ[PL].

i=1

Set .o/ (F) := Ker( Z[ P! ]-—~+.' WFY® F*),p>=3, and
o(F) = Ker(Z[ PL] =2 F* A F*).

Let us denote by #£,(F), where p > 2, the subgroup of Z[ P], generated
by {0}, {oc}. and a(u )— a(u') where X runs through all connected smooth
curves over F, u, ¥’ run through all points of X; and a € .o/,( F( X)).

It is easy to prove by induction that {x},+(—1)" {x '} e & (F(P")).
So ({\'},,+(—l)”{\*‘} — ({0}, + (=1 {oc},)eA,(F) and hence
{x},+ (=17 {x"'}, e#,(F) Therefore 2-{1},¢ %(F) for p even. We
will see below that {1} ¢ #£,(C) for p odd.

r

LemMma 1.16. (A (F))=0in B, |(F)®@F*

Proof.  First of all let us prove by induction that for a variety X/F
and an irreducible codimension 1 subvariety X, < X over F there is a
specialisation map s,: 4,(F(X)) — #,(F(X,)) that is defined on generators
by so: {f} = {flx} if X ¢ Supp div fand s,{ f} =0 in the opposite case.

607 114:2-4
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We need to check that so(#4,(F(X))) < #,(F(X,)). Suppose that we have
already proved this for 4, ,. Then there is a homomorphism (we suppose
that p > 3; the case p =2 can be considered analogously)

So- -%,y71(F(X))®F(X)*—’»%,, UFX))Y® FUX )

{{fl v} ®gly, il X, ¢ Suppdiv g Supp div /
0 otherwise,

S {1 @ g

and s,:0=05,. So if Y- X is a curve over F(X); i,,i: X-Y;
Ji Xy S X, Y(X,) is a fiber of Y over X:
Y(Xy) e ¥
1149 |
Xy <4 X

gzzni{gl}pe'c/p(F(X)( Y))-g:an{g| )'1,\'(1)}/1'
Then ge.«/(F(Y(X,))) and so s(ifg—ifg)=i5g& —ifgeAF(Xo)).
Lemma 1.16 follows immediately from s, -d=09-54. |

Set
B(Fyq=Z[ P}/ AF). (1.25a)
Let us define a complex I',.(p) as follows
BAF) 25 B, (FY®F* 5 - 20 So(F)@ A F*— APF*
(1.25b)
where 4,(F) is placed in degree 1 and A”F* in degree p,
X}, ®y A - Ay, )={xX}, (®xAy A Ay, (126)
for k> 2, and

Mfx}a®y, A Ay, J=(l=X)AxAp A - Ay,

Then 6 =0 modulo 2-torsion.

CONJECTURE A.  There is a canonical isomorphism

HI(T(m)®Q)=KYD(F)g.

2n - i

Let us denote by K,‘,’”’(F),Lp the subspace of K, (F), where the Adams
operations yr, act multiplication on /™ (see [ So]).
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CONJECTURE 1.17.  The rank filtration (1.22) is opposite to the Adams
y-filtration after X Q:

KLP)(F)@: @® K,i,i}(F)o-
isn—p

It seems that this conjecture was first stated by Suslin (unpublished).

In the case of number fields K}™(F)g #0 only if n=2m — 1. Recently,
Yang [ Y]] showed that an improvement of arguments of Borel [ Bo2] per-
mits one to prove for number fields F different from Q that K{/(F)g #0
only if n=2p + 1. So Conjecture 1.17 is valid for number fields F Q.

Now let us give a motivation for the definition of the groups 4,(F) and
the complexes (1.25) and prove that Zagier’s conjecture on {x(n) for num-
ber fields is an immediate consequence of (the refined) Conjecture A and
Borel’s theorem.

PropoSITION 1.18. Set fB,=2%.B,/k\, where B, are the Bernoulli
numbers, then

(l"(/ZM(:) = r-(fz,,, 1(:) darg z

—<2n22ﬁk logt ! 2| -Yz,,,k(:))dlog |z (1.28a)
k=2
ALy 1(2)= — F(z) arg =

_<2:Zzl By -logh ! |=| 'ffé,,ﬂﬁ,‘.(:))-dlog 2|

— Py log® ' |z]

(log |z| -dlog |l —z| —log |1 —z| -dlog |z]). (1.28Db)

Proof. The proof is a straightforward calculation using the identities

— i BB x=r- B 428, 1, =T (=1 By B,y =r-p, that follow
easily from the generating function for the 8,, X f,x" =2x/(e**—1).
There is a little bit more natural formula for the function

O(Zr(:):={$,(:), nodd

i-L(z), neven

d?,(z)=2, ,(z)d(iarg:z)

n—2
- Z ﬂklogkﬁl |:|jn—k(:)dlog I:I

k=2
— B, log" 1 |z| (log |z| dlog |1 — z| —log |1 — z| dlog |z|).
(1.28¢)
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For another formula for d.¥,(z) (without Bernoulli numbers on the right-
hand side) see [Z3].

COROLLARY 1.19.  Let us define a homomorphism ¥,: Q[ P{ ] — R setting
L4zy) = Llz). Then the restriction of ¥, to the subgroup #,(C) <
Q[ PL ] is identically zero, so we have a correctly defined homomorphism

Y #B(C)—- R

The proof follows by induction from the formulae (1.28). More precisely,
there are homomorphism 4,:

A QLPL] = (SU(F)y®@5" * 'FEIQFE, k=3
A4, Q[PL] > S" "FLRAFY
that are defined as the following compositions:

Sy

ék: @[P}_]'—? '%n I(F)U®Fa
s (B(F)y@FL® " YQF%
—— (BUF)®@S" *IFX YR F}

Oy ®@id

3y 1 &®id

4,: Q[ PL] SN A, (Filg®F%

s BFI®S" RN R RSt FE

Let X be a curve over C and a(z)=3 n,{ f(z)} € 4,(C(X)). Consider
Lla(z)) as a function on X. Then d.¥,(a(z)})=0. Indeed, in this case
every term of the right-hand side of (1.28) is zero because of A4,{a(z))=0
and the induction assumption if k>2 So ¥,(«(z))=const and hence
Llalzg) —alz, ) =0. |

When Fis a number field Conjecture A should be refined by the assump-
tion that the composition

K, (Fy->4,(F)-» @ AC) - D Rm—1)
Hom{F. () Hom(F. 0}
is just the Borel regulator.

Then it implies, of course, Zagier’s conjecture on values of Dedeking
zeta-functions at integer points.

Corollary 1.19 means that #,(C) is just the subgroup of “functional
equations” for the n-logarithm .Z,(z). In the definition of #4,( F) we have an
infinite number of one-variable functional equations. However, 1 believe
that there exists a universal many-variable functional equation such that

A,(F) is generated by its specialisations. Let me state the precise conjecture
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in the cases n=2,3. Recall that the subgroups R,(F) and R.(F) are
generated respectively by S-term relations and relations Rsla, b, ¢); see
parts 8 and 5. I claim R, (F)<c %,(F) for n=2, 3. The proof in the case
n=73is as follows. We will see in Sections 4 and 5 that 6R;(a, b, c)=0 in
By(F(a, b, ¢))® Fla, b, ¢)*. In fact, this is not hard to prove directly. Con-
sider Ry(a, b, ¢) as a function in the variable q, i.e., Ri{a, b, c)c Z[P,',m)],
with b, ¢ fixed. Then by our definition Ri(a, b, ¢) — Ry(1, b, ¢) € A4 F).
Further, considering R;(1, b, ¢) as a function in the variable » we get
Ry(1,b,¢)— R;(1, 1, c)e #4(F). Finally, R4 (1,1,¢)— R;(1, 1, c) e Ry(F),
but Ry(1, 1, oc ) =7{ac} = A;(F). The case n =2 is similar and even simpler.

CoNJECTURE 1.20. R (F)=R,(F) for n=2,3.

Let F, be the subfield of all constants of F (i.e. of the elements that are
algebraic over the prime subfield of F). There is the following rigidity
conjecture of Merkurjev-Suslin for K'74(F,) = K'?(F) (see Conjecture 4.10
in [MS]).

CONJECTURE 1.21. K'M(F,)= KT(F).

ProposiTION 1.22.  If F, is algebraically closed then Conjecture 1.20 for
n=2 is equivalent to Conjecture 1.21.

Proof. (a) (Conjecture 1.21 = Conjecture 1.20). Let X be a curve
over F. By Suslin’s theorem [S3] @4(F(X))/R(F(X)® Q= KM(F(X))qg-
So Conjecture 1.21 implies that for any a(z) =3 n,{ f;(z)} € A (F( X)) there
is a fe.oh(F) such that a(z)— fe R,(F(X)). Hence specialising we have
x(zq) —2(z,) € Ry(F).

{b) The claim that Conjecture 1.20 = Conjecture 1.21 is a special case
of the following.

ProposITION 1.23.  Let F, be algebraically closed. Then for n>1,
HI(FF(,(n)O); HI(FF(")@)-

Proof. Let a=3Y" n{x}ed(F) Set [I,:={feF[t,..t,]1]
Sxy, ey x,,) =0}, If a¢ .o/ (F,) then dim Spec Fy[¢,,...1,]/[,=1. Let
(x9, .., x%) be a point of this variety defined over F,. Set oy =3Y7", n,{x?}.
Choose a curve Y (over F containing (x9,..,x°%) and (x,, .., x,). Then

m  n{t,} gives an element of &/, (F(Y)) (¢; considered as functions on Y).
So we have a —ape Z,(F). |

Note that Proposition 123 and Conjecture A imply the following
conjecture.
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CONIECTURE 1.24.  Let Fy be algebraically closed, then for n 21

K[z:;lr (Fo) = K%:L (F).

This conjecture was stated by Beilinson (for the Adams filtration), who
also has shown that it follows from (his) standard conjectures about
categories of motivic sheaves and independently by Ramakrishnan in the
case when F is algebraically closed (see [R2]).

Remark. Let #,(F)< #,(F) be the subgroup generated by {0}, {0},
and «(1)—a(0), where xe./,(F(f)). {The difference in the definitions of
.%,,(F) and .%,,~(F) is that we use only P} instead of all curves X/F.)
Undoubtedly #,(F)=4,F). However, this is not known even for p =2,
where it is equivalent to the rigidity conjecture for K7 F). In any case we
can set /3,,(1’) :=Z[P‘,-],“’5?,,(F) and define motivic complexes f,(n). It
seems that these complexes are much more convenient for the construction
of a natural homomorphism from motivic cohomology to algebraic
K-theory (& Q).

10. The Mixed Tate Lie Algebra L(Spec F)

For the convenience of the reader we repeat in this section some basic
definitions given in [ Be2, BD1]; see also [ Del, DeZ, BMS].

A mixed Tate category 1s a Tannakian category .# together with a fixed
invertible object Q(1) , such that any simple object in .4 is isomorphic to
Q) , =W(1)E"™ for some me Z and

dim Hom(Q(0) ,,, Q(m) ,) =0, ,, (1.29)
Ext', (Q(0) ,, Q(m) ,)=0 for m<0. {1.30)

An object .# of ./# carries a canonical finite increasing filtration
O F T F g Cosuch that = F_ . F_, | is isomorphic to a direct
sum of Q(—i) ,’s. Let Vect{Q) be the category of finite-dimensional
graded vector spaces over Q. Then there is a canonical fiber functor
® 4 H > Vect' (D), o, F— D Hom(Q(—i) ,..%). Let us denote by
L{. /) the Lie algebra of derivations of w: an element ¢ € L(.#) is a natural
endomorphism of o such that ¢ ;. o - = ; ®1d,, ;, +1d,, ;,,®¢ ;. Then
L{.#) is a graded pronilpotent Lie algebra such that L(.#),=0 for /= 0.
Such a Lie algebra is called a mixed Tate Lie Algebra. For any mixed
Tate Lie algebra [ the category L-mod of finite-dimensional graded
L-modules is a mixed Tate category with Q(1) :=a trivial one-dimensional
L-module placed in degree —1. The fiber functor is just the forgetting
of the L-module structure functor. So for any mixed Tate category .#
the fiber functor  , defines the equivalence of mixed Tate categories
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W 40— L(.#). Any Tate functor F. .#, — .#, (that is, by definition, an
exact ® functor such that F(Q(1)_,)=Q(1) ,) defines a morphism
F:L(.#)— L(.#). For #eOb.# set H' ,(%):=Ext’,(Q0),, F)=
HY(L(W), w ((F)).

Beilinson conjectured that for any scheme S there exists a certain mixed
Tate category .#5(S) of (mixed) motivic Tate (perverse) Q-sheaves over
S—see [B1]. He also conjectured that in the case S = Spec F, where F is
a field .#,(F) := .#,(Spec F), the following holds:

Ext’,, i Q(0) 4 5 Q1) 4 ) =KV (F)g. (1.31)

2n—1i
11. Conjecture A <> Conjecture B in the Beilinson World

CoNJECTURE A'. The complex I'p(n)g represents RHom(Q(0) ., x.
Q(n) . r)) in the derived category of M (F).

Let L(F) be the mixed Tate Lie algebra corresponding to the category
Mr(F). Then (1.31) can be written as

H{(L(F), Q(n))= K" (F)g. (1.32)
In particular, we have an isomorphism of Q-vector spaces
L(F)Y,=H'(L(F),Q(1))=F§. (1.33)

Set L(F). _,:=@® ;" , L(F),. Sometimes we will write L, L _ _, and so
on, omitting F. It is well-known that for a nilpotent Lie algebra g the
space H,(g)=g/[a,a] can be interpreted as the space of generators of g.
So the space of degree —n generators of L_ _, is isomorphic to L_,/
(L oL 5], where [L_._,,L_._,]_, 1=ZZ;§ (L L il
The Lie algebra L acts on L__,/[L._,,L._,] through its abelian
quotient L/L _ _,. The action is described by a map

S L/ILo s@H (Lo ) oy H(Lc_35) .
Let
e Hl(Ls—2)(»”—’Hl(Ls—erzfl)@(L/Ls _2)” (1.34)

be the dual map.

CoNJECTURE B. (a) For an arbitrary field F, L(F) . _, is a free graded
pro-Lie algebra.

(by H{(L(F)._3)",=2#8{F)g.n21
)

( The map [ ¥ (see 1.34) coincides with the differential 6: B,(F)g —

B, (F)g ®F¥ in the complex I'(n)g, (n=2).



228 A. B. GONCHAROV

ProrosiTiON 1.25.  Conjecture B implies Conjecture A.

Proof.  Let us compute H*(L(F), Q(n)) using the graded version of the
Hochschild-Serre spectral sequence related to the ideal L(F)_. _, < L(F).
Then

EPi=A"FEQ@HYLIFY, ,, Qln—p))

We have HYL(F). ,,
LiFy. , is free, H'(L(F)

Qum))=Q if m=0 and

Q(n))=0 for ¢=>2 because the Lie algebra
e QMY =4(Fly (m=22), H(LIF), .,
0 in other cases. So

0 if ¢g=0
Eri— ATFE® 4, A F)y if g=1, 0<pgn-2
YU ATFX if ¢g=0, p=n
0 if ¢g=0, p#n,

dr-l ErY— EPHN coincides with the differential in (1.26),

O ATFE® A, (Flo—ATT'FER S, , (Fg (p+l<n-2)

no-p

and d% > EY ' > E%" with the one in (1.27)
O A" IFEQ AAF) L I0(A" CFE® A(F) ) > AFE.

Other differentials in the spectral sequence are zero, so we get just the
complex I'p{n)g.

Now let us prove that under some natural assumptions Conjecture A
implies Conjecture B.

Let (A%(L)), @) be the cochain complex of the Lie algebra L. It has a
natural grading; A(L)=&_, A(LY),. Suppose that there are homo-
morphisms ¢, B (F)y— LIF)”,, k=1, such that the following diagrams
are commutative:

B F)g — A (Flag®F%
wl lwx lAf/’I, k>3 (1.353)

)

LF) ", ——— (ALF)")

A(F) —2s  APF*
(7 PN @
l [ 4 (1.35b)
L(F)Y,—2— A2L(F)",
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Then we have a homomorphism of complexes

Yo Dplk)g = (A(LIF)Y), 0), (1.36)
wk: {X}m®}‘1 A e /\.]"kfm}_—’(ﬁm({X}m)®(pl(yl)A e A (p]().k—m)' .

Now let (AL 7 _,).8") be the cochain complex of the Lie algebra L_ _,.
Then it follows from (1.35) that &' - ¢ (A.(F)g)=0. So ¢, gives the map

@r: Bi(Fog— H(LIF) . _,, Q(k)) (1.37)

where H'(L(F)S,,z, Q(k)) is the subspace of L(F)Y, consisting of
functionals with zero restriction to [L(F)_. _,, L(F) . _,]1nL(F)_,. It is
isomorphic to the dual to the space of degree —k generators of the Lie
algebra L(F) . _,.

ProprosiTiON 1.26.  Suppose that s, (see (1.36)) is a quasi-isomorphism
of complexes. Then L(F)_ _, is a free graded Lie algebra and ¢, is an
isomorphism.

Proof. 1 B(F)y=F% >3 L(F)Y, and an easy induction shows that
ker ¢, =0 for all k.

Let us prove using induction on the degree that H(L _ _,)=0for i>2.
There is a filtration .# * on the complex A*(L)):

F ALY Y= ALY ® A(L))
g ALY Y= ALY @ (AL . _,),8').

Let aeA(L._,) ,,i=2, and &a=0. Then 8ae F'A(L);, let b,
be the image of da in gr'A%(L)). Denote by &, the co-boundary in
the complex gr*; A%(L)). Then 8,,0a=0. By the induction assumption
there is an a,eL” , ®A'"'(L,_,) such that & a,=5h,. Therefore
dla—a,)e F2A(L)). Let b, be the image of d(a—a,) in gr’A* (L ). Then
82b,=0 and we can find an a,e AXLY)®A' "> LY _,) such that
8,5,a,=b,; consider a—a, —a, and so on. Finally, we get an element
b,e A (LY )®LY ,_,suchthatdb,=0. The quotient A(L) ), W (I (k)g)
is an acyclic complex because ker ¥, =0 and v, is a quasi-isomorphism. So
there is an a@;e A°(L ), such that da,=b,mod ALY Y® ¢, _AAB_ 1 _;)
Let a~a, —..—a;,=x+x" where x'egr' A(L)) and xe A(L . _,). Then
&'x =a. So we have proved that H(L _ _,)=0 for i >2.

Now let us prove by induction that the homomorphism ¢, (see 1.37) is
an isomorphism. We have by definition that

Il

H'(L,, Qk))=ker(H'(L . _,, Q(k))— L, | ®F%)
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and it is easy to see that the image of & liesin H'(L . ,, Q(k—1))® F*
which is just .4, (F),;® F¥ by the induction assumption (k > 3). There-
fore there is a quasi-isomorphism of complexes

BAF), —— s B, (FI,®Ff—2— ...

s l ‘

HYL. 5, Qk)—" 8, (F),®Ft—"o ...

