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1. Introduction

The classical polylogarithms are defined by the following absolutely convergent
series in the unit disc |z| < 1

Liy(2):= Z = (1)
k=1
For example Li;(z) = —log(1 — z). The differential equation

dLin(z) = Li,,_l(z)% @)

provides an inductive definition of polylogarithms as multivalued analytical
functions on CP'\{0, 1, c0}:

Lin(z) : = /0 ’ Li,,_l(w)%v 3)

The classical polylogarithms were invented in correspondence of Leibniz with
J. Bernoulli ([Le]). On November 9, 1696 Leibniz wrote a letter to J. Bernoulli

with the formula
2 2k z T dt \ dz
Y5 =- =)= @
k=1 k 0 0 l -t T

On December 1, 1696, Bernoulli informed Leibniz that he had found an analo-

gous formula
00 1 t
1 2 dt dt dt
E k_n=_/ .../ 1 lt ot_zo...o_t_n (5)
k=1 (} (i} —h 2 n

They were interested in the summation of series (5) but never succeeded. A
few decades later Euler computed numbers (5) for even n and studied the
dilogarithm function (4). In the 19th century L. Dirichlet and R. Dedekind
discovered a generalization of series (5) for any number field F : zeta function
¢r(s). I think that all of these mathematicians would have been pleased to
know that according to a conjecture of D. Zagier [Z1], for any number field F,
¢r(n) should be expressed by values of the n-logarithm at (complex embedding
of) elements of the same field F.
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In this article I will explain what this conjecture says and why it is true
for n = 2,3. I will also discuss the role of classical polylogarithms in algebraic
K-theory and hyperbolic geometry.

2. Functional Equations for Polylogarithms

The logarithm log z has a single-valued version log |z| that satisfies a functional
equation

log|zy| = log|z| + logly| -
Moreover, a continuous function f(z) satisfying the equation f(z1-22) = f(z1)+

f(z2) is proportional to log|z|.
The aim of this paper is to demonstrate that

Explicit formulas for values of Dedekind
zeta-functions at s = n (Zagier’s conjecture)

/ “Computation” of Quillen’s K-groups
K (F) for an arbitrary field F/

~ Good” undemnndingof] /

functional equations for

polylogarithms Very explicit formulas for cocycles }

— representing &, (GL(C))

\ Calculation of volumes of complete ]

hyperbolic (2n+1)-manifolds by
classical n-logarithms

3. The Dilogarithm

It was investigated widely by Spence (1807), Abel (1827), Kummer (1840),
Lobachevsky, Hill, Rogers, Ramanujan, .... The most important discovery of
this period was the functional equation (rediscovered many times). We will
present it in a form found by Abel.

Theorem 1 (The 5-term relation). Let 1 >z >y >0. Then

Lisle) = Liaty) + Lialo/) - Ui (1= )
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. (1-x 2 l1-z
+L22(1_y)=?—logx-logl_y. (6)

Note that arguments of all function in this formula lie between 0 and 1, so the
corresponding values are well-defined. Today it is not so easy to reconstruct
reasons for investigation of functional equations for the Dilogarithm in the 19th
century. I think that at least for Abel the reason was his famous

Abel’s Theorem. Let

C = {:z:,ylf(:v, y) = 0}’ D; = {x’ylg(x’ Y, t) = 0}

are algebraic curves in CP2. Set {P;(t)} := {C N D,} Then

i dr = R logS 7
Z/P 2(@,y)dz = R(t) + logS(?) (1)

where z(z,y) is a polynomial, [ ,’,:‘(t) is an integral along a path on a curve and

R(t), S(t) are some rational functions.

Note that each summand |, II,:" ® z(z,y)dz is, of course, a transcendental function
on t. (An excellent modern account of Abel’s Theorem can be found in [Gr].)
The functional equation (6) clearly looks like a generalization of Abel’s formula
(7): instead of an Abelian integral [ }ﬁ:(t) z(z,y)dz we have the simplest example
of an iterated integral

2 dz dz 200 dr \ dt
Li = — == =
12(2) Jo l—zo x ,/0 (/0 l—a:) t

while the right-hand side of (6) is a product of logarithms. During the 20th
century up to the middle 70’s the only enthusiast of polylogarithms was Leonard
Lewin (L). Then surprisingly the Dilogarithm appears in works of

a) A.M. Gabrielov, LM. Gelfand and M.V. Losik [GGL] on the combinatorial
formula for the first Pontryagin class

b) D. Wigner on continuous cohomology of GL2(C)

c) S. Bloch [BI1 — 2] on algebraic K-theory and values of zeta-functions at
s=2.

The function ¢2(x) considered by Gabrielov, Gelfand and Losik is a version of
the Dilogarithm. It can be characterized by the following properties: ¢2(z) is
a function of one real variable, smooth an RP\{0, 1, 00}

log|z| log|l — x|
l1-z T

dga(z) =

» ¢2(-1) = 62(1/2) = 42(2) = 0.
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It turns out that ¢(z) is discontinuous at z = 0, 1, co:

2
: ) . _ .,
lim ¢s(2) ~£z/,fq¢z(w) = lim _¢:(z) = ++
2
; , . __x
alg\r‘rgtbz(w) = g\‘ffgd’z(m) = lm ¢a(z) = -+
If0 <z <1 then
L42(@) = Lia(z) - Lloga - log1 ) - = ®)
2P2\®) = L2(T) = 51087 - 108 12°

It turns out that 1
ha@) = ~#a1-2) = 02 (3) -

Now let zo, ..., z3 be 4 distinct points on RP! and let

_ (w0 — z2)(z1 — x3)
(zo — x3)(z1 — 72)

r(zo,...,T3)

be the cross-ratio. Then for 5 distinct points o, ...,Ts on RP!, one has

4
Z(—l)‘qﬁg(r(xo,...,:i:.-,...,:v4)) =e- 12— 9)

i=0 6

where ¢ = +1. The precise value of ¢ is computed as follows: choose an
orientation in R? and a 5-tuple of vectors (lp,...,l4) that are projected to
(zo,...,%4). Then & = %1 if the number of bases (l4,ls) in R?(a < B) with
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positive orientation is even and —1 in the opposite case. (This definition does
not depend on the choice of vectors (lp,...,l1)). If 1 > =z > y > 0 then the
functional equation coincides essentially with the one (7).

Another version of the Dilogarithm was considered by D. Wigner and S.
Bloch. They invented the function

Dy (2) : = ImLiy(x) + arg(1 — 2) - log|z| (10)

(the Bloch-Wigner function), that is continuous (and in particular single-
valued) on CP!. The 5-term functional equation for D,(z) is

4
> (1) Da(r(20, .-, 2is- .., 24)) = 0; 2 # z; € CP'. (11)

=0

Let z € CPL. D. Wigner discovered that (11) just means that