{1.38)

So @, is an isomorphism. ||

We see that if we assume homomorphism ¢, : A(F),— (LIF) )
providing quasi-isomorphism . : I' (k) — (AS(L(F)Y). @), and assume
also Beilinson’s conjecture (1.31) (together with the rank conjecture

(1.17)), then Conjecture A = Conjecture B.

12. Some Evidence for Conjectures A and B

The motivic category . #,(Spec F) and the Lie algebra L(F), are rather
mysterious objects, whose existence is not proved yet. However, Beilinson’s
conjecture relating Ext’s in the category . #-(Spec F) with algebraic K-theory
together with a symbolic description of the first pieces of K-groups gives
a key for an understanding of the structure of L{F), For example, we
have already seen before that L(F)” | should be canonically isomorphic to
F#. Further, assume that there is a homomorphism ¢,: By(F)— L(F) 7,
making the following diagram commutative:

By(F), — " A*F¥
| R
v X l . (139)

4
L(F)", APF Y,

5

(On the right-hand side of the bottom line stands A*(L(F)"~ , but it should
be isomorphic to A*F%.) The cohomology of the Bloch-Suslin complex
(upper line in (1.39)) is isomorphic to K'™(F), and K,(F),. Beilinson’s
conjecture {see (1.31)) predicts that the bottom line should have the same
cohomology. So it 1s natural to assume that the vertical arrows induce an
isomorphism on cohomologies. Then ¢,: B,(F),— L(F)*, must be an
isomorphism!

In fact the last assumption (that the morphism of complexes (1.39) is a
quasi-isomorphism) can be deduced from the Borel theorem and standard
conjectures; the rigidity and existence of the Hodge realisation. Indeed, if
F1s a number field, then the following diagram should be commutative
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H{(B.(2)® Q)
| N rg
[ N
@ 1 >‘HL(SpeCF,R(2))=R’3,
7
l / rx

H'(L(F)., Q(2))

where r is the Borel regulator and r, is the regulator from the motivic
cohomology of Spec F to the Deligne cohomology provided by the
expected functor of the Hodge realisation of our motivic category. By the
Borel theorem ry is injective, so @, is also injective. By Suslin’s theorem
both Q-vector spaces have the same dimension: dim K(F)g, =r,. So ¢,
is an isomorphism. Now the rigidity conjecture tells us that ¢, should be
an isomorphism for an arbitrary field F. Therefore ¢, is injective. Further,
we have

A2, APF*J3(By(F)g) 3 A2L(F)Y /8- 95 By(F)g).

The left-hand side is isomorphic to K,(F) 5. So H(L(F)Y ,)=0-@,(B5(F)y)
and therefore ¢, is an isomorphism.

Now let us consider weight 3 motivic complexes. Assume a homomor-
phism @.: #3(F)— L(F)" , making diagram (1.35a) commutative. There is
a homomorphism B,(F)-— #.(F) (see part 9), so we get a morphism of
complexes (assuming L(F}Y, =@ By(F)qy, L(F)Y, = F%)

By(F) —2—— B(F)QF* 2 APF*

Wl Slw:@wl Sl«l"w

L(F)" ,—"— L(F)Y ,® L(F)¥, —— AL(F)",.

The bottom complex is just (A°(L({F),);, 0)—the part of grading 3 of the
cochain complex of the Lie algebra L(F)..

The main results of this paper give considerable evidence for the
expected isomorphisms

H'(Br(3)® Q) H(A(L(F).)3). (1.40)

More precisely, the same arguments as above show that in order to be
convinced of (1.40) it suffices to prove Conjecture 1.15. It is easy to see that
(1.40) implies that ¢,: By(F)g — L(F)Y ; is an isomorphism.
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In any case the complexes (A(L(F).),.0) for n =23 look like the
complexes I".(n). But already the weight 4 part of the cochain complex of
L(F)_, that is

LAF)V @1
LF)"y— S
LY
s L(F) ,® APL(F)Y | = A*L(F)" . (1.41)

looks quite different from [.(4), because we have an extra term
ACL(F)”, (4=2+2) that has no analog in [,(4) So assuming a
homomorphism ¢, #,(F), — L(F)” , making (1.35a) commutative we get
a homomorphism @, of 7I',.(4) to the complex (1.41), but it cannot be
an isomorphism. However, the following important lemma shows that
G HA(T ()@ QY= HYAYL(F),),) is an isomorphism (assuming
LiFy' = 4,(F)y=B,(F), forn=1,2 3)

LemMma 1.27.

. | —x 1—x X > X
et — o )l X X
b{< A 1 )}]+{l_}}z %1_}' e {1}3, ®."

B
+-:.\-};®<1—y)—{y},®<1—,x-)+{%} ® ‘J
R 3 E

=0l{na A f] =@ =) A= x| @1 =y Ay
Proof-  The proof is shown by direct calculation. ||

More precisely, this lemma proves that (A°L(F)",) < d(L(F)*,®
LUFY ) if we assume only L{F}",=By(F)y and ¢.: By(F)— L(F)",,
making (1.35a) commutative {we need not assume that ¢, is an
isomorphism).

CoROLLARY 1.28.  Assume that for n=1,2,3 there exists isomorphism
@, B\F), > LIF)" . making diagram (1.35) commutative. Then
H" Y(L(F),_, Q(n))
xker(ByF)y,®@ A" PFh—> A"FE){x},@x A A" FE. (142)

Proof. The left-hand side is just the cohomology of the following
complex

L@ty N
@ ¢ L%:@A”V:’LV: “ A”LV,|-

BT RSN R UERT

[t remains to apply Lemma 1.27. |
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Note that the right-hand side of (1.42) maps to H" ™ (I'p(n)® Q) and
this map should be an isomorphism because of the rigidity conjecture
B(F)g=%,{(F)q.

Consider the element (¢, {a} :=¢,{a},)

R T
+ @ x} (1 —p)—@:{ v} (1 —x) + ¢4 {‘I}C@ i _

—@:{x} A @y} (1.43)

that liesin LY, ® LY, @ A°LY,. By Lemma 127 its co-boundary is zero,
so there should be an element ¢,(x, v)< L" , whose co-boundary is (1.43).
Let us assume that such an element ¢,(x, y) exists.

Now look at the weight 5 part of the cochain complex of L(F),:

. v v 2y v
5 2 LY, ®LY, 5 L i@ AL, R 5 o R oL
L f— & — ® — LY, @A LY | —> ALY .

LheL, RUASY-Y AR

We would prove that the component ¢, ,: LY, > LY, ®LY, of the
co-boundary @ 1s an epimorphism. Unfortunately it is not quite clear how
to construct an element in LY because L7, itself is a quite mysterious
object. However, assuming the existence of ¢,(x, ) we can find an element
in LY,®L", @&LY,®L", with zero co-boundary, whose component in
LY ®LY, is ¢:{x} ®@,{y}. We expect that such a cycle should be in
ALY ;).

Let us do this. We assume a ¢, #(F)— L(F)”, making (1.35a)
commutative. Consider the following element:

1—x

X X X
Ps(x, ¥) = @4(x, ¥) ®;+ @4 { }® +o {x}®(1-y)

yy b=y

+ oM@ (1 —x)— . {x} @ @a{ ¥} — @a{r} @ @a2{x}.

LemMma 1.29. 0d4(x, »)=0.

Proof. The proof is by direct calculation using formula (1.43) for

pyx.y). 1

The L7, ®L", component of —1/2(¢(x,y)+ ¢@s(x,» ")) is equal to
@{x} ®@@o{y} because { y},+{y '},=0in By(F)g and {y},={y"'}s
in By(F)g.
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We can pursue this idea further and “construct” by induction elements
@ (x,v)e L(F)*, (using the same assumptions as above) such that
(@ la}) =1—aeF¥*)

X X} _1—x
a¢n("\-* .‘v) :¢71 I(‘\.ﬂ ‘.®%+ (pn 1 {‘l}® 1 _ :,
[n/2]
+ Z (—I)A I((pn A{\}®(pl\{‘}
A=1
+(—1) k(/)n k{}'}®(/’k{-\‘}) (1.44),,

for n odd; for n even we have the same formula, but the last term will be
(=12 Dg,0x) A @iy

ProposiTioN 1.30.  Suppose that &, (x,v) is given by formula
(144, . Then the co-boundary of the right-hand side of (1.44), is equal
to 0.

Proof.  Direct calculation using the formula

X ‘) l—x
@<¢” ,)(.\',y)®%+<p,, ,{%}@ ........ ‘,'>

[t - 142}

= 3 (=D o, 1 X} ®elx}

k=0
+(=1)" " e, oy @erix))

(for n odd the last term in this sum should be ( — [}* - 12

D —1»2{)'}-

' D 1»‘:{-\'} A

13. A Topological Consequence of Conjecture B

This section developed during discussions with A. A. Beilinson in May
1990. In the Beilinson world any morphism of schemes f: X — Y defines a
exact “inverse image” function f*: M (Y)— M ,(X) and so a morphism of
corresponding Lie algebras L{Y),— L(X),. In particular, if X is a variety
over a field F we have a canonical epimorphism L(X),— L(Spec F),. Its
kernel is called the geometrical fundamental Lie algebra of X: L#°™( X},

For the generic point of X we have

0— LE"(F X)), - L{FX)), —» L(F),—0.



GEOMETRY OF CONFIGURATIONS 235

The commutant of L#™(F( X)), lies in L(F(X)). _, and so its should be
a free graded pro-Lie algebra. Now suppose that F=C. Let # , be the
category of “good” unipotent variations of mixed Hodge-Tate structures
over a complex manifold X (see [H-Z]). There is a canonical fiber functor
Wy Hy— Vecty, w4 H— @, Hom(Q( —1) ,, gri' H), where Q( —1i) , € #,
1s a constant variation of the Tate structure of weight /. There should be
a canonical Hodge realization functor r , : .#-(X)— #), commuting with
these fiber functors:

Mp(X)

X
rx

g

Vecty,.

H,

So we get a morphism of the corresponding mixed Tate Lie algebras
LE™(X),— L¥"™(X), that should be an isomorphism in the Beilinson
world. More precisely, Beilinson proved that this follows from standard
conjectures including the Hodge conjecture—see a future version of [ BD].

On the other hand, L&°™(X), is isomorphic to the Lie algebra of the
maximal Tate quotient of the pronilpotent completion of the classical
fundamental group 7,(X, x), xe X.

More precisely, Hain and Zucker introduced the notion of “good”
variation of a mixed Hodge structure on an open manifold X (that is, some
special conditions at infinity—see Conditions 1.51, 1.511 in [H-Z]) and
proved the following.

TueoreM 1.31 [H-Z]. Fix any xe X. Then the monodromy represen-
tation functor defines an equivalence of categories

“good” unipotent variations
of mixed Hodge structures
defined over Q)

of lim, Qn (X, x)/ #" defined over

N {mi.\‘ed Hodge theoretic representations}

(¥ is the kernel of the usual augmentation of the group ring).

On the other hand, let L , (*), :=mixed Tate Lie algebra corresponding
to the category of mixed Tate (-Hodge structures (over a point *). Then
we have

0—- LE™(X), o L, (X),»L,(x), -0
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A point ve X defines a sphtting L, (x),— L, (X), of this exact
sequence. So a representation of L, (X) is just a mixed Hodge theoretic
representation of L&°™(X). Therefore the Hain-Zucker theorem implies
that the universal enveloping algebra of L%""(X), is isomorphic to the
maximal Tate quotient of im, Q[ 7, (X, x)]/.9".

Summarizing we see that L&"™(C(X)), should be isomorphic to the
maximal Tate quotient of the pronilpotent completion of the classical
fundamental group of the generic point of X(C). (In fact, to give a precise
definition of the last object we should work with the mixed Tate category
of good unipotent variations of mixed Tate -Hodge structure over the
generic point of X(C) and use Beilinson’s arithmetical fiber functor, because
we cannot choose a point x of the generic point of X(C)). Combining all this
we see that in the Beilinson world Conjecture B implies

CONJECTURE 1.32.  The conmutant of the maximal Tate quotient of the
pronilpotent completion of the classical fundamental group of the generic
point of an arbitrary algebraic variety over C is free.

This conjecture can be considered as a geometric analog of the following
Bogomolov conjecture

CoNJECTURE 1.33 (Bogomolov, 1986). The commutant of the maximal
pro-p-quotient of the Galois group of the geometric tvpe field K containing
a closed subfield is free as a pro-p-group.

The condition on the field K means that it has a realisation as a field of
functions on an algebraic variety over an algebraically closed field & or is
obtained as a completion of such a field with respect to some valuation.

Conjecture 1.32 suggests that Conjecture B can be considered as a
motivic version of the following Schafarevich conjecture.

CoNJECTURE 1.34 (Schafarevich).  The commutant of Gal(Q/Q) is a free
profinite group.

14. The Residue Homomorphism for the Complexes I (n)

Suppose that the field F has a discrete valuation v with residue class field
F,(=F). The group of units will be denoted by U, and the natural
homomorphism U— F* by wurii. An element 7 of F* is prime if
ord, 7 = |. Milnor constructed a canonical homomorphism (see [ M2, §2]

8. KMF)—>KY |[(F,). (1.45)

t 2
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It is defined uniquely by the following properties
(1) 0fm uy, yu, ={u,, ... u,
(i) @ duy, yu,} =0,

where u, ..., u, are (arbitrary) units and z is a prime element.
In this section we will construct a canonical homomorphism of complexes

Q)

c ey > Te(n—1)[ —1] (1.46)
such that the induced homomorphism
8 H I p(n)y—> H" Y(Te(n—1))

coincides with (1.45).

Let us adjoin to the ring A°F* a new symbol & of degree 1 which
anticommutes with the elements of F* and satisfies the identity & A &=
& A (—1). We denote the enlarged ring by A*(F)[&]. It is a free A(F*)-
module with basis {1, &}.

The correspondence n'u —if +i extends uniquely to a ring homo-
morphism 6 : A(F*)—> A (F*)[£]. Setting 0 (o) = (o) +&-0(x) with
(), 0 (a) e A(F*), we get the required homomorphism ¢&,. It obviously
satisfies conditions (i), (11), and so does not depend on the choice of the
prime element 7.

Now let us define a homomorphism s,: Z[ P}] — Z[P‘E] as follows:

{{f} if x is a unit
six} = .
{0} in other cases.
Then 1t induces a homomorphism

5. BAF)—> BF)

(see part 9).
Consider the homomorphism
0, BAFY® A" *F* 5 B(F)RA" Y (F¥) L47)
(1.
B A{xI @y A o AV, o s AX} @AY A - A Ya_i)

LEMMA-DEFINITION 1.35. The homomorphisms 0, commute with the
coboundary 0 and hence define a homomorphism of the complexes (1.46).

Proof. Let x=n'-u, where uis a u-unit. We have the following special cases:

(1) k=2,i=0,a=1. Then u=1+ nv and

a(.é({ll}'_g@y[ AN Aynf?.)
=0 ((—m)A(l+m) Ay, A - Ay, _,)=0.

607°114:2-5
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On the other hand. 50 ({u},® ---})=d({1},® ---)=0.
(2) k=2.i=0,u#1 or k>2i=0is an immediate consequence of

HACAV, A - AV, )=0UuAy, A -~ AY,

).

{3) k=2,i>0. Then ¢,({x}.® ---)=0 and

8, 04x},® )= run(l—nuyn -

]

Il
e

(4) k>2,i#0. Then 6,({x},® ---)=0 and
20 x1® - ) =0{x}y 1 ®xA - )=0.

(5) i<0. In this case we may use the relation 2({x},+
(—1)*{x "},)=0 in A(F). If we do not want to neglect 2-torsion,
it is sufficient to check that d.((1 —z “u) A (7 “u))=0,a>0. We have
l—nu=(=1) (1 —n“u "Yj{mnu ') so

a(1—m “uy a(m “u))= =3({(=1)-mu "y A(n “u))=0
because
O((=1)-mu ") (m “-u))
=(a-S+(—u "N A(—al+i)
=a*En(—D+a-Enuta-En(—a Y+(=1)=(—1).

15, The Motivic Complexes T X, n). (a) Set I'(Spec F.n):=Ip(n).

(b) Now let X be a smooth curve over F and X' the set of all points
of X. A point xe X' defines a discrete valuation v, of the field F(X).
Denote by F{x) the residue class field of ¢.. Let us define the motivic
complex F{X,n) as the simple complex associated with the following
bicomplex

U A, (F(X)) LR N U A" Fx)*
ve x! ve x!

wa W,

o

BAFX)) —2— B, (FXNQ@FX)* 2 o — 2 s A"F(X)*.

CoNIECTURE 1.36. HY(I(X.m)®@Q)=gr} K., (X)y. Of cowse, this
conjecture has a motivic reformulation. Namely, if /(X)) is the category
of mixed Tate sheaves over X then the complex (X n)®Q should
represent Hom a0 0} v, Q(n) ). where D (X)) is the derived category.
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(c) Now let X be an arbitrary regular scheme, X' the set of all points
of X of codimension i, and F(x) the field of functions corresponding to a
point x e X'. We define complexes I'(X: n) for n <3 as follows:

ITX;0).  Z placed in degree 0

nx . Fx*x—2— || Fx*

xex!

nx.2; AR0*—" [ For—= ] 7

ve X! re X!
}

By(F(X))

a

NnX:3):  AFX)* i [I A42Fx)*—— ][] Fo*—— ] z

xex! ve X1? vex?

BAF(X)@F X)* —— ] BxF(x)

vex!

By(F(X))

where B,(F(X)) is placed in degree 1, coboundaries have degree +1, and
I'(X; 3) is the total complex associated with the bicomplex defined above.

The coboundary ¢ is defined as follows. Let xe X* and v,(y), .., v,,( 1)
be all discrete valuations of F(x) over a point ye X**' yex. Then the
homomorphism of complexes

O: Brxin) = ] Buon—1[—1]
xex!
is defined setting 0 =] [,. x' @.. The definition of other co-boundaries @ is
a little bit more complicated. Let x e X* and v(¥)s - 1,(y) be all discrete
valuations of the field F(x) over a point ye X**! yex. Then F(x),:=
a2 F(p). (Note that if ¥ is nonsingular at the point y, then

Fix)

F(x),=F(y) and m=1.) Let us define a homomorphism of complexes
a,\'.y: BH.\’)(j) - BF( »r)(j_ 1)[ —1 ]

as the following composition (j<2):

@D A @D NE, )

Bp(j)——— @ B, (j—- [ —-1]——— B, ,(j—D[~-1].
= (1.48)
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A priori the highly nontrivial feature here is the transfer homomorphism
in the second arrow. However, in our situation we need only the classical
transfer N, : K* — k* for finite extensions K> k. Now we define

o Byolj)— ]_[ BHyJ(j_ Hf—1]
ve Xhtl
as 0 :=]],.y 0, .. Note that for the upper line in the bicomplex /(X 3) é?
coincides with @7 in the Gersten resolution and so is equal to 0.

ProrosiTion 1.37. HAN(X,n)® Q)=gri Ko,  (X)y for n<2.

Proof- This is trivial for n =0, well-known for n =1, and follows easily
from Suslin’s theorem and properties of the Gersten resolution for n=2.

ConnicTure 1.38. HUTMX3)@Q)=gri K, A X)g.

Another construction of weight 2 motivic complexes was given by
Lichtenbaum. In fact, he defines an integral version of motivic complexes
(that is quite important!), but his definition uses essentially algebraic
K-theory and is more complicated.

(d) Now 1t is clear that the motivic complexes I'(X:#n) for an
arbitrary regular scheme X should be defined as the simple complex
associated with the bicomplex

Tryin)——= @ uun—D[-11-"5 "% @ Iy 0 —n]

ve x! e X"

where 0. =P ,. .0, , and &, is defined as the composition (1.48) where
the B-complexes are replaced by the I-complexes. The only difficulty that
remains is to show the existence of the transfer. Note that in order to define
the motivic complex [(X;n) as an object in the derived category it is
sufficient to define the transfer as a morphism in the derived category. This
can be done assuming the homotopy invariance of (A }.; n) (see below) in
complete analogy with the Bass-Tate definition of the transfer for K }(F).

More precisely, let F=k(¢t); v, (f)= —deg f, fe k(t). The other discrete
valuations ¢ of F, trivial on k, are in 1-1 correspondence with the monic
irreducible polynomial =, e k[t]. We have k(v)=k[t]/(n,). There is the
canonical homomorphism of complexes I',(n)— I'p.(n).

ConNgrcTUuRE 1.39 (The Homotopy Invariance).

F,,(n)/[“,\(n)‘—ﬂ'—'» L[ Fon—10[—1]

r#EC,

is a quasi-isomorphism.
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Assuming this conjecture we can define the following morphism in the
derived category

Ip(n)/Iy(n)
LI, / &,

1l Fein—1[—1] T fin=D[=11=Tin—=D[-1].
CEC,

It seems that it is possible to prove using ideas of [ BT ] and [Ka] that
the so defined transfer depends only on the extension L o k.

Note that to construct a homomorphism from H'I(X:n)®Q to
grr K, (X)®Q it is sufficient to construct a map H'T(n)®Q —
gri K., (F), that commutes with the residue homomorphism and to use
the Gersten resolution.

16. The Groups A, F) and the Scissors Congruence Groups of Pairs
of Oriented Polvhedra in P,

In this section we define groups B)(F) that hypothetically should be
isomorphic to the groups #,(F). More precisely. we define a map

I,: Z[ PL] — A,(F)

where A, (F) is the scissors congruence group of pairs of oriented polyhedra
in P, ([BGSV], see also [BMSch]) and set B (F):=the image of
I(Z[ P}]) in the quotient A4,(F)/P,F), where P,(F) is the subgroup of
“prisms” (see below). We state a conjecture describing the structure of the
groups A, (F).

First of all let us recall the definition of groups 4,(F) (see [ BGSV, §27]).
Call an n-simplex a family of »+ 1 hyperplanes L(L,, .., L,) in P}. Say
that an n-simplex is non-degenerate if the hyperplanes are in general posi-
tion. Call a face of an n-simplex any non-empty intersection of hyperplanes
from L. Call a pair of n-simplicies (L, M) admissible, if L and M have no
common faces.

Define the group (A4,(F) as the group with generators (L; M), where
(L, M) runs through all admissible pairs of simplices, and the following
relations

(A1) If one of the simplices L or M is degenerate, then (L, M)=0
{A2) Skew symmetry. For every permutation

6:40,1,..,n} > {0, 1, ., n}
(6L M)=(LioM)=(—D"""(L; M)

where oL = (L, g, - L), o] is the parity of o.

607'1142-6
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(A3) Additivity in L. For every family of hyperplanes (L, ..., L
and any n-simplex M such that all pairs (L, M) are admissible

nitl
S (1)L M)y=0,

i=0
where £/=(L,, .. L, .. L, )

Additivity in M. For every family (M, .., M, . ) and any simplex
L. such that all (L, M) are admissible

n+1
Y A= (L: M) =0.

I=90

(Ad) Projective invariance. For every ge PGL, , (F).
(gL:gMy=(L; M).

In the case F=C there is a canonical holomorphic differential form w,
with logarithmic singularities on the hyperplanes L, If x;,=0 is a
homogeneous equation of L, then w, =dlog(x,;/x,)A - - Adlog(x, /x,).
Let 4,, be an n-cycle representing a generator of the group H,(P{, () M)).
Then

a(l, M)= i w;

AR RV

i1s a multivalued analytic function, Aomoto’s polylogarithm [A]. This
integral depends on the choice of 4,, but does not change under con-
tinuous deformation.

There is 4 canonical isomorphism r: A (F)— F* r: (L,, L: My, M) +—
MLy, Ly, My, M)

Now let us defined the subgroup of “prisms” P, (F). Let (L'; M')c P"
and (L", M")c P"" be two admissible pairs of non-degenerate simplicies,
(Ly, ... L,) a non-degenerate simplex in P", n=n"+n". Identify the affine
space P"\L, with the product of the alfine spaces (P"\L},)x (P \L{).
Then the simplices M’, M” define the prism M'x M” in P"\L, and hence
in P” (see Fig. 1.13 for the case ' =n" =1). A cutting of M' x M" into sim-
plices, M'xM" =Ud,, defines the element (L, 4,)e 4,. (It does not
depend on the choice of cutting.) Let us denote by P,(F) the subgroup of
A,(F) generated by all prisms for all n’ =1, n" 21, n' +n" =n

Let x,, .., x, be coordinates in the affine space P*\L, such that L, is
the hyperplane x;=0. Denote the hyperplanes O0=1-—x,; | —x, =x,;
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Na=X3i.0 X, =X, X, =HteF*) by M,, M,,.., M, |, M,(1). Set
{L:M{t)y=(Ly....L,: My, ... M, (1)) Then {see Fig. 1.14)

Liteyyi=(L, M), Lo =1{=})=0.
B (F):=Image(l,: Z[ P} — A (F)/P(F)).

Remark. a, (L, M{1))=Li,(t)

CoNJECTURE 140, The groups B(F) and A(F) are canonically
isomorphic.

More precisely, we conjecture that R, (F)=Ker(/,: Q[P)]— A (F)/
PF)Y® Q).

Note that B{(F)=4,(F)=B(F)=F* It was proved in [ BVGS] that
By F)= B,(F).

It was conjectured in [BSGV], see also [BMSch] that A(F) =
@ ALF, (A, =2), can be equipped with the structure of a com-
mutative graded algebra such that A, (F),, = U(L(F),)", (the dual to the
subspace of degree —n elements in the universal enveloping algebra of
the Lie algebra L(F).) This conjecture and Conjectures B and 1.40 imply
the following striking pure geometrical conjecture describing the structure
of the scissors congruence group of pairs of oriented polyhedra in P7.

CoNJECTURE 141, There is an isomorphism of Q-vector spaces

A (F),= @ S'FER®B(F),® - Q@B (F),.
Ok mivz2
i+ o 4dm=n Kk

Indeed, it is well known that the universal enveloping algebra of the free
Lie algebra generated by a vector space } is isomorphic to the tensor
algebra T(V)= @/, V="

The multiplication w: A, xA,.— A,.,,- should be defined by the
formula y((L": M"), (L"; M"))=2X(L, 4,)—see the definition of “prisms”
above. So by definiton @&, ,, _,ul4, x4,)="P,. Therefore A,(F)/
P F)® © should be isomprphic to L(F)” . In particular, A;(F)/P(F) =
BYF), A{F)/PAF)®Q = By(F),® A°B,(F),,. Note that by definition
B,y(F), is a subgroup in A,(F)/P,(F)®Q and the quotient should be
canonically isomorphic to A°B.(F),. The existence of the canonical
embedding A°B,(F), G A, F)/P(F)®Q is a very intriguing problem.

Note that A (F)/P(F)+ B (FI®Q#0 for n>=4. Geometrically this
means that we cannot cut a generic pair of simplices in P}, n>24, to a
sum of prisms and polylogarithmic simplices (L, M{t¢)). The reason is
quite typical: 4=2+2. More precisely, set L(F) ,:=A,(F)/P,(F)®Q.
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Then L(F),:= @ *_, L(F)_, is equipped with the structure of a graded

n=1 o o
Lie coalgebra. The co-boundary &: L(F),— A*L(F), is induced by the
comultiplicatign 4: A, - A,® A, For example, for n=4 we have
8:L(Fy_.,—» L(F)_®F%®A2L(F)_, and so on. Let n: 4, — L be the

canonical projection. Then
J(NB:I(F))CHB;Ifl(F)®F*CL(F)\:”,,],@)FE

In particular, all (L(F)*, A L(F)”,,)-components of §(nB,(F)) are zero
if k&;>1, k,>1. But it is easy to construct an element ae 4,(F) such
that the (A4, _,® A,)-component of A(a) has a nonzero projection onto
Z(F)i“,f:, AL(F)”,. (For example, for n =4 the last group is isomorphic
to A°B,5(F)g).

Let me state another conjecture describing the Q-vector spaces L(F)}”
underlying the Lie coalgebra L(F)Y. Let 4,(F) be the quotient of the free
abelian group C,, (P’ ') generated by all possible configurations of 2n
points (/g, .., l5,_;) in P}~ by the following relations

(RO) (The skew symmetry). (/o o, foy_ ) = (=11 (L0 oo Loan— 1))

(R1} (lg, ... ls, () 1s zero if there are 2k + 2 points in a k-dimen-
sional plane among these points.

(R]2) (The 2n + 1)-Term Relation). For any 2r + | points (/,, ..., I5,)
in P77,

S (=1l sk 1) =0.
=0

CONJECTURE 142, L(F)", ®Q is a quotient of G,(F).

Remark. Relation (R1) means that all semistable configurations are
zero.

Note that in the case n =3 we have a mysterious relation (R3) and its
higher analogies is the main problem that remains.

We believe that there should be a canonical homomorphism ¢,:
Z[PL]1— L(F)”,. Let us describe the canonical homomorphism ,:
Z[ PL.] - %,(F) that should make the following diagram commutative (p is
the canonical projection predicted by Conjecture 1.42.):

4.(F)
V .
Z[P}] r
AN
wn\\ l
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X2

o 3

Yo

X0

FiGure 1.15

Let x,. ... X, , be points in generic position in P} ' and y,e X,X,; (the
line generated by x, and x;, ., indices modulo #; see Figs. 1.15, 1.16 for the
cases n=4,3). Now let z=r(y,yz ¥, .| | Xo. X;. ¥y, ¥} (the cross-ratio
of the configurations of four points on P} obtained by the projection with
center at the (n— 3)-plane y,--- v, . Set

l,b,,: {:} nd (~\.()- Yos X Vs Xy 10 Vg 1).
LEMMA 143

Vs, X X Yo V) =y ¥, Vol Xp0 X0, ¥y, ¥a)

Proof. Projection of the configuration (x,. y4...», ) with center at
the point y, , gives a similar configuration in P% *. So we can assume
n=13. In this case project the picture onto the line X, %, -see Fig. 1.16. |

This lemma shows the correctness of the definition.

The last conjecture tells us that there should be a canonical
homomorphism

Put GAF) = A(F)/P(F)
such that
pn(x()*y()* e '\‘H l*}‘n l): 7[( L" Jw(:))

where z=r(y, 350, 11X X1, po 1)

Let me emphasize that elements of %, (F) are represented by configura-
tions of 2n points in P% ' while elements of A4,(F) are pairs of simplices
in Py and hence produce configurations of 2142 points in P It is
interesting that the best construction that I know of the element
(L, M, (z))e A,(F) uses the configuration (x,. V¢, ... X,, 1)

(L, M(2)) = (X0 Yo Vis o Vi 15 X1 Xa0 e Xy Vo)
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FiGure 1.16

Remark 1.44. The configurations (Xxg, ¥gs - Xu_ 1. V,_1) Was indepen-
dently considered by Dupont and Sah in their study of the homology of
GL, (I know this thanks to the beautiful lecture by J. Dupont given at the
“Polylogarithmic Conference” at M.I.T., 1990) and by Gelfand and Graev
in their theory of generic hypergeometric functions. (Note that hyper-
geometric functions also live on configurations of points in CP”; however,
it seems that they still live rather separately from polylogarithms; the only
connection that I know of is the observation of Gelfand that Aomoto
polylogarithms are very special examples of hypergeometric functions.)

Conjecture 1.42 implies also that there should be an absolutely canonical
R-valued function on configurations of 2n points in P2~' (expected to be
real-analytic on stable configurations and continuous on semistable ones').
The reason is that there should be a canonical realisation functor from the
category of mixed motivic Tate sheaves over Spec C to the category of
mixed Tate R-Hodge structures #%. Therefore there should be a canonical
homomorphism of the corresponding mixed Tate Lie coalgebras L(C)” —
L{#%)". Beilinson and Deligne constructed a canonical homomorphism

[, L{#g)"” ,,— R. So the composition
Z(C)—- L(C)” ,~ L(#R)",~ R (+)
gives a canonical function on configurations of 2» points in P7 .

'Such a function was constructed in Goncharov, A. B., Chow polylogarithms and regulators,
Math. Res. Letters 1 (1995), 99-114.
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Recall the definition of /,: L(.#;) ", — R (see, for example, [D. § 27). By
definition #; 1s the Tannakian category over R of mixed R-Hodge
structures such that /™70 only for p=¢. An object H < #, is a graded
C-vector space H, = @ H, together with a real structure Hy on @® H,
such that the weight filtration

W .,=@ H,
{=zp
is defined over R, ie, (HxnW _,)@C=W s, The Hodge filtration
F 7=, , H,1s opposite to the weight filtration. The real structure H
induces a real structure on gr*, H.=H, We have two different real
structures on H_ = @& H,; the structure H and the structure gr* Hy. Let
X< GL(H;) be the subgroup of all transformations that preserve the
weight filtration and induce the identity on graded quotients. Then there is
a uniquely defined » € X/X{ R} such that

HR=H-<@ H,,M>.
Set
b=ni "', N=1llogbh.
Then hb=1, N= — N, N=XN, where N, has degree k. We have
Nl H'@H) =N, (H'Y® 1,2+ 1,7 @ Ni(H 7).

Now let us recall the following construction of L(.#,}", (see Section 2
of [BGSV] or Chap. 2 of [BMS]) Let He#,, W ,H=¢., and
W,,H = H. Say that H is framed if the isomorphism i ,: R(—n)=3 gr} H,
iy: gryy H—R(0) are fixed. Consider the set of all such framed mixed
R-Hodge structures. Introduces on this set the coarsest equivalence relation
for which H, is equivalent to H, if there is a morphism of mixed Hodge
structures f{, - H, compatible with frames. Denote by #, the set of equiv-
alence classes. One may introduce on #, a structure of an abelian group
in complete analogy with the Baer sum on Ext groups. The multiplication

u QA Ay

is induced by the tensor product of Hodge structures. It is commutative.
Then we have the canonical isomorphism

LA = A B u( @A),

D kal=n
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LEMMA-DEFINITION. Let He H#,. Then the “matrix coefficient”

:R(—n)— R(0)

N, i,
is a multiplication on (). It is equal to zero on @, ,_, W H ® H#) and
hence defines the homomorphism

L L(#z)Y, ~ R

Note that according to a theorem of Beilinson, L(#;) is a free graded
Lie algebra over R. Its space of degree —n generators is isomorphic to
C/(2ni)* R. The homomorphism /7, gives an element of L{#g). These
elements generate the Lie algebra L(5#). It is interesting that the canonical
polylogarithmic function (*) on configurations of 2x points in P2~ !, which
coincides with the Bloch-Wigner function for n=2, can be expressed by
the clussical trilogarithm #;(z) for n =3 (this is one of the main results of
this paper) and cannot be expressed by the classical n-logarithmic %,(z) for
n =4 (because of the reasons that we discussed above). However, I suppose

that the following conjecture is valid.

CONJECTURE 1.45. Let Z[C,,(P%~')] be the free abelian group
generated by stable configurations (I, ..., », _{) of 2n points in P%.~'. Then
there exists a canonical homomorphism

Pn: Z[CZM(P'[‘?—l)] - Z[P;‘]
(the generalised cross ratio of 2n points in P" ') such that

(a) for a generic configuration (I, ..., 1,,) of 2n+ 1 points in P~ I

m(Z«qmmmﬁmgﬁc%wx

i=0
(b) for a generic configuration (my, ..., ms,} of 2n+ 1 points in P,
P, < Y (=1Y(m;| my, ... r, ., mzn)> c R(F);

i=0
(¢) for a special configuration (xg, ¥g, ., X, _1, ¥,_1) (s€€ above),
Pn(('\.O’ yO* ees X,, — 1 ,Vn —1 )) = {r( .]"'2’ y}v s .}'n—l | '\‘0’ '\.1 s yO* )'1 )} .

Now let F=C, xe P27, and g, GL,(C). Then part a of Conjecture 1.45
just means that the function

Z(Pn(go-’ﬁ s 82w —1X))

is a measurable (2n— 1)-cocycle of GL,(C). So it defines a class in
H¥~(GL,(C)).

cts

607°114:2-7
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It can be proved that part ¢ of Conjecture 1.45 guarantees that this class
coincides with the Borel class. Moreover, it can be shown that part b of the
conjecture provides us with an explicit construction of the cocycle represen-
ting the Borel class in HZ. "(GL,(C)) for all N >n (see the forthcoming
paper?). So Conjecture 1.45 implies Zagier’s conjecture, and in fact it is a
way to prove it.

Finally, [ am sure that the mysterious subgroup #,(F) coincides with the
image of the (2n + 1)-term relations (a) and (b) in Conjecture 1.45 under
the homomorphism 2,,.

Zagier’s conjecture about { .(n) follows immediately from Conjecture 1.45;
In fact, this conjecture is stronger than Zagier’s.

2. THE VALUE OF THE DEDEKIND ZETA-FUNCTION AT THE POINT s =2

1. The Formulation of the Theorem

Let F be an arbitrary algebraic number field, d; the discriminant of F,
r, and r, the numbers of real and complex places (r, +2r,=[F:Q], and
a; the set of all possible embeddings < C numbered in such a way that

Or vk =0rsrtk:
Recall that the Bloch—Suslin complex is defined as follows:

Z[ PO, 1, o0 ]/RAF) 2> A2F* -
(2.1)
[x]—{l—=x)Ax

THEOREM 2.1.  Let {{s) be the Dedekind zeta-function of F. Then there
exist
Meea Vp€Kerd,c Z[ PO, 1, o]
such that
(p2)y=g-m?" " dy] 12 det|Dylo,, ()]
where | <i, j<r, and ¢ is some rational number.

We give a proof using only one hard result, the Borel theorem. The proof
of the analogous result about {,.(3) follows the same scheme, but it is more
complicated.

Recall that Theorem 2.1 was proved by Zagier [Z] using different
methods; another proof follows immediately from results of Borel [ Bol,
Bo2], Bloch [BI1], and Suslin [ S3].

* Goncharov, A. B., Explicit construction of charakteristic classes, Adv. in Soviet Math. 16,
part 2, 169 211.
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2. The Borel Theorems

Set R(n)=(2ni)"RcC and X, :=7Z"™F ) Let us define the Borel
regulator

P Ko ((F) 2 XpQR(m—1). (2.2)
The Hurewicz map gives a canonical homomorphism
K, (F):=m,, (BGL(F)")- H,, (BGL(F)",27)
=H,, (GL(F), Z). (2.3)
For every embedding o: F5 C we have a homomorphism
H,,_ (GL(F),Z)—- H,,,_(GL(C), Z). (24)
There is a canonical pairing
H¥ Y(GL(C), Rm —1))x H,,, (GL(C), Z) > R(m —1). (2.5)
Let us define a canonical element
by 1€ HZ HGL(C). Rim—1)) = H> (GL(C), R(m — 1)).
Recall that (cf. [Bol])
HY(GL(C), Ry=H} (U, R)

where H¥ (U, R) is the cohomology of the infinite unitary group, con-

sidered as a topological space. Further,
HY (U Z)=H*S'xS'x S x - | Z)=A%¥u,, us, ...)

where u, denotes the class of the sphere S'.
Combining the above isomorphisms we get an isomorphism

@: H%(GL(C), R) > i %(u,, ur, .) ® R. (2.6)

cts
Set b,?.mfl :=2T[ '¢71(u2n1 ,]) and

Doy 1= 2ri)" Vb, € HE(GL(C), R(m —1)).

Ccls

So combining this with (2.3)-(2.5) we get

Klm I(F)_’ @ KE/»:——I(C)—)XF®R(’"—1)~

Hom(F, C)
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It is known that if Aie HY (GL(C), R) and ¢* denotes the involution

defined by complex conjugation ¢; then in (2.6),
*o(a)=(—1)"p(c*4),
where ¢ acts also on $" ! < C". Note that
Kusy,  =(—1" U, .
So we see that
Foit Koy ((F) = [Xp@R(m—1)]F =R

where

”

/ Fi+rs, if mis odd
d,= . .
rs, if m 1s even,

and on the right-hand side stands the subspace of invariants of the action
of ¢.
In fact, we construct a homomorphism

v Prim H,,, (GL(F),Z)— [ X, ®@R(m—1)]".
For any lattice A of (X, ® R(m —1))"* define its {co)volume vol A by

det(A) =vol(A) det[ X, ® Rim—1)] .

THEOREM 2.2{ Bol. Bo2]. For every m =2 and sufficiently large n,
(a) Im ' is a lattice in (X @ R(m— 1))+
(b) R, :=vol(Imr!")y~Q* -lim,_, ,, (s—1+nm)""u(s)
Here a ~ Q*b means that a =nxb for some k€ Q*,

According to Section | we can assume 1 =2m — 1. However, we will not
use this result.

Remark 2.3. The functional equation for {,(s) shows that

Svl-'(s) ~ @* . n(rl + 22 dy)-m . IdF| 1,2 X R

[N

3. The Grassmannian Complex and the Bloch-Suslin Complex

Let us say that » vectors in an m-dimensional vector space are in generic
position, if every kA <<m of them generate a k-dimensional subspace. The
notion of n points in P” in generic position is defined in a similar way.
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DerINITION 24. C,(n) (resp., C,(P%)) is the free abelian group,
generated by configurations (/,, ..., /,,_,) of m vectors in an n-dimensional
vector space V), over a field F (resp. m points in P%) in generic position.

Let us define the Grassmannian complex C,(2) as follows (see [S1],
[BMS], and [GGL])

b Ci(2) = C2) -5 Cy(2)
d: (lOa"" lm)H (-l)i(IOv"'a iia ey lm)-
i=0

Let us define a diagram

Cy2) —— C4(2)

I/(IZ) lfsz; '

Cy(PL) -2 APF*
Let wedet V% be a volume form in V,. Set
Al L) =, AL, lieV,.
Put
S o 1y L)y AUy, 1) A Ay, 1)
— Ay, TN L)Y+ Ay, LY A AU ).

LemMa 25, f(ly, 1, 1,) does not depend on w.
Proof. The proof is an easy direct calculation.
LEMMa 2.6. Modulo 2-torsion

Ally, 1)) - 415, 15) N Ally, 13) - AU, 1)
A(IO» 12)'A(II»13) A(IOa 12)'A([1913).

Frod: gy oy 13) (2.8)

Proof. The proof is a direct calculation (@ A a =0 modulo 2-torsion).

CoROLLARY 2.7. f2=d(ly, ..., I3) does not depend on the “length” of the
vectors 1,

LAl Uy s Ly s 13) = Uy oy A,y s 13)] =0,

where A€ F* and 0 €<i<3.
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The proof follows immediately from (2.8). So [ d defines a
homomorphism

3y Cy( PL) > AF*,

Every 4-tuple of distinct points /,, ..., /; on PL is PGL,(F)-equivalent to
(0, oz, 1, z), where

Al 1) - AU )

S(lo. 15) - AL, 1)

is the cross ratio of (/,, ..., /;) and it does not depend on the lifting of the
points /, to vectors /..
Further, the identity

Ay, LYy - AU L) — AUy L) - AU L)y = Ay, L) - AL 1)

shows that d,: (0, o0, 1, z)+— (1 —zZ) Az
Set

05: Cs(P}) — Cy( P}

4
Sy lly, o d)= Y (=1 g, i Ly
i=0

[§)

LEMMA 2.8 6,(d5(1y, . 14))=0.
Proof. Consider the commutative diagram

o

Cs(2) —L— Cy2) —4— Cy(2)

| | G

L)

Cy(PL) —2 Cy(PL) —2 APF*
where /1> is the projectivisation and d>=0. |
Thus we have constructed a homomorphism of complexes

Ci2)—4— C2) —4— Cy2)

| | [ (29)
0

—— BJ(F) —2 AF*
4. The 5-Term Functional Equation for the Bloch-Wigner Function
LeMMa 29, dD,(z)= —log |l —z| dargz +log |z| - d arg(l —z).
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Proof.
dD,(z) =1Im[d(Li,(z) +log(1 —z)-log |z])]
=Im[ —log(l —z)dlog z+log(l —z) dlog |z| + log |z| dlog(l —z)]
= —log |l —z|darg z +log |z| d arg(1 —z)

ProrosiTION 2.10. Let F=C, then

Dz((jz(,’\‘o, . X4)) =0.

Proof. 1t follows from Lemmas 2.8 and 2.9 that

D5(0,5(xg, ... X4))) =0

where D,(d,(x,, ..., X4)) is considered as a function on the manifold of
configurations of 5 points in P{. So Dy(J,(x,, ..., X4)) = const. Recall that
Dy(z) is continuous on P and D,(0)=Dy(o0)=D,(1)=0. So the
specialisation to the configuration (x, x, y, y, z) shows that this constant is
equal to zero. |

5. E\pllczt Formula for the Regulator r?': Hy(GL,(C), R)— R

Let C,(n) be the free abelian group generated by the m-tuples of vectors
in genernc posmon in an n-dimensional vector space. Let us define a
differential d: C,(n) —» C,, _,(n) setting

. Z (= 1Y gy s by s by ). (2.10)

d: (10’

LemMMA 2.11.  The following complex C (n)
~5 Cy(n) =5 Cy(n) =5 C(n)
(Cy(n) placed in degree i — 1) is acyclic in degree >0.

Proof [BI1]. Let 37  n,(ly, ...1") be a cycle in C,(n). Choose a
vector v in a generic position with /. Then

N N
A Tt )= Tl
i=1 i=1

Note that C(n)/dCy(n)=2Z, so C,(n) is a resolution of the trivial
GL,(F)-module. By definition C,(n)=C,,(n)/GL,(F). So we have a
canonical homomorphism

«GL(F), Z) > H (C.(n)).
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In particular,
Hy(GL,(F), Z)— Hy(C,(2)).

Combining with the homomorphism of complexes C,(2)— B(2) (see
(2.9)), we get a canonical homomorphism

gtz,: Hy(GL,(F), Z) - Ker 9, < B,(F).

According to Proposition 2.10 in the case F'=C the function D,(z) defines
a homomorphism B,(C)— R. So we obtain a homomorphism

D, g H{GLLC), R)~ R, (2.11)

ie., an element in H*(GL,(C), R).
If xe P} then

Dr{g0- 81+ &2, 83) = Dalgox, g1%. 82X, g3X) (2.12)

is a cocycle, representing the constructed cohomology class. (The cocycle
condition is just the 5-term functional equation for the Bloch-Wigner
function D,(z)).

Note that this cocycle is not continuous near the identity. However, the

corresponding cohomology class lies in

Im(H }(GLy(C), R) = H(GLAC), R)). (2.13)
To see this we repeat an argument of Dupont [DI1]. Recall that
ol gos - £3) 18 equal to 2/3 times the volume V(g x, ..., g;x) of the “ideal”
tetrahedron in the Lobachevsky space H* with vertices at g,x, .., g:x on
the absolute OH*=CP'. If he H?, then the volume V(g,h, ..., g:#) of the
regular tetrahedron is also a continuous cocycle and it is cohomologous
(actually in a canonical way) to V(gox, ... g,x), xedH".

On the other hand, it 1s not hard to see [ D2] that the cocycle Vigy#h, ..., g:h)
represents the class (27)- ¢ ~'(u3) (see 2.6). So formula (2.11) defines the
Borel regulator ri?: Hy(GL,(C)) - R.

Note that there is an easier way to see that the cohomology class of
cocycle (2.12) lies in (2.13). Indeed, the function D,(z) is continuous on
PY(C) and so is bounded. Hence cocycle (2.12) is bounded and as a result
its cohomology class lies in {2.13)—see [Gu]. So the only problem is to
check that the constructed cohomology class coincides up to a rational
number with the one constructed by Borel.

In order to construct explicitly the Borel regulator r,: Hy{(GL(C), R)—> R
we will study in the next section some bicomplex C}(n) which will also be
useful in Section 4.



GEOMETRY OF CONFIGURATIONS 257

6. The Bicomplex ci(n)
Let us define a differential d*: C(n) » C

»_1(n) as follows:

p—k .
AR, )= Y (=1 By L),

i=1

Note that d'°' = d—see (2.10).
Lemma 2.12.  The following complex is acyclic (k> 0):

i G o) 255 ()5S Cln.

The proof 1s in complete analogy with the one of Lemma 2.11.
Let Sym,: C H(n) — C »(1) be the symmetrisation of the first k& vectors:

1
Symk: (II 5 eees Ip) — Z F (xarlh o Xghys Xhg 15 o X,,).
o€ Sk :

Define a homomorphism %" C,(n) — C,(n) as follows:

pik . ~
A Yy Y (=1 Symy (s b Do D o D L)

i=1

LEMMA 213, g%+ Dok = gtk gt

Proof. It is obvious for the homomorphism A*' that is defined by the
same formula as A'*’, but without symmetrisation.

It remains to symmetrise the first & + 1 vectors. |

LEMMA 2.14. A% D40 =0,

Proof. The proof is straightforward. (Note that A%+ 1% «0) |

Therefore we get the following bicomplex C7(n):

D C4(”) —“‘“‘1‘_’63(")—01_’ 2(")"(/—" 1(”)
AU l;. 1;_ ) l,

s Ty = &) s Ty —s Ty
Py l)v(z» l,-_m

—— Cyn) — Ty —5 Con) (2.14)
l,-]l\ 1;7(3»

s Oyn) = Tyn)
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Remark 2.15. The bicomplex Ci(3) was considered by Suslin in Section
3 of [S3].

Let (#7(n), &) be a complex, associated with the bicomplex C%/(n). It is
placed at degrees —1,0, +1, ...

LEMMa 2.16.

Hi‘&m(’))_ /Z" i=0
=00, 0

The proof follows immediately from Lemmas 2.11 and 2.12.

The group GL,(F) acts naturally on the complex f}',;’(n). Let us denote
the complex ¥3(n)gr,r as 253 (n). Lemma 2.16 implies that there is a
canonical homomorphism,

HJ(GL(F), Z)-— H (7#{(n)). (2.15)

*
Our next problem will be to construct a homomorphism ¢ of complexes

-l iﬂ("“(n)——»ﬂ G Nn)——

V l‘” (2.16)

0 —— By(F) — > A2F* ——0),

We will often use the following notations. Let (/,, .../, ..., /,) be a con-
figuration of m vectors in a vector space V. Denote by {/,,.. /> the
subspace generated by the vectors /,,..,/,. Then let us denote by
(he ol le o1y o0 1) the configuration of n1 — k vectors in the vector space
Vi{l,, .. 1>, obtained by the projection of the vectors /, _,. ... /,., and by
Ly ke | Lo ys 1) the corresponding configuration of points in the
projective space P(V/ (!, .. L))

Let us define the homomorphism p: C, (1) — C,, (n— 1) by the formula

”

pilyy )= S =D N ). (2.17)

i=1

Then we get the bicomplex

Cs2)—1 C2)— C(2).
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Let us define a homomorphism f from the associated complex to the
Bloch-Suslin complex B.(2) in the following way: it coincides with the
above constructed homomorphism (2.9) on the subcomplex C,(2) and is
zero in other places:

Cs(3) u >, Cal3)
ln o/ JP
/
Cs(2) — Cy(2) /—"e Cy(2). (2.19)
e / Lr’:f’
/ &
0 B.(F) L > A’F*

The correctness of this definition is proved by the following lemmas:

LEMMA 2.17. p-fiP=0.

Proof. Let ®, be a volume form in a three-dimensional vector space ¥V,
and (/,, .., {4) € Cy(V3). Then 4,,(/,, -, ) is a volume form in V,/<{/,>. So

pof Sy, )y =AU I )y A Al L L)+ -

It is easy to check that the right-hand side 1s zero.
See also the Proof of Lemma 3.1. ||

The assertion that f{*’ . p=0 is an immediate consequence of the
following useful fact.

LemMa 2.18. Let x,, .., x5 be 5 points in generic position in P.. Then
s

S (=1 [AX1e o £ 00 X5)] =0 in By(F) (2.20)

i=1

Proof. There is an (exactly one) conic passing through the points
X|, ... Xs. Choose an isomorphism from this conic to P}. Let y, be a point
in P} corresponding to x, by this isomorphism, then

A

(X ] X1 e B e X5) = (P14 ooy Fiy s ¥s).

So (2.20) corresponds just to the S-term relation in B,(F). |
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Now in order to construct a homomorphism of the complexes (2.16) we
define a homomorphism ¢ from the bicomplex (2.14) to the following one

b b b

~~~~~~~~~ - 3y OB s O e 3y s il
S

s 2} Oy 2) s Cy(2) e ()L 7 (2.21)

Namely, if (/,,...1,)e C,(n) is placed at the level & in the bicomplex

{2.14) (this means that we apply to (/,, ... /,,) the horizontal differential
4", then we set

¢l by ey L) € G —k).

It is clear that ¢ is a homomorphism of bicomplexes.

Finally, we define a homomorphism from the complex associated with
the bicomplex (2.21) to the Bloch—Suslin complex as a prolongation by
zero of the homomorphism /" —see (2.19), i.e., it 1s zero for all groups C,,{n)
different from C,(2) and C.{2). So we construct the desired homomor-
phism of the complexes (2.16) and, in particular, a homomorphism

g™ Hy(GL(F). Z)— Ker 6, < B,(F). (2.22)

LemMma 2.19.  The restriction of this homomorphism to the subgroup
GL.(F) < GL,(F) coincides with the one

g7 H{GL,(F), Z)— Ker 6, < By F)

constructed in Section 2.5.

Indeed, choose n—2 linear independent vectors v,,..uv, > In an
n-dimensional vector space ¥, and a two-dimensional complementary sub-
space V,: V,=<vy,..t, ,>@®V,. Then there is a homomorphism of
complexes

l//: C*( VZ)——’E/:; I(Vn)w

where /(C_(V,)) lies in the lowest line of the bicomplex (2.14) and y 1s
defined by the formula

1/ O P i N (N I T SRR A
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From the definitions it is clear that we get a commutative diagram (the left
arrow was constructed in § 2.3)

Cy(2) —— &% Y(n)
\ A
B2). 1
Finally, let us consider the composition

D2 "‘g‘"’l H}(GL"(C)’ R)— R. (2.23)

The same arguments as in Section 2.5 show that it defines an element in
H? (GL,(C), R). By Lemma 2.19 its restriction to the subgroup GL,(C)
coincides with the Borel class. But dimz H}, (GL,(C), R)=1. So the map
(2.23) is just the Borel regulator ry”’. |

Finally, let me note that if we are interested only in the proof of
Theorem 2.1, then Section 6 can be cancelled if we are ready to use Suslin’s
results about homology of GL(F) [S1] and finiteness of K}/(F) for number
fields. Indeed, H(GL4(F)) = H;(GL(F)) and H,(GL(F))/H,(GL{F))=
K¥(F) up to 2-torsion. So in the case of number fields H(GL,(F), Q)>
H (GL(F), Q).

However, Section 6 i1s necessary for the construction of characteristic
classes from K-groups of an arbitrary field to the cohomology of the
motivic complexes B.(2) and B(3). (In fact, the stabilisation trick that we
used in part 6 for the case B.(2) is based on the same idea as Suslin’s trick
in Section 3 of [S3]). Our proof of Zagier’s conjecture about {(3) also
used constructions from part 6, but in a more complicated situation.

3. THE TRILOGARITHMIC COMPLEX: GENERIC CONFIGURATIONS

1. Qur Plans

From now on we will work up to 6-torsion.
Let C4(P%) be the free abelian group generated by all possible configura-
tions (/,, .., lg) of six points in P;.

DeFNITION 3.1. %(F) is the quotient of the group Cq(P2) by the
following relations:
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(R1) (/;....1y) =0, if 2 of the points coincide or 4 lie on a line.
(R2) (The 7-term relation). For any seven points (/,. ... /;) in P7.

Note that the configurations from the relation (R1) are just the unstable
ones in the sense of Mumford [ Mu].

LEMMA 3.2 (The Skew-Symmetry Relation). In the group 4(F)
(o) =1(—1 )Iﬂ‘ (lﬂ(l)' e lmm)
where |a| is the sign of the permutation o € S,

Proof. Let us apply the 7-term relation for a 7-tuple (/,, ..., /;) such that
[;=1,., (i<5). Then (R1) implies that we get just the skew-symmetry
relation for the transposition (i, i+ 1). |

Let 4% F) be a subgroup of %(F), generated by the configurations in
generic position. In this section we will define the following commutative
diagram

Co(3) —4—  Ci3) —%— Cy3)

GUF) ——%— BJ(F)®F* —°— A'F*

and prove that /"' d(/,...,/¢) does not depend on the “length” of the
vectors /; (see Proposition 3.9). Hence we define é on the generators of the
group. Further,

6
5 ( S (= 1) s T )> Py g) =0,

=0

Hence we get a correctly defined homomorphism
3:GUF) > Bo(F)® F*.

Recall that the homomorphism &: Bo(F)® F* — A*F* is defined by the
formula 6: [x]®y—(l—x)Ax A

The property 6 =0 follows immediately from the commutativity
of {3.1).

In Section 4 we define ¢ on degenerate configurations and hence get a
definition of the homomorphism

G(F)— (ByJ(F)® F*),,.
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Then we do the second crucial step: compute J for a configuration
(mg, ...,ms) as in Fig. 1.8 and prove that, in a rather miraculous way,

d(myg, .., ms) is a linear combination of the expressions [x]® x. More
precisely,

4
Smyg, .,ms) =16 Z r(ms | My, o Wy, o my)}

where the homomorphism L}: Z[ P}\O, 1, oo} — Cg(P7) was defined in
Section 1.
So, if we define %(F) as the factor of the group %(F) by the relations

4
(R3) (mg, ...mg)=4% Z Y Ly r(ms | mg, o By, o my)} + 304,

then we get a complex
G(F) %> (BoF)® F*) g == (A'F*)g.
In Section 5 we prove that there is a canonical isomorphism
My G(F)—>Z[P\O, 1, 0]/Ry=: By(F)
commuting with § (where R, is the subgroup generated by the functional

equations for the trilogarithm which were defined in (1.3)).
Finally, we obtain the commutative diagram

—— C(3) —%— C43) —F——o C5(3) —4L— Cy(3) ——

0

——— G(F) —%— (By(F)® F*)y, —%— (AF*)q

T |

B.(F) (By(F)® F*) g —2— (A*F*).

Let us denote by B.(3) the complex in the lowest line of this diagram; the
group B(F) is placed in degree 1.
Therefore we construct the homomorphisms

M Hs(GL5(F), Z) — Hs(C,(3)) —» H'(B4(3))

¢V H(GLy(F), Z) > Hy(C(3)) > H*(Bp(3)).
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A stabilisation trick with the bicomplex C7% ~*(n) permits us to construct
the homomorphisms

M H(GL(F), Z)— H'(Bx(3))
S HA{GL,(F), Z)— H*(B.(3))

which restricted to GL(F) coincide with the homomorphism (3.2). So we
get the canonical maps

e KEPNF)Y, - HY(BR(3))
ey KV WFY, — H(BR(3)).

In the case F=C the function ¥(z) is identically zero on the subgroup
R; so it defines a homomorphism %;: B,(C)— R. We prove that the
composition

H{(GL(C), R) — Ker é, cBﬂC)iv R

is just the Borel class in HS,S(GL(C), R). This fact together with the Borel
theorem [ Bo2] implies Theorem 1.
Now let us begin to realise this plan.

2. The Homomorphism [ C,, , (m)— A"F*

Let V,, be a vector space of dimension m and wedet V*. Set

Ao L)y =0e i~ o AL

Often we simply will write 4(/,, ..., 1,,). Set
LUy i= Y (=1 N Ay s By, € A7F .
i=0 j=0
F#E

For example, /!’ is given by formula (2.7) and

S s ) = Ay L A AAU G Ly A AU L L)
— AL L A AU L T A A L L)
+ AU L A ALy L ) A AUy, 1L L)
— AU Loy A AU, L YA AU L ).

LemMa 3.3, £, ... 1)) does not depend on .
Joo ( " I
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Proof. It is not hard to prove the lemma directly. However, we give
another proof that might clarify the situation.

Let S%™(l,,..,1,) be a simplex with vertices S(0), ..., S(m) that (for-
mally) correspond to the vectors /g, ..., /,,. We will denote by S(i, ..., i)
its k-dimensional face with vertices S(i,), ..., S(i,). Centers of codimension
1 faces are vertices of the dual simplex $=5"%1,, .., 1,). For example,

o

S(i) is the center of the face S(O0, ..., £, ..., m).

Let S(iy, ..., 1) be an /-dimensional face of $(0, .., m) with vertices at
S(iq), ... $(i,). Denote by C,($™°(l,. ..., 1,,), Z) the group of /-chains of this
simplex.

Let us consider a homomorphism

@i CAS™ g, s 1), Z) > A'F*
that takes S(iy, ..., i;) to
Ay s Ly s L) A Mgy s B L) A - A AUy, oy i 1) € ATF.
Then by definition
1oy oo 1) = @ ,(08(0, ..., m)), (3.3)

where & is the differential in the chain complex C(S$).
Now let w! = Aw, i€ F* Then

(@0 — P Sligs o 1)) = AA @ (DS, ooy 1)) (3.4)
Now the property 6> = 0 and formulae (3.3) and (3.4) prove Lemma 3.3. |

Remark 3.4. The symmetric group S,,,, acts naturally on C,,  (m).
For ce€S,, ., and ce C,,, (m) we have f"(ac) = (— 1) f(c).

ExampLE 3.5 (Compare [S1]). If /,=3%" ,a;; and A, ... 1,)=1,
then

fz)m)([()’ ey Im) =4a, A ( _al) AN (( - 1 )71171 am)'
LeEmMma 3.6.  The composition
im)
Coroalm+1) 25 C,yy(m) 25 A™F*

is equal to zero.

Proof. Let S(0,..,m+1) be a simplex with vertices corresponding
(formally) to the vectors /y, ..., /,, . Then

fimep=¢,3080,...m+1)=0. 1|

607:114:2-8
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3. The Homomorphism ¥ C(3)— BAF)@ F*

Let (/,, ... 1;) be a configuration of five vectors in generic position in a
three-dimensional space V. Set

MLy i =ay dy o T 1)

J

4
S o dy) = =5 Y (=0 (AL gy By 4]

i=0

@[] 4/, [) e (BLLFY® F*)®Z[1]. (3.5)

JA
Recall that A(/,, IA,) is defined using a volume form wedet V¥

PrROPOSITION 3.7 f\V(I,, ..., 14} does not depend on .

Proof. The difference of the elements f\¥(/y. ..., /;) defined using the
volume forms A-w and w(Ae F*) is equal to

4
o D Gl DU W O/ Sy A ) [P
i=0
It remains to use Lemma 2.18. ||

ProrosITION 3.8.  The following diugram (defined modulo 6-torsion)

Cs(3) —L— Cy(3)
i,«ln l'/:’”
BAF)® F* —%— AF*
is commutative modulo 6-torsion.

We prove the proposition by direct calculation. Here we indicate the
main steps. First of all, using (2.8) we get

Ay, 1y, b) - AUy L. L) AUy L L) - A, 1. 1)
Ao )AL L) AUy 1) - Ay 1 L)

S| 1. Loy [y

Then we compute J- /{*(/,, ..., ) using this formula. The skew-symmetry
relation in the group B,(F) implies that

f"]-‘l( 117(0)' e lﬂ14)) = ( - 1 )I”‘_f(ﬁ'(l()-. eeey [4)
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Any summand in & -f{*(/y, ..., I,) can be transformed by some permuta-
tion of the vectors /; to one of the following expressions:
(a) AUy, L, A A(ly, 1, YA Ay, 1, 1)
(b)  Ally, L L) AAU, L YA Ay, 1L L)
() AUy, L L)Y AAUy, L Y AAl L L L)
A simple computation shows that the first expression appears in
éf Py, ;) with coefficient 1, and the second and third with

coefficient 0.
The computation of 5" =d(l,, ..., l;) gives the same result. ||

ProPoOSITION 3.9. The composition
(&3
Co(3) -5 Co(3) 2 (BAF) @ F*) @ Z[ 1]
does not depend on the length of the vectors [, ie.,

£ d gy o bs) = (plos o Asls)1 =0 (4,6 F*).

i

Proof. Tt is sufficient to consider the case when 4, = .- =45=1, A, =4
Recall that
s

dilgs o ds) =¥ (=1) gy £y o 1),

j=0

The first summand (/, .., /s) does not give a contribution to the
difference

S dlUg, o sy — (g, s 1)) (3.6)
The contribution of the second summand —(/,, /5, /5, 14, I5) 1s equal to
Yy | Ioladyd )] — [ty | B By, L IO T+ [rle | Hon B L 1))
—[rlls 1 1o, 13 1 1)1 @ 27 € (By(F)®@ F*) ® Z[ 4]

Applying Lemma 2.18 to the 5-tuple (/. /5. .... Is) of points in P} we see
that (3.7) is equal to [r(/, | 5. {3, l;, I5)] ® A. Analogously the contribution
of the summand (—1)/(/y, .., ;, .., Is) in (3.6} is

(=1 [ | s o b )T @A

Summarising, we see that (3.6) is equal to

3

S (=1 [l | Ty by I5)1® 2. (3.8)

j=1

But the left factor is just a 5-term relation in B,(F), so (3.8)is 0. |
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Let /4" be the projectivisation map

S5 Uy sy Ty 1s).

Now the commutative diagram (3.1) is constructed.

4. THE TRILOGARITHMIC COMPLEX: DEGENERATE CONFIGURATIONS

1. The Homomorphism J: T%(F) — B, (FY® F*

Let C;,(3) (m=5) be the free abelian group generated by the configura-
tions of »1 vectors in the space V', such that no four lie in a plane.

First of all let us define a skew-symmetric (with respect to permutations)
homomorphism f‘f’: Cy3)— (B.(FYQF*)®Z[!]. On the subgroup
C4(3) of generic configurations it was already defined in Section 3.

Up to permutations there are exactly two types of degenerate configura-
tions in C%(3)-—see Fig. 4.1 where the corresponding configurations of the
points in P’ are presented.

By definition /"' takes the configurations of the second type in Fig. 4.1
to zero.

Now let {/,, 1,15, 15, ;) be the configuration of the first type such that
Iy, 1,, 1, are in the same plane.

Denote by 7, and 7, the projections of the vectors /; and /, onto the one-
dimensional space V,/{l,,/,,/,)>. Let us define o(I,/T,) e F* as follows:

T4= l"(74/73)'734
Put
f(lz'(l()* codg) =l | 1y, o 13)] ®U(74/Tx) eB,(F)® F*. (4.1)

It is clear that

- 1
Sy e ) =3 Tty o 13)]

Al L) - Ay 1, 1) - AU L L)
Ay, 1 1) - Ay, L 1) - AU L 1)

® (4.2)

Remark that (/, |1y, /.. )= (1] l,,01,), and (4.2) can be considered
as a “regularisation” of the formula (3.5) for the homomorphism £’
Namely, we removed from (3.5) all factors A(/,, /;, ;) which are zero in
our case.
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[J
4
[ ]

FIGURE 4.1

ProrPOSITION 4.1. Let (I, ..., lg) € C¢(3). Then
(f‘13)0d)[(10a o Is) — (/1010» s /1515)] =0.

The proof is in complete analogy with the one for Proposition 3.9 and
18 even simpler.

Now let us define the homomorphism & on generators of the group %,(F)
as follows: & is zero for the configurations satisfying the condition (R1) and
6=/"-d in the opposite case.

2. Computation of the Homomorphism & for Degenerate Configurations

We begin with the remembrance of some notations.
If /,, ..., /5 are vectors in ¥, and /;, .., /; are corresponding points in
P*(V,), then

Ay, 1) - AU, 1)

fos s To) = F
Mo o lo) i= Zr T €

Sometimes we will omit bars and write r(/y,/, 1, /3) instead of
r(ly, 1y, 15, ;). We use the symbol | -] only for denoting elements of the
group B,(F).

e o /
T~—

® ® ®

A A

®

FIGURE 4.2

®
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N
—
—
<

FiGure 4.3

All possible combinatorial types of the configurations of six points in P2,
where no four lie on a line, are presented in Fig. 4.2.

THEOREM 4.2.  For a configuration (1, ..., Is) as in Fig. 4.3,

where o{r(%,. X

Proof. Let ([, ...1,) be a configuration of vectors in generic position
in V,. Denote by W the plane generated by /, and /,.

Let (., ... my) be a configuration of covectors in W defined as follows
(the dual configuration—see Section 7).

P(W)

FiGure 4.4
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Let /1,4, 14, 1, be functions dual to the basis /,, /5, [, in V4, and let m,
be the restriction of #1; to the place W (i=2, 3, 4). Further, let m,, m, be
the basis in W*, dual to /,, /,.

Projectivisation of the kernel of the functional m; is a point on the line
P(W). We denote it by ni,—see Fig. 4.4,

Let us fix the volume elements in ¥, and W* Then 4(/;,/,/,) and
A(m,;, m;) are defined. We will denote them (/;/;/;) and (m;m;) for short.

ProrosITION 4.3.

4
FPUos 1) =1 Y (=1 [r(mg, o My, oy 1i1)]
=0

i

® [I (mm,). (44)
0<ji<jpx4
i¢{ji.ja}
Proof. By definition
4 A _
SOy by =3 T (=1 [y o Ly )]
i=0
® I (mm, (4
Osh<pn<jzsd
i¢ {2 i
LeEmMA 4.4.
LR Ty s B s T ] = [ g o s e 1) ] (4.6)

It can also be proved by looking at Fig. 44. For example, projecting the
points I, ..., I, with center at the point l, onto the line [, 1; and then projecting
the obtained points with center at I, onto the line migm,, we obtain the
configuration (my, Wy, m,, W) =(m,, m,, Py, my), and so on. |

LemMma 4.5.
(Ioli ) = AMmymy); (ol ) = Almamy); 5 (L1 1) = Almom,)
where Ae F*.

Using (4.6) and Lemma 4.5 we can rewrite (4.5) as

4
—3 3 (=1 [rng, o hityy ey )] ® [] (mym)
i—0

j=0
J#i
4
—%( Y (=1 [rirg, ... m,, .,.,m4)]>®2,“. (4.7
i=0

The second term is 0.
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Finally, subtracting (4.4) from (4.7) we get

4
—%( Y (=) [r(mmg, oy My, oy n"14)]>® [T (mgmg,) =
i=0

Og<ky<ki<4

Now let us compute the homomorphism J for a configuration (/. ..., /5)

as in Fig. 4.3.

Let (mgy,.m,, my, my, ms) be a configuration of covectors in the
plane W= {(l,.l,), dual to a configuration of vectors (/y, 1y, 15,1y, 15)

in V,. Note that I, =15 (see Fig. 4.4.).
Using (4.4), Lemma 4.5, and looking at Fig. 44 we obtain

IO Ay L) = =P Ll )
—["(islib[_,l-l_m[ ]®U(, )
(1 1 o)

= —[r(#Hig, P13, By, Hi5) | @

(1i141,)
S (migmy)
= —[r(thy, tity, 1y, 115)] @
: (moms)
Similarly,
N S (hym,)
= Uos by, 0 Ly, ls)z[r(l711,)n3,"14,”15)]®(”1 m;)
1M
| {mramy)
. - B _ _ 4
=V Uos Ly Uy 1y Is) = [y, iy, iy, ) ] (myms)
3
‘ (miymy)
j‘l3)([()vllw[7 L dsy = [rtmy, 1y, g, mis) ] (m ’”4)
475

_‘/4]3»([0, 11, 12, 13’ 14):

(4.9)

(4.10)

(4.11)

Using the 5-term relation in the group B, we can rewrite the sum of

(4.8)-(4.11) as follows:
(= [r(img. my, mg, i) ] + [r(ag, iy, s, His)]
— [ r{mg, my, mq, m13)]) @ (mgm )
+ (= [r(rrg, my, my, mig) ]+ [r(mgmymgms) ]
—[r(ntmmams)]) @ (m13my)
+ [ rimg, wiy, iy, M) ] @ (mems)
— [rlmmy, 1y, 14, B15) 1@ (1 m5)
+ [ ririg, Wiy, My, ws) @ (mymg)

—Lrimgy, my, g, ms) ) @ (mgms).
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FIGURE 4.5

Note that for a configuration (x,, x,, x,, x;) of four vectors in V,,

(Xp X2 )Xo X3 X X5)(X;X3)
(-\'o-"'x)z'(-“'z-"’;)2

S{r( Xy, Xy, %p, ¥3)} = [1(Xo, T4y 55, 53) ] ®

(4.13)
oly, ... I5) 1s equal to the sum of the right-hand side (4.14) and (4.15).

Using (4.16), after some arithmetical calculations we obtain
aly, ... 15) = %5({r(n’10, s, Wiy, 03} ) — {r(my, ms, my, my)}
+ {r(iiy, g, 1y, 13) ) — {r(siy, g, s, 113)}
+ {r(hy, g, s, M)} ).

It remains to not that (see Fig. 4.4) the configuration (s, iy, s, 1y, Niy),
which seems rather awkward in this notation, coincides with the configura-

Remark 4.6. Looking at (4.15) and (4.4) we see that every term of these
formulae depends on only four points ;. So it is not too surprising that
after some computation we get that d(/;,..,/s) lies in the subgroup
MZ[P\O, 1, x]) of B,® F*.

LEMMA 4.7.  For a configuration (I,. ..., Is) represented in Fig. 4.5,

Proof. Let (. ..., [5) be some configuration of the vectors corresponding
to the configuration of points (/,, ..., /s). By definition

f(lz)(l()w--, i3+i~--v I5)=0, 120,1.2.
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According to (4.1),

. - o I
P L by L Iy = P L D ) = [ L T T T ] @ et
(11 1413)
. (1 1,15)
= —[ril| 1. 1. L5, ! - -
[l ol 0l /4)]®(II/4I})
Similarly,
, S N
—./(13’”0~/2~[3~/4~/5):[”(15|[nll[1[4)]®M
(olsly)
. S (4 1515)
f‘{””o«]1~13-14-[5)=[r(15|[()»[1~/3~14)]®#‘-
(1 11,)

Adding. we get

. i Y777 ([()[4[5)(['1{315)
()([(lw e [§) - [r(IS l 1()11 1114)] ®(1’1415)(l()[3/5)

:6{"(i5 o lio l5. 14)} I

We will see below that the configurations of type 5 in Fig. 4.2 correspond
to the classical trilogarithm.

Note that there are two natural numerations of points of these configura-
tions corresponding to different orientations of the triangle (/,/,/,)—see
Figs. 4.5 and 4.6.

FiGure 4.6
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FIGURE 4.7

Let us denote by /, the intersection point of the lines /;/, and /;/5. For
similarly defined points /, and /s, see Fig.4.7.

LEmMMA 4.8.
o, Iy, L B = vl by L ) = vl 1L 1 ).
Proof. Looking at Fig. 4.7 we see that
Us oy I By =Us | 1y T ).

But r(ls| b0y F ly=r(ls |1, 1.1, [,). so we get the first equality.
Analogously projecting from /, we obtain the second one. ||

Inversely, for every xe PL\{0, 1, oc} we can construct a configuration
Ci(x) as on Fig. 4.5 with r(/s |1, 1. 15, 1) =x. In fact, we can do this
canonically, namely, choose four points /,, /,. s, /s on a line L, in P? such
that r(ly, 1,. ;. [;) =x and add the fifth point /, not on the line L,. Then
the configuration in Fig. 4.8 is constructed uniquely.

The configuration Cy(x) defines an element of the group %(F) that we
have denoted L.(x). So we construct the canonical homomorphism

Ly:Z[P)NO, 1, 0] — &(F).

Remark that although the configurations C;(x) and C,(x ~') are different,
the second one can be obtained from the first by permutation of the ver-
tices o: (1,2,3,4,5,6)—(2,1,3,4,6,5). If this permutation is even, then

Ly{x}—{x""})=0. (4.14)
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FIGURE 4.8

Recall that a configuration of type 6 in Fig. 4.2 i1s denoted by #..
LeMMA 49. For cvery xe PLA0, 1, o},
Li{xt+{l—=x}+{l—=x""})=p,. (4.15)

Proof. Let us write down the 7-term relation for a configuration
{{y, .. I¢) on Fig. 4.8:

Uil b I ) — U b B Ly ds L) + o Lo D L )
:(lnw [|~ l:~ 14- [5- [6)~

( The other 3 summands are zero according to the relation (R1)). Using the
skew-symmetry relation in the group %,(F), we have

(I dos b s ) = (o dgu Lau Iy 5o 1) = Lyt r(y o, I, 1)}
=Lty 1y 1))
Uy By L b Ly = (o Lo sy Iy Ly is) = Lyt vty L. 1. 1)}
(oo dy Dy b Lo 1) = Lyl ey, 1y 1y 1))
o dy oo ds )= Ugs Iy s dgu o 1) = 1.

Therefore

Lx({r(/(>~ 11- [, /6)} + ‘{’(loﬂ lg l|~ 13)} + {"(l()~ 13, le. [1)})=']3~ (4.16)
Ifridg, 4. 1, 1) =x we get (4.15). |



GEOMETRY OF CONFIGURATIONS 277

Set

It is easy to check that J({4(x))=0.

LEMMA 4.10. d(n;)=0.

Proof. Using Lemmas 4.9 and 4.7 we have

o(n3) =0L5({5(x)) = L;3({5(x))=0. ]

Note that according to Lemma 4.9,

Ly(3(x)) — Ly(5(p)) = 0.

So we get the following commutative diagram

Z[PL \0 1, 00] 5
— F*
= Lho—G Bhe
L}l l'd (4.17)
G(F)———— (B,(F)@ FX)®Z[ }]

3. The Group %(F)

DEFINITION 4.11. %,(F) is the quotient of the group %(F) by the
following relations:

(R3) If {{,, ..., I5) is a configuration as in Fig. 4.3 then
5
(lgy . ds)=1 Z (=D Ly{rs | gy s Ly s 1)} + 302 (4.18)

where Li{x} := — Ly{x} — 2L {1 —x}.

Of course, this relation is motivated by Theorem 2.
Let us explain the reason for the summand 375 in formula (4.18).
Consider the skew-symmetry relation

(10’ 11’ 121 13s 147 15) + (Ils lOa 12» 13» l4ﬂ 15)20' (419)
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Ly
[

1 1
5. . 3
Iy Ly I
FiGure 4.9

Let us express each term of (4.19) using a slightly modified formula (4.18),
where 5, is taken with an undetermined coefficient 4. Then using (4.14) we

get

La(=30{rUs | o o D+ 4rUs o Lo D 10+ {rs Ty B Ly 1)} ]
+304rts | g Ly b Ay + el | g s 1 ) + (rids | oo s Ly 1)} ]
+30rls Vg L )y + s [ g 1 1 1))

+{r(ls | ly I3 0 1) ) + 24, =0
Applying (4.16), we get —3in;+2in,=0 and A=1. It is clear that the

permutation of the points /; and /, gives the same result.
Other permutations lead us to new configurations (that do not satisfy

in order to express them as linear combinations of elements L.{x}.

PrROPOSITION 4.12.  For a configuration (1, ... Is) as in Fig. 4.9 we have in
the group 4,(F)

geon b)) = —1 (= 1) Lyl +2y)
Ars Vo di i b by o by )Y+ Ay (420)
where, by definition,
2o )y = D ). (4.21)

Proof. Apply the 7-term relation to a configuration as in Fig. 4.10 and
use the relations (R1) and (R3). |
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lsp
/
/
/

1 /
'
/

FiGURE 4.10

PROPOSITION 4.13. A configuration of type 3 as in Fig. 4.2 defines the
zero element in 4,(F).

Proof. Consider the 7-term relation for a configuration as in Fig. 4.11
and use the relation (R1).

THEOREM 4.14.  The homomorphism
L::Z[PINO, 1, oc ] > %(F)
{x} > Ci(x)
is surjective.

Proof. According to the definition of the homomorphism L.,
Lemma 4.9, Relation (R3), Propositions 4.12 and 4.14, and elements of the
group %,(F) corresponding to all degenerate configurations (presented in
Fig. 4.2) lie in Im L4(Z[ PE\O, 1, o ]).

Is

(]
[}
[}

|

|

|

|

|
@

FIGURE 4.11
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° e 4
/
/
/
/
/
| /
2y ol;
/
/
/
/
/
@ ------ e 3
lg ], Iy
FIGURE 4.12

The 7-term relation for a configuration as in Fig. 4.12 shows that the
same is valid for the generic configurations. ||

4.

It follows from Theorem 4.2, Lemma 4.7, and Lemma 4.10 that the Rela-
tion R3 lies in a kernel of the above-defined homomorphism §: %(F) —
(B,(F)® F*)® Z[ +]. So we get the homomorphism

3 G(F)— (BJFI® F*)Y®Z[ ).

Moreover, there is the following commutative diagram:

Z[ PO, 1, m]‘,“"ér}\_z {

- | |

G\(F) S (BAF)® F*)g —2— (A'F*),.

1
e (BUR@FY )t (A,

COROLLARY 4.15. Im 8(%(F)) lies in a subgroup generated by the
expressions [x] ® x.

5. FUNCTIONAL EQUATIONS FOR THE TRILOGARITHM

1. Computations

Let (/,. ... l5, z) be a configuration of seven points in P* represented in
Fig. 5.1.
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L L b
FIGURE 5.1
In this section we will denote for brevity the element {r(x, | x|, x5, X3, X4)}

by {xo|x,. x;, Xxi, x4}, omitting r. Consider the following element
Ri(ly, ..., Is, z) of the group Z[ P'\0, 1, o ]:

Ryllo, o ds;zyi= Y (=1 gzl by by b}

0<i< <5

=Y Azl s sy s o b 1 1

i=0
+ {1 ds o 2y + {1 s 1 1y, 2}
+{ls 1l 2y = {1 L s, L, )
—{l s g 2y = | s, 2 (5.1)
where by definition y - {xo. ¥, X5, X3} 1= {xX,. X2, X, x;}. We consider all
indices modulo 6.
THEOREM 5.1. (a) L+(Ri(ly, -nls5.2))+35,=0
(b)y :R(ly, .. 15,2)=0.

It 1s clear that (b) follows immediately from (a), Lemma 4.10, and the
commutativity of the diagram (4.17).

Proof. (a) We will demonstrate that using the equality (4.16) we can
identify Ly(R(/,, ..., Is, 2)) + 3n; with the 7-term relation for the configura-
tion (/y, .... /5, z) multiplied by (—1).

Taking into account the skew symmetry of the elements (x,, ... x¢) €
%,(F) with respect to the permutations of the points x;, we can rewrite the
7-term relation in the following form:

oo lis by by b 2y (L b Ly ds oo 2) + U sy Dy Dy 2, 2)
V73 T S5 S AR T O S A A O O
~Ug s do Iyl 2y + (g L 4y L 1L ) = 0. (5.2)

607:114.2-9
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Note that the terms in the first line of (5.2) have type 3 and in the second
line have type 5 in the list of all possible combinatorial types of configura-
tions in Fig. 4.2.

All lines in (5.2) are invariant under a cyclic transformation

il , (t'=id; - =12).
Roughly speaking, t is a “rotation” of the picture in Fig. 5.1 on 27/3 in
a direction given by an orientation of the triangle (/,/,/,).
Let us set
T{Iil | [!:’ [n* } = {111 +2 | [i:+2s [i;+2~ }

and so on. Then (5.2) can be written as

(L4 1+12) [Ugs by das baadan 2)— (o dys Ly b3y 150 2)]
Uyl dyy 5, 1) =0, (5.3)

Applying Proposition 4.12 and Relation (R3) from the Definition 4.11 to
this formula, we obtain

Ml4t+717) (1427) Ly i O LR -0 IV AR S (5.4a)
oz sy =z g b iy + 4 s Ly s 1) (5.4b)
o LR RSV LT E-3 T AN I PORY POy SO S & PO Y PO U 4 (5.4c¢)
AL Db — U b D =)+ 404 /,,,1,,/5,:}]
+{Is | 1o, I, 1L 15} (5.44d)
Note that there is no term #, in this formula. It is clear that
(I+t+) (1420 (U o L Is, 2y =4 | Lo 2)) =0
Therefore (see the first and the last term in (5.4¢)),

4+ U+ 20 L= | L b Loz + 4L g L 2))
=il+t+) Lyl =41 Lo 2y =245 | 1, L 1, o)
+ s byl sy + 2405 a2 ] {5.5)
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Using the equalities
L{ls| ), =y =L{ls | Lol Ly, 2}
and
Li[{ls | bz + s Lo L2y + s L By 2 =0,
we obtain that (5.5) is equal to
—(U+t+)L{ls | h, by by zh + .. (5.6)

Analogously the contribution of the third and fourth term in (5.4c) is
equal to

Yo+ ) o (V42 o Ll —{ls | do, Iy bss 2+ {Us 1 I D 4y, 2} ). (5.7)

Note that (/5| 15, Ly, I, 2)= s | 13, 1. 1, ).
So (5.7) 1s equal to

Wl )y Ll ={Us | oo b 2y =2{0s [ £y, 1 0 2}
F{ls | ol bz 42445 | 13,0 1y, 2} ]
=(1+r+°) Lyl | 3, 1, g, z) —ns (5.8)

The sum of (5.6) and (5.8) coincides with the last two lines in (5.1).
Further, note that (see Fig. 5.1)

Us o, oy . 2)=Us | 14, 1, 15, 2)
szl Lol iy=t- (21, 0, 1L, 1)
So the sum of the second term in (5.4¢) and the fifth in (5.4a) is equal to
YU +r+t) e L[z 1 L do 0y 1) + 2821 1 1, do, 1)
—{z |l Iy b I} =24z | 1o L1 13} ]
=(l+r+) Lafz | bl Do I} — s
=—(l+t+1t)) Ly({z |l 15, 1, 15}
+{z 1l 1y, o 1)) —2n,. (5.9)
Similar computations for the fifth term in (5.4c) give the following result:

—(I+t+) e Ly(dz | I B b Ly + {210, L L ) ). (5.10)



284 A. B. GONCHAROV

Note that the sum of (5.9) and (5.10) is equal to
—(l+)()‘ng {z|/i~11‘+1~1i+2~1i+3}' (5.11)
i=0

Now let us consider the first and third term in (5.4b). Accounting that
(z|4,, L. Lods)=1 (2|15, 1y, 11, 1;), we have

T4+ Lat{z s doo i By + 242 Vsl do 13}
iz g by LIy + 202 [ o B £ ds))
=(l+t+12) Lz iy, i dy L} + 75 (5.12)
Similar computations can be produced with the second term in (5.4b)

and the third in (5.4a). and also with the second and fourth term in (5.4a).
We obtain the following results:

(I4+t+13) e Lyfz | T a0y L + 05 {5.13)
and
(L+t+7) Ldz [ o, L L L) — 1, (5.14)
Finally,
Uogs o by 1 L by = Ly{ls ) do. L, 1)L 1) {5.15)

Adding (5.6), (5.8), and (5.11)-(5.15), we obtain the right-hand side
of (5.1).

Many alternative forms of (5.1) can be obtained using the relation (4.16).
I give an expression with the minimum possible number of terms.

X3

y2

®Xx Y3

s
nd

X2 1 X1

FiGuRre 5.2



GEOMETRY OF CONFIGURATIONS 285

Let (x,, x5, X3, ¥y, V2, V3. 2} be a configuration of seven points as shown
in Fig. 5.2. Put
Rixpynz)i=(I+t+ ) e ({yi |y ya xs, 2f +{yi [ y2. ya X1, 2}
+{z x5, yn %0 Yo +{z 1 ys, ¥ X0, ¥
+ {yl’ X3, .\‘2, J’z} + {'\'33 xl’ XZ’ _}’2} .

“{-’-’ X1, 0, -"’m}"z} N+ {)’1 | ¥2.¥3, X1, -"3} (5.16)

where T: x> X, |, Vi Vi)

LeMMA 5.2, If the configurations (x|, X», X3, ¥\, V2, ¥3, 2y and (I, 15,
I, 1, Iy, L5, 2) coincide, then

L}R}(-ri, )’i, :) = L}R}(lo, weey 15, :) +6’73.

Proof. Transform the third and fifth terms in (5.16) using (4.16). |

Therefore in the group %(F),
L3Rs(x;, 3, 2) =315 =0.

The remarkable feature of the formulae (5.1) and (5.16) is that all their
terms have coefficients + 1.

Every term in (5.16) is obtained by the projection of four points from
(x;, y;, z) with the center of a fifth. Consider all possible configurations of
four different points of P' obtained in this way. Let us say that the two
configurations are equivalent, if they differ only by a permutation of points.
It turns out that every such equivalence class is represented by just one
term in (5.16).

Let us emphasize that some configurations can be written in different
forms, for example, (x| | 3, V2, ¥1,2)={(2| X3, X3, y1, X1 ) (¥a X1, ¥, X3, 2) =
(z | x5, Y1, X3, ¥3), and so on.

2. The Main Theorem
Let us recall that {4(x):={x} + {1 —x} + {1 —x"'}. Set

}
BA(F):=Z[P'\0, 1, 0] | {5(x) ={4(p) (5.17)
‘/\ Ryl 2) 4
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where (/, .., /5, z) is any configuration of seven distinct points in P* such
that (see Fig. 5.1): (a) the point /.., lies on the side L, of the non-
degenerate triangle (/,/5{,), 0<i<2 (/,,¢ L,); (b) z is In generic position
with respect to /. ... /5. (¢) /., /5, and /5 do not lie on the same line.

Note that the main relation in (5.17) can be rewritten in such a way that
the relations {x} ={x '} and {i(x)={s(y) can be deduced from it. But
we do not need this result.

Let us denote by {; the image of the element {,(x) in B;(F).

Now we begin with the construction of the homomorphism

M3: (gz(F)""Bi(F)

which is inverse to the epimorphism L,.
Let us define the homomorphism M, on the generators of the group
G F).

(a) Set My(:)={;.

{b) Put
My, sy = Us [ o 4yl )
for a configuration (/. ..., /) as in Fig. 5.3a.
(c) Put
4
Mz”n e ds) = *lz Z (_l)‘(l+2)f) "{[5 | [t)~ e /1 e 14} +lz;1
i=0
for a configuration (/;, .., /5) as in Fig. 5.3b.
(d) Put

Myly, o ls) = =1 (= 1)1 +2y)

=X

FIGURE 5.3
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The skew-symmetry property in the group %(F) provided the definition
of the homomorphism M, on the configurations that differ from the ones
considered above by some permutation of points. Lemma 4.8 and the
considerations after the Definition 4.11 proved the correctness of this
definition.

(e) Now let (/y,.../5) be a configuration of the generic position.
Denote by « the intersection point of the lines /;/, and /,/5. Set

5
My, . ls) =Y (=1 MLy, . . L, ),
i=0

All terms on the right-hand side were defined above.

Let {0, ... 5} ={i, i», is} U {ji.j2, ja}. Set x =1, [, n 1,1, and

nti

5
Mg,y nls) = (=1 Uy s iy s 15, X).
i=0

PROPOSITION 5.3. (MY — MWl ... 15)=0.
Proof. Set y=1I,1,0n1,1

AR

and
5
My, 1) =Y (=D gy by 15, p).
i=0

LEMMA 54. (M — M), ..., I5)=0.
Proof.

(M — MY, 0 15)

= S (=1 M [Ugs oo By o s) =g o By 15, )],
i =0

i=

In order to investigate the right-hand side of this equality we need the
following lemma.

LEMMA 5.5. Let (xg, ..., X¢) be seven points in P? such that there are four
points on a line among them. Then

(= 1) Ma(Xgs ooy £11 s Xg) =0. (5.18)

M-

i

Note that all configurations (x,, .., £,, .., X¢) are non-generic, so all
terms in (5.18) were defined above.
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The proof of this important lemma will be given below. )
If i¢{i, i}, then [, [, x,y are four points among /y, .., /. .., /s,
x, y belonging to the same line. So applying Lemma 5.5 we get

5
=Y Ml ol s X0y (5.19)

The same result is true when ie{i,,i,}. Indeed, the configuration
(1o« . f;, .., Is. x. v) has the same combinatorial type as a configuration
from Fig. 5.1 (see Fig.54). So the image of the corresponding 7-term
relation by the homomorphism A, is a relation in the group B;(F).

It is easy to see that the sum of the right-hand side of (5.19) from />0

to i =5 is zero. Lemma 5.4 is proved. ||

Similarly, the homomorphism defined with the help of the pairs (i,, {;)
and (j,./,) also coincides with M}". Changing several times an index in
one of these pairs, we can transfer the pairs (i, {,) and (,,/,) to (01) and
{45), and as a result prove the Proposition 5.3. |}

Proof of Lemma 5.5. All combinatorial types of configurations of seven
distinct points in P? containing four points on the same line are shown in
Fig. 5.5.

The equality (5.18) for configurations of type | in Fig. 5.4 follows from
the definition d of the homomorphism M ;.

I

FIGurE 54



GEOMETRY OF CONFIGURATIONS 289

SV AN

® ©®

FIGURE 5.5

For configurations of types 2 and 3 all terms in (5.18) are zero according
to Lemma 4.13.

Equality (5.18) for the configurations of types 4 and 6 is an easy conse-
quence of the definitions (see Proposition 4.12).

Finally, let (/,, .., ;) be a configuration of type 5, as shown in Fig. 5.6.
Then

Ml L L 1 s )
= L0+ 20) o [ {le | b Ly By do} = {6 | 1 b, Ly, o}
I UL Bl by — (e [ 1 L 1 b
F{lo | b b by} + = Moo, 1y Ly, Ly L, L)
= YU+ 2) L= (Lo Vgados 1y ) + {y | Iy Do 1y 1}

—{lal bl b by H{La | hdss o b = a1 B s Do L} — 3.

Let us add the right-hand sides of these formulae and group the ith term
of the first one with the (i + 3)rd term of the second (indexes modulo 5).
Further, note that (/s |/, [, I, ) =g | L, 1y, L 1e) IOy, iy, 133,
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FIGURE 5.6

(ollso.)=U4 1 5, ) and (U] L5, ..) =g | 1,. ...). Then an easy computa-
tion shows that we obtain

ol il ldo} = U 1 50 o 1a L}
=—M;[ — o bh. Ly Is L) + oyl ds 1) ]

According to the relation (R1) in the group %(F), the other terms in
(5.18) are zero for the configuration from Fig. 5.6. |

So we define the homomorphism M on generators of the group %(F).
It follows immediately from the definitions that AM . transfers the Relations
R1 and R3 in the group %(F) to zero. We proved that the Relation R2 for
seven points in P? is also mapped to zero, if among these points there are
two points coinciding or four lying on the same line. The other com-
binatorial types of the configurations of seven points in P* are shown in
Fig. 5.7, where all lines containing more than two points of the configura-
tion are also distinguished.

ProprosiTiON 5.6.  The homomorphism M annihilates the 7-term relations
Jor all configurations represented in Fig. 5.7.

We need the following very simple lemma.

LiMMa 5.7. Let Ly, ... I; be eight points in P> and let it be known that the

homomorphisin M+ annihilates Relation R2 for the seven points, obtained by
remoting the point 1, where i=0, ... 6. Then the same is true for i=7.
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Proof of Proposition 56. We refer to the points of our configuration
as “distinguished points.” There are two distinguished lines in the con-
figurations 3, 7, 12, and 13 in Fig. 5.7 such that its intersection point is not
distinguished. Let us add this point. Then after removing any other dis-
tinguished point there are four distinguished points lying on the same line.
It remains to apply Lemmas 5.5 and 5.7.

Proposition 5.6 for the configurations of type 4 in Fig. 5.7 follows from
the definition of the homomorphism M, for the configuration of six points
in generic position, obtained by removing the intersection point of two
distinguished lines.

L. .,

O, ®

ISRV AN
@ALK

2 N =Na

FIGURE 5.7




292 A. B. GONCHAROV

a b

FiGure 5.8

We will write @ = @ if the validity of Proposition 5.6 for the
configurations of type m in Fig. 5.7 implies the one for a configuration of
type n.

Applying Lemmas 5.7 and 5.5 to the configurations in Fig. 5.8(a) and
{b). we obtain that @ = and @& =

Theorem 5.1 claims that the 7-term relations for a configuration of type
5 in Fig. 5.7 transfer to a (basic) relation in the group B;(F).

Applying Lemmas 5.7 and 5.5 to a configuration of eight points in
Fig. 5.8c we get that @ & @ = . because after removing the points
l, and /; we obtain a configuration of type 4, and after removing the point
{, one of type 5.

Similar considerations for configurations in Fig. 5.8d show that
@ & @ = @ {after removing the points /, and /, we get a configura-
tion of type 8, and after removing /,, we get one of type 2).

Removing points /, or /; from a configuration in Fig. 5.8c we obtain
a configuration of type 12, and removing /, one of type 8 Hence

D& ®=0O
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Finally, let us add a generic point to a configuration of type 10 or 11.
Then removing any other point of the obtained configuration we can get
neither a configuration of type 10 nor of type 11, because every point of
these configurations lies on some distinguished line.

So all possible cases were considered and hence we have proved
Proposition 5.6. ||

THEOREM A. For an arbitrary field F containing sufficiently many
elements,

(a) the groups %(F) and B,(F) are canonically isomorphic.

(b} There is a canonical isomorphism of the complexes

J

G(F)g —— (BAF)Q F*) g —>— (A3 F*),
SlM-‘ H \ (5.20)
By(F)g—"— (By(F)® F*)g —2— (A'F*)q.

Remark. Diagram (5.20) exists and is commutative even if we consider
all groups only modulo 6-torsion instead of ® Q

3. The Homomorphism M, and the Specialisation

Let B;(F) be the quotient of Z[ P}] by the subgroup generated by the
following elements

{0, oo, {1} =00, {x} —{x 71 Rallos o b5 2)

where (/;, ..., [5, 2) is a configuration as in Fig. 5.1.
There is a canonical isomorphism

J2 By(F) = By(F)
£{0), {ect =0,  fi{x}{x},xe PO, 1, oc}.
Note that if just two among four points /,, .., /; on a line coincide, then

0 if lo=14 0or =1
Hlgs oy =41  if ly=1, or I,=1, (5.21)
oG if ly=1, or I,=1.
Let us define the homomorphism M ;: %(F) — B(F) as follows.

First of all, it is zero on semistable and unstable configurations (i.e.
configurations satisfying condition (R1).
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Now let (/. .., [5) be a stable configuration such that /;,/,./, are on a
line. Set

Milo, ods)i= =5 Y (=17 (1+2)
0<ij<2

s Vg odie s oy )Y+ 4 {1 (5.22)

Let us emphasize that we can compute all degenerate terms in this for-
mula using 5.21 because /,#/, and there are not four points on a line
among (/y, ..., I5).

The definition of the homomorphism A4, for generic configurations coin-
cides with the definition of M.

LEMMA 5.8. The composition G, F) BLLN E;( F)x B:(F) coincides with M 5.

Proof. Tt is sufficient to check the lemma for the configurations in
Fig. 5.3 (a) and (b) and ;.

(a) Applying the formula (5.22) to a configuration in Fig. 5.3b we get
- %(1 +2X)‘ [{r(lﬁ | /0~ /,, 13- 14)} - {"”5 \ [(), /2. /3. /4}-
+Ars | )y = 0L L 1))
+ {r(l,x | Ly, [l» /4- /s)} + %{1}

Note that
(/4 | [()~ [1~ /,h /5) :(/5 | [()~ lla [2~ 14)
(1 oy s, ls) =15 | [m hs 12~ ls).
So (5.23) coincides with M (/. ..., ).

(b} For a configuration in Fig. 5.3a formula (5.22) gives
—sUrts Vo Lo b 0} +2{rUs | g b 1y 1))
s T b B Do +20rUs T L o L) T+ 34
Taking into account (/5| 4, ..)={/,|/s...). we can rewrite this formula as
=3l o L b 1))+ 2{ns | o, B, 1y 1)
H A o b L)y +30rUs L b ) T+ 54T
={rids | Ly, L L ) = Moy, o0 ).

{c) For the configuration #, (the points /,, /, and /s in Fig. 5.3a lie
on a line), formula (5.22) gives {r(/s | [y [5, 4, 5)} = {1} according to (5.21).
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So in order to compute in the group Z[ Pp]/({x} —{x~'}. {0}, {oc},
{1} —{s(x)), the image of the 7-term relation corresponding to the
degenerations of a configuration in Fig. 5.2 under the homomorphism M,
it 1s sufficient to specialize formula (5.16) using (5.21).

In particular, the Spence-Kummer functional equation for the tri-
logarithm is just the image of the 7-term relation for a configuration in
Fig. 1.3 under the homomorphism Af,—see formulae (1.12) and (1.13).

On the other hand, we have proved in part 2 of this section that the
Spence-Kummer relation is a linear combination of three generic relations
Ri(ly, . ls. 2).

6. S (Br(3)) AND THE ALGEBRAIC .#-THEORY OF A FIELD .#

Recall (see part 6 of Section 2) that %7(n) is a complex associated
with the bicomplex C(n). It is placed in degrees —1,0, 1, ... There is a
canonical homomorphism

H(GL,(F). Z)— H(Z7(n). Z). (6.1)

In this section the results of Section 3-5 we will construct a
homomorphism of complexes (modulo 6-torsion)

______}ygn—.’_)(n)___, g(sn~2>(n) -_— Sfi{‘“”(n)——»

N Y S

0 B.(F) » Bo(F)® F* AF*—— 0.

Let us consider the following bicomplex:
Co(5) —— C(5)

ok

CH(4) —2— Cy(4) —— Cy(4) (6.3)

b I

ds Cs(3) —2— C4l3).

Then there is a homomorphism f of the complex, associated with this
bicomplex to the complex B(3), that is defined (modulo 6-torsion) in the
way
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CA(5) Co(5)
g v
,1 P lp
C(4) Col4) = Cs(4)
/ ol y
: ////l / ll (6.4)
Co(3) —"= Cl3) =55 C3) — 7 Cy3)
A:\// ./4‘1\/ yw,
v /

where all dotted arrows are zero.

THEOREM 6.1. [ is a well-defined homomorphism of complexes.

Proof. By Lemma 3.6, /" p=0.

LEMMA 6.2, The composition {1« p: Co(4) — B,(FY® F* is zero (modulo
6-torsion).

Proof. Let us prove that

FIUgs o ) =5 =1 [l o T o 13)]

® [T 40l 1) (6.5)
N#E )
Jr A
Indeed, according to Lemma 2.18, 37_ (= 1)/ [r(/ | g, s f, . 1y]1=0.So

4
%(Z (=Y [r(d | Ly, o die /4)]>® I A 1 1L)=0. (66)
i=0

0/ <jy<jis4

But the sum of (6.6} and (3.5) is just the formula (6.5). |}

THEOREM 6.3. The composition {7 p is equal to zero.

This theorem follows immediately from Corollary 7.6 and Theorem 8.1
which will be proved in Sections 7, 8.
Theorem 6.1 follows Lemmas 3.6 and 6.2 and Theorem 6.3. |

Now in order to construct a homomorphism of the complexes (6.2) we
define a homomorphism @ of the bicomplex C'" *(n) to the following
one:
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— Cg(5) — C7(5)—’C6( )_’CS(S)_’CAS)_’C?( 2(5)"*C( )=~ Z

AR

= C7(4) = C(4) » C5(4) - Cu(4) > C3(4) » Cr(4) » C(4) ~ Z

Lot

— Cs(3) = Cs5(3) = Cy(3) = C4{3) > C5(3) > C,(3)» Z. (6.7)

Namely, if (/, .., 1,)e C,(n) is placed at the level & in the bicomplex
C:*(n); ie., we apply to (/,,..,1,) the horizontal differential "' (see
(2.14) where the bicomplex C7(n) is presented) then we set

@, Ly, o s on 1) eC_Wln—k).

The composition of this homomorphism and the homomorphism f gives
the desired homomorphism of complexes (6.2). Therefore we get the
canonical homomorphism

Hs_((GL,(F), Z) » H'(B£(3)). (6.8)

(Recall that B.(3) is placed in degrees 1, 2, 3.)
In particular,

M H(GL,(F), Z) - H'(B(3)) (6.9a)
" Hy(GL,(F), Z) > H*(Bg(3)). (6.9b)
In Sections 3-5 we have constructed the homomorphism of complexes

C(3) —— C4(3) , Cs(3) , Ca(3)

l,/&“ lf‘;' ' l/&“‘ (6.10)
0 ——— By(F)—— By(F)® F* —— A’F*
So using Lemma 2.11 we get the canonical homomorphisms

M H(GLA(F), Z) — H'(B£(3)) (6.11a)

¢ H(GL4(F), Z) » H¥(Bx(3)). (6.11b)

LeEMMA 6.4. The restriction of the homomorphism (6.9a) (respectively,
(6.9b)) to the subgroup GL+(F)< GL,(F) coincides with the one of (6.11a)
(respectively, (6.11b)).

607/114:2-10
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Proof. The proofis in complete analogy with the one of Lemma 2.19. ||

Finally, the restriction of the homomorphism (6.11) to the subgroup
GL{F)< GL,(F) is equal to zero, because the resolution C~,'*(3) of the
trivial GL;(F)-module Z has a GL,(F)-invariant section

T

C.(3) C\(3).

(Namely, if V;=V,®{(v),dim V,=i, then the map n—n-(v)e C (V;)
defines a GL{ V/,)-invanant section Z — f‘*( V.
So we have constructed canonical homomorphisms (see Section 1)

¢ KVWF) - H(B(3)®@0)
¢ KYWF), - HAB.(3)® Q).

7. THE DUALITY OF THE CONFIGURATIONS

. Generic Part of a Grassmannian and the Configurations

Let W be a vector space over a field F with basis ¢, ..., ¢,,. Let us denote
by /... /" the dual basis in W* and by A, the hyperplane //=0 in W
(f(e) =0,

Let G,(n) be the manifold of all m-dimensional subspaces in W transver-
sal to the coordinate hyperplanes.

There is a canonical isomorphism between G, (1) and the generic con-
figurations of # vectors in V,, [ M, GM]. One of the possible constructions
is as follows: the restriction of the functionals f/ to a subspace Se G, (n)
defines an s-tuple of vectors in generic position in S*,

Sometimes another definition is more convenient: Let s, ..., 5,, be a basis
in S, then

rn

_ i P

s;= Y die, =1l .m
P=1

The columns of the matrix («!) form n-tuples of vectors in the coordinate
space F". Another basis in S leads us to a GL,(F)-equivalent n-tuple of
vectors. So the configuration is defined correctly.
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Conversely, let {/,,..,/,) be a generic configuration of vectors in V,,.
Then

lm+i: i b{1/
=1

and the subspace in W, generated by the vectors

n—nm n—m

ey+ Y ble, ;e + Y ble,., . (7.1)

j=1 i=1

corresponds to the configuration (/,, ..., /,). In this case the matrix (aj’l) has
the form

0 --. 0 N
1 . . .

; : : (1,,, B). (7.2)
6 ......... ) 1 brln . b:r nt

Both constructions give the same configuration of vectors because the
restriction of the functionals

n

fm+j_ Z b{f” j:l,....’ns

i=1
to the subspace S is 0.
The correspondence

Seq,(n)— St :={fe W* such that f|;=0)}

defines the duality G, (n) > G, _,(n).
The projections &, of the vectors ¢; in W/S form a configuration, corre-
sponding to the subspace S* (because (S*)* = W/S).

Note that &= —377_, b/é, . ,. So the columns of the matrix
—b! —b), 1 0 .- 0
: : ? : | =(=B L.
B P T

give a configuration of vectors in F” ", dual to the imitial one in F™
{formed by the columns of the matrix (7.2)).
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Later on we will be mainly interested in the case # =2m. A generic con-
figuration of 2m vectors in F™ may be represented by the m x m matrix B
with non-zero minors. Namely, such a matrix represents a configuration,
defined by the columns of an m x 2m matrix (/, B). In this case the dual
configuration is given by the matrix —(B~')".

Let 7" < GL(W) be the maximal torus preserving all one-dimensional
coordinate subspaces {Ze;}. It acts freely on G,,(n). The quotient G ,(n)/T"
can be canonically identified with the configurations of n points in generic
position in P}~ '. So we get a duality

configurations of n configurations of n

points in generic < points in generic

position in P position in P77~ !

2. Geometrical Definition of the Duality of Configurations

We start with the configurations of points in P} (projective con-
figurations).

Note that a configuration of hyperplanes in P} ' gives a configura-
tion of points in P7 ' Let us choose a (projective) isomorphism
g P72~ '> Pr-1 Then we get a configuration of points in Py~ '. This
configuration does not depend on the choice of g, because every two
such isomorphism differ by an element of PGL(#») and hence give the same
configuration. So from now on we will identify configurations of points and
hyperplanes in P7 !

Let (/,, ... [5,,) be a configuration of points in P~ ! in generic position.
Let us denote by L; (respectively, L) the (m —1)-simplex with vertices
..., 1, (respectively, I, . ... 1,,). Then the codimension 1 faces of these
simplices form a configuration of 2m hyperplanes in P ' and hence a
configuration of 2m points in P" .

More precisely, let L; (respectively L, . ,) be the codimension 1 face of
L, (L) that does not contain /,(/,,, ;).

ProPOSITION 7.1.  The configuration of hyperplanes (L, ..., L,,,) is dual
to the configuration (1., ... 1,,,).

Proof. Let (I, ... T,,) be a configuration of vectors in ¥ that projects to
a configuration (/,, ..., /5,,) in P(V), dim V'=m. Let us denote by f;, ..., /.,
(respectively, f,, .1, [2,) the basis in V* dual to the basis Il
(respectively, I, , . ... I,,) in V.

LEMMA 7.2.  The configuration of vectors {f1, ...fos —foo1s o ~Jam) is

dual to the configuration (1., ... I,,,).



GEOMETRY OF CONFIGURATIONS 301

Proof. If 7,,,+,=Z/'.":1 bl then f,, ;=Y clf,, where we have the

relation~C=(B*')’ between the matrices C=(c’/) and B=(b7). Indeed,

{Smsidmr ey =27_, ¢l-bl =4, But we have already proved above that
the dual configuration of vectors is described by the matrix —(B~')". |}

Proposition 7.1 follows from Lemma 7.2. |i
There is a rather surprising geometrical corollary of Proposition 7.1.

COROLLARY 7.3. Let I,,.., 1L, be a (2m)-tuple of points in generic
position in P7 " and

{1, ..2m) =iy, i} O{J1s e dimg

Let us denote by M, (respectively, M, ) the hyperplane generated by the
points /,, .., [, ... I, (respectively, /;, .. [, ... 1, ).

Then there exists a projective transformation ge PGL(#) such that
g-M,=L,1<i<2m.

In other words, the configurations (L,,...L,,) and (M,, .. M,,)
coincide (see Fig. 7.1.). |}
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1

FiG. 7.2, (M, ... M=, ... ).

Proposition 7.1 permits us to define the duality geometrically for any
n=zm+2. Namely, let (/,, ... 1, ,,) be a (m+k)-tuple of points in generic
position in P”~ ! and 2<k <m. Let us denote by H the (k — 1)-dimen-
sional plane generated by the points /,,, ;. .../, ... Set (see Fig. 7.2)

L=y, o di o ).

Mm i <lm 41 mes /Am+j' T /m +A>~
M=LnH (I <i<m).

ProrosITION 74.  The configuration (M. ... M,, . ,) of hyperplanes in H
is dual to the configuration (1,, ... 1,,. ) of points in P" .

In order to prove this proposition we need the following.

LEMMA 7.5. Let (1, ... 1,) be a configuration of points in generic position
in PPV (Y, ... Y,) the dual configuration of hyperplanes in P* " !

Then the configuration (1, ... [,, .. 1,) in P" " is dual to the configuration
(Y\nY,..Y,nY)yinY,

Proof. Choose an se G, ,(n) such that s-T, corresponds to a con-
figuration (¢,....¢,) in P" 7' Then, by definition, the projections of the
basis vector /,, ..., [, onto P{W/s) form a configuration that coincides with
({y....1,). The configuration of hyperplanes P(Y;~s) in Py is dual to it.
Lemma 7.5 follows immediately from these considerations. ||

COROLLARY 7.6.  Let us suppose that (v, ... y,}=*(x,...x,) (* is the
operation of duality on configurations). Then (P, . .., Pio o ¥ =*(x;| x|, ...

A

X Xy
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Proposition 7.4 follows from Lemma 7.5 and Proposition 7.1 by induc-
tion. Namely, let (/,, ..., /,,,) be a configuration of points in generic position
containing (/, .../, ;). The dual configuration can be represented by
codimension 1 faces L,,..,L,, and L, ., .., L,, of simplices (/,,...1,)
and (/,, ..., l,). The configuration (/,, .., /1, ;) is dual to the one
(LynL,,, ... Ls,_nL,,). The last (m—1) planes are just codimension
1 faces of the simplex (/,,,,,...[>,_,) In L,, and so the geometrical
description of the duality in the case n > 2m can be obtained by inversion
of this construction. Namely, let (L, ..., L,) be a configuration of hyper-
planes in P"~'. Let us realize it as a configuration of hyperplanes in an
(m—1)-plane HcP* "' (n—m—1>m—1). Let M,,..M,_, be
hyperplanes in P"~ " ! such that M,~ H= L,. They determine a simplex
in P77 with vertices m,n(Y,,, M;, 1<i<n—m. Let m,_, ;=
;=i L. m . be the vertices of the simplex (L, ,, ,, ... L,) in H. Then the
configuration (m, ..., m,) is dual to the one (L, .., L,).

The following description of the duality between the configurations of
n+3 points in P" and P' may be useful.

Recall that an irreducible curve in P} that does not lie in a hyperplane
has degree =n. Such curves of minimal possible degree n are called rational
normal curves. If a rational normal curve has a point over the field F, then
it is projectively equivalent the following one:

n—1. n—1

(Xg:x )= (xg xg7 ' i Xgx ]I

For example, in the case n =2 such a curve is a conic.

It is known that through every n + 3 points in generic position in P”
passes exactly one rational normal curve.

Let /,,...1,, be n+3 points in generic position in P} and C be the
rational normal curve passing through these points. Let us identify C with
PL. Then we get a configuration (y,, .., v, ;) of n+ 3 points in P}.

LeMMA 7.7. It is dual to the initial one.

Proof. Let (¥, .., 7,.3) be a configuration of n+ 3 points in P}. dual
to the one (/,, ..., /,, ). Then according to Corollary 7.5,

(T 1 cos Vis ooos Fpaad = %X | X0y Xy oy X, 2)-

By induction we get

2

(.fl’ e .yI" R fn+3)= (.yl’ neee )AYI" seee yn+3)'

So we have

(fl’""J’;n-+—3):()yl’""yn+3)' l
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8. PROJECTIVE DUALITY AND THE GROUP %( F)

Let (/. ..., I5) be a configuration of six points such that there are not four
points lying on a line. Let us denote by *(/,, ..., /5) the dual configuration.

THEOREM 8.1.  In the group 4(F),
*(10’ ] 15) '+‘ (10, very 15) :O

Proof. Recall that if a,, ..., a, are four distinct points on a line, then
(see part 2 of Section 4)

Lifr(ay, ..ay)} = —Li{rla,, as. aq, a4)} —2L3{r(ay, as, a,, a,)} + 154
and
Li{x} +Ly{x '} =0. (8.1)

We will abbreviate Li{r(/; | 1, ..., 1)} by writing (j | i, ---iy).
Set {,:=1,1,n1;l, (see Fig.8.1a). Using the 7-term relation for a con-
figuration (/,, ..., /). Relation R3, and Proposition 4.12 we have

(Ige s Is) = (5| 2364) — (5 | 1634) + (5 | 1234) — (5| 1264) + (5 | 1263)
—(01]2534) +(0 | 2536) — (0 | 2546) + (2 | 0534) — (2 | 0536)
+(210546) — (5 | 0234) + (5 | 0236) — (5 | 0246) + (0 | 1563)
— (0] 1564) +(0 ] 1534) — (1 1 0563) + (1 ] 0564) — (1 | 0534)
+(5]0163)— (5| 0164) + (5 | 0134) — (0 [ 4512)+ (0 | 4516)

— (0] 4526) + (4] 0512) — (4| 0516) + (4 | 0526) — (5 | 0412)

+(5]0416) — (5] 0426) + (0 [ 3512) — (0 ] 3516) + (0 | 3526)
—(3]0512)+(3]0516) — (3 ] 0526) + (5 | 0312)

—(5]0316)+(5]0326)— (0 | 2634) +(0 | 1634)
—(0]1234) 4 (0 ] 1264) — (0 | 1263). (8.2)

Now let us denote by my, m,, m,, ms, my, ms the lines [,1,, Iyl,, I,l,,
115, I,15, I —see Fig. 8.1b. We will consider them as points in 2. Then
according to Corollary 7.6, (my,, ..., ms) =x*(l,, ..., I5).

Let m, :=m, i, iynt,. The corresponding line in P2 is /y/.

We can express (my, ..., ms) as a sum of 2.5+4.9 =46 terms of type
L' (m; | m,, ,m,)} in the same way as we did for (/,, ... /5)-—see formula
(8.2). Let us prove that the sum of this formulae is equal to zero.
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FIGURE 8.1

For every term of type Li{r(/s]| lis o 1,-4)} occurring in formula (8.2)
there exists a unique term of type L3{r(m, | m,, .., m;)} such that either

(Us [y o L) =mg iy ymy)

and the corresponding terms have opposite sign in our sum (/g, ..., /5) +
(mg, ..., ms) and so cancel out, or

Us [l b b L) = (mg | my my my om, )

and in this case the corresponding terms have the same sign, so according
to (8.1) their sum is again zero.

FIGURE 8.2
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FIGURE 8.3
For example., we have
L'Aris VL L o)y = Lyrimy b my my, my, my)) =0
because (see Fig. 8.2)
Us Tl Lo L) =0mg Ly omy mg, ms). (8.3)

Indeed, by definition the right configuration of four points coincides with
the one (mgmm,, mynvm, . myN By, Mgnmy) on a line mig, (in formula
(8.3) the lines m; are considered as points of the dual projective plane), and
{8.3) is clear from Fig. 8.2.

FiGUre 8.4
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Another example is
—LrUs | 1, g, 1y 1)} = Ly{r(mg | ms, my, my, my)} =0
because (see Fig. 8.3)
(s dg, Lo Ly =(Omg | s, mis, iy, ims).

Similarly (by duality), the same assertion is true for Ly{r(ly | /. ... 1)}
and Ly{r(ms | m,, ..m,)}.

Lemma 82. (a) Li[{r(l | Lo, Is, 1i, 1)} — {r(m, | mg, ms, my . my)} 1=0.
(b) L[ —{r(ls | 1o, 15, L3 16}y — {r(my | mo, ms, my mg)} 1=0.
(c) Li[{rty ) Lo, Is  Ls Ie)y — {r(my | mg. ms, my, me)} 1=0.

Proof. (a) Let x=1I,1,nLl, (see Fig. 8.4).
Projection onto the line m5 shows that

(1l Is I L) =Us | x, 1, 1 L)
Projection onto the line m, gives
(s x, 1o, I3, L) = (my | ims, mg, mg, m3).

So we get (a).

FIGURE 8.5
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{b) Projection onto the line m, gives {see Fig. 8.5)
It remains to use (8.1).

{c) It is proved in complete analogy with (b). ||

Similar lemmas are valid for the projections with center at the points
I,. 15, and /,, occurring in formula (8.2). Theorem (8.1) is proved.

9. THEOREMS 1.9 AND 1.10

There 1s the following complex Meas(C (CP")) of measurable functions
on configurations of points in CP? (see (1.18a)):

— Meas C5(CP?) = Meas C(CP?) — Meas C;(CP?) -

THEOREM 9.1. dim H%(Meas C_(CP?)) =

Proof (Compare with Proof of Theorem 7.4.5 in [BlIl]). There is a
complex of PGL,(C)-modules (C*, &), where C':=Meas((CP*)'*' R) is
the space measurable functions on (CP?)**'. It is well-known [BI1] that
C* is a resolution of R by topological PGL.(C)-modules. Indeed, if f'e C’
1s a cocycle, i = 1, then Z;*[') (=1 flxgy o X0 s x;4 ) =0 (ae.). Choose
ve CP? such that

i

Sxgs e X)) = Z (=1 fy. xg, o Xjo e X))

for almost all (x,, ..., x;). Taking g(xo. ... x; _ ) =f(y. X, ... X; ;) we get
dg =/ 1If fe C°, of=0 then f=const.
So we have H* (PGL,(C, R))=H* (PGL;(C), C°). Let us compute

the spectral sequence

Efd= PGL,(C), CP)— H? 9 PGL.(C), R

«.onl( cont

Let P, be the stabiliser of i generic points of CP> Then P;=P,={c},
P,=(C*)% and P, (respectively, P;) is a semidirect product of (C*)?
(resp., C* x PGL,(C)) and the abelian group C?. A measurable version of
Shapiro’s lemma [ Gu] shows that

ElY=HUP,  R)



GEOMETRY OF CONFIGURATIONS 309

]
5 ()
4RI\ .0
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FIGURE 9.1

The standard trick (see [S1, § 1] for a discrete version) shows that
HY(P,, R)= HE((C*)% R)
HY(P,,R)=H%(C*xPGL,(C), R).

So (see Fig. 9.1)

E}l'=0, E}'=E}?=0;, EX*=El*=0.
LEMMA 92, d % E}7— EX? is an isomorphism.

Note that £3°=H? (C* x PGL,(C), R) = R. But H: (PGLL(C), R)=0.
So we have a nontrivial differential

Ay EY°=EY° S EY =E®S
Therefore
dim E£%° =dim H3(PGL4(C), R) + dim H (C* x PGL,(C), R) =2.
Theorem 9.1 is proved. ]
CoRroLLARY 9.3. dim H’*(Meas C (CP?))=0.

Proof. The proof follows immediately from the proof of Theorem 9.1. |

Analogous but more complicated arguments prove a continuous version
of Theorem 1.10 (see Theorem 1.9).
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The complex involution - — = acts on the two-dimensional vector space
EY%® = H®%Meas C(CP?)) with eigenvalues +1 and —1. The corre-
sponding eigenvectors are .#(/,, .., Is) and d*f\"(l,, .., ls) —see parts 5
and 7 of Section 1. Their restriction to a degenerate configuration presented
in Fig. 1.12 s #(z) and () -log |z|, where -=r{l | 1, 1. I,, [5) (see
Fig. 1.12). This proves Theorem 1.9.

Theorem 1.10 follows immediately from Theorem 1.9. Indeed, we have
the i1somorphism M ;: %(F), = By(F),, so any continuous function f
satisfying the functional equation f(R.(«, b, ¢)) =0 defines a continuous
skew-symmetric function M;-f on stable configurations of six points in
CP? satisfying d ¥(M, /)= 0. Therefore we have

My f=d¥e+ 4, ‘~//3+;12'(11f/“1]))~

(M =461y, .., Is) and d*f V(1 ..., I5) are functions constructed in parts 6
and 7 of Section 1).

But the restriction of «*@ to a degenerate configuration represented in
Fig. 1.12 is O (see the Proof of Proposition 1.11), and the restriction of the
other terms is A, L(z) + 2. U(2) log |z| (z:=r(ls | Ly, Ly 1)L 13)).

2.

Let C,(P?) be the abelian group generated by all n-tuples of points in P2
and C2"(P?),, the subspace of skew-invariants in C,(P?),, with respect to
the action of the permutation group S,. Then C*'(P?),, is a resolution of
the trivial PGL;(F)-module © and

H, (PGLy(F), Q)= H (PGL(F), C"(P})).

So we have a spectral sequence associated with the stupid filtration on
C™(P;),. It is easy to prove that Ej s is generated by classes of
(degenerate) configurations in Fig. 1.12 (in fact, we already used the
necessary arguments in parts 6, 7 of Section 1}. {Unpleasant computation
of higher differentials in this spectral sequence shows that ker(Q[ PL] -
B,(F),®F¥) maps to H{PGL,(F), ©). In particular, a configuration
in Fig. 1.7 (that corresponds to A{l} eQ@[P}]) gives a class in
H(PGL,(F), Q) for an arbitrary field F.

Dupont told me that he studied this spectral sequence several years ago
and got similar results (unpublished, private communication). In fact, his
arguments are more clear and elegant. I hope we will have the pleasure of
reading his paper in the near future.

Recall that in part 5 of Section 1 we have constructed an honest,
everywhere defined, but discontinuous 5-cocycle of PGL,(C}. Its restriction
to a class in H{(PGL,(C), Q) represented by {1} is equal to #(1)={.(3)
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(because the restriction of the function .#;(/,, ..., /5) to the configuration in
Fig. 1.7 1s just #(1)—see Section 1). On the other hand, by the Borel
theorem for F=Q the restriction of the Borel class to a class in
H(PGL;(Q), @) is a rational multiple of {4(3). So the class constructed
above is a rational multiple of the Borel class in Hits( PGL.(C). R).
Another proof of the non-triviality of the constructed class in
H} (PGL,(C), R) follows from Theorem 1.9—see part 7 of Section 1. The
non-triviality of this class follows also from explicit formulae of the next
section combined with recent results of Yang [J2] about the relation of the

Hain-MacPherson trilogarithm and H?> (GL:(C), R).

cts

10. ExpLiCIT FORMULA FOR THE (GRASSMANNIAN TRILOGARITHM

Recall that G, (n) is the manifold of all m-dimensional subspaces in the
n-dimensional coordinate vector space W transversal to coordinate hyper-
planes. MacPherson considered the truncated simplicial Grassmannian G**":

66 Gal5) - Gi(4). (10.1)

Here s, denotes the intersection with the /th coordinate hyperplane. We
have the homomorphism of abelian groups

m: Z[G,(n)] = C,(n—m), (10.2)

where m(S) is the image of the coordinate vectors in W/S. Applying it to
(10.1) we get a truncated simplicial abelian group

50 50 8¢
—_

— L —
o Cel3) - Cl3) - Cy(3)
T T o
The corresponding complex of abelian groups is just the Grassmannian
complex C (3).
In Sections 3, 4 we have constructed a canonical homomorphism of com-
plexes /7 C (3) = B.(3):

Co(3) —L— C5(3) —L— C4(3)

J-f‘; J.f{l“ IIBM

B(F)—2— B,(F)® F* —>— A°F*.
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Now let F=C(X) be the field of functions on an (open) manifold X/C. Let
us construct explicitly a homomorphism of complexes

B(C(X)) —2— B,(C(X)) ® C(X)* —2— A’C(X)*

1 3 1
l o 1 3 i !

Q% » Q% > Q%

(Qy,d) 1s the C*-de Rham complex on X. Then the composition
rY o f3 Cm defines and i-form w! on G, ,(6 —i). The collection of these
forms will represent a cochain w in the complex computing the Deligne
cohomology H®G', R(3),) of the truncated simplicial Grassmannian
such that Dw = Re(voly), where D i1s the total differential in this complex
and vol, is the canonical holomorphic 3-form with logarithmic singularities
on G,(4)=(C*)* [voly=(dx,/x,) A (dx3/x:) A (dx;/x3)]. More precisely,
this means that we will construct a collection of forms o) such that

do,=Y (=1) 5w, (i=0,1), dw, = Re(voly).
J

Set

r‘()gl{.f(z)}3 =L f(z2)
r )}, ®e(2)) 1= — L flz2) darg g(z)
+3log |g| (log |1 —fdlog | f]
—log | f] dlog |1 —f1)
r A ALE A[LE) =LY (=D e (3log | f,| dargfy A dargf,

age Sy

—log |/l dlog|fz] A dlog |f3]).

LemMa 10.1
(@) drSP(fy A fo A f3)=Re[(dfy 1) A (df>/f3) A df2/f3)]
(b) der'=r dfori=0,1

Proof. (a) The proof is clear,
(b) d#(z)= — Flz)dargz+ %log |z|(log |1 —z| dlog |z|
—log |z| dlog |1 —z]),
d(— %) dargw+ 4 log [w| (log |1 —z| d log ||
—log|z| dlog |1 —z1))
=(log|l —z|dargz—log|z| darg(l —z)) A dargw
~L(log |l —z| dlog |z|
—loglz|dlog |l —z|) A dlog |w]|. |
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In the following paper we will see how these formulae enable one to
compute explicitly the (3 — d)-th Chern class in the Deligne cohomology of
an n-dimensional vector bundle over X.*

APPENDIX: THE DUALITY OF CONFIGURATIONS OF POINTS IN THE
PLANE AND A “RESOLUTION” FOR K,(F)

The Bloch-Suslin complex B(2)} can be considered as a “resolution” for
K,(F). More precisely, Z[ P}\0, 1, oc] is the free abelian group generated
by all Steinberg relations in A°F* and R,(F)<Z[P}\0.1, o] is a sub-
group of the kernel of the homomorphism

Z[ PO, 1, o] =2 APF*
O fx]—(l—x)Ax

which is defined universally for all fields F. So (by Suslin’s theorem)
KM(F)g is the quotient of Ker é by the “universal” kernel of 4 (modulo
torsion).

Now let us try to continue the process of constructing of the “resolution”
for K5(F). For this let us consider the homomorphism

Cs(P}) ol Co( P 1)/ {(Xg, X4 X2, X3) + (X, Yo, X2, X3)}
=2Z[ PO, Lo [x] +[x ']}

4
(Xgs o Xg) > Y (= D) {Xgy s £y s X4).
i=0

(We factorize by the skew-symmetry relations [x]+[x~'] only for
convenience).

Then by definition R,(F)=d{Cs(P")).

It is obvious that &(Cy(P})) = Cs(P}) lies in the kernel of the homo-
morphism (Al). Let us construct elements in this kernel that do not lie in
HCo(PE)).

Let us define an involution s: Cs(PL) — Cs(P}) as follows. For a con-
figuration (x,, .., x4) € Cs(P}) consider the configuration of six points in
P} as in Fig. Al such that

(U] lgon L) = (X00 s X4).
Put n=1,1, "1, /5 Set

S(Xgy 0 Xa) i=Us | 1o, 1y m, 15, 1),
3 See the reference in footnote 1.

607/114:2-11
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el

FiG. Al

We will prove that s? =id a little bit later.
LEMMma Al.
(Us|lyn L1y =0 1o 1. . 15)
(s lonm L L)y =Us | 1 1, 15 1)
Ut Lhon ) =Us | 1y L 10 1)
(Ul Lon L)y =(s | Ll 1y, ).
Proof. Consider the projection onto the line nl,/, (see Fig. Al) —we

have
Us | loynod3 L) =Us Vo, n s, L) = (3 | Lo, 0y s, ).

The projection onto the line /,/,/, gives

(13 | /o~ [1- 15~ /:)=(15 | Io~ 11~ /3~ 12)4 I

It follows immediately from this lemma that J((x,. .. x,)—s-
(Xgy s X)) =0 in Z[PL\O, 1, 0 J/{[x]+ [x '1}. Now let Si(F) be the
subgroup of Cs(P}) generated by 6(Cy( P,)) and the elements (x,, .., x4) —
$(Xg, ... x4). Then we have the complex B,(F).

Cy(PL)/SHF) 25 Z[PINO. 1, 0 1/ {[x]+ [x ']} =% A°F*

(the left group is placed in degree 0).

It was Suslin who first considered the subgroup S.(F) (unpublished). In
fact, he defines in coordinates the elements (x,, ... X4) — s(Xx;,. ... X4). (Our
contribution is an invariant geometrical definition.) Suslin conjectured that
HYB,(F)y) =K. (F)g According to the rank conjecture (1.22) and the
Beilinson-Soulé conjecture for K,(F), the last group should be zero. So
S.(F) should give all relations between 5-term relations for the dilogarithm.
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my

e my

my

o rY
@ < <&

FIGURE A2

It would be interesting to find all relations between the functional
equations Ri(a, b, ¢) for the trilogarithm.
Now set

(Mg, ..y mis)=* Iy, ..., I5).

LemMma A2. If (I, ... ) is as in Fig. Al then the dual configuration is as
in Fig. A2 and

(my | mg, My, mg,my,my)=s 11, Iion 1, L) (A2)

Proof. Let us use the geometrical definition of the duality of configura-
tions. Consider a pair of triangles (/,, /,, [3) and ([, {4./s). Then we have
three sides my, :=1,l5, m, := 1,15, ms :=[,I, that contain /,, and three sides
my =10y, my =115, ms :=1,1, containing /,. So the dual configuration
(mg, ... ms) is as in Fig. A2. Further, the intersection points of the lines
My, My, Mg, iy, M, with the line m, are obtained by projection of the
points /,. I3, n, I, I, with the center at /5. So we have (A2). |

It follows from Lemma A2 that s?=id.
Note also that Lemmas Al and A2 prove Theorem 8.1 for configurations
(ly, ... Is) as in Fig. Al.

PropPOSITION A3. For a generic configurations (I, ... Is) of six points
in Pz,

s 5
S < (=D . [ l)— S (=1Y (mylmg, ... 101y, ., nzS)) =0.
i=0 j=0
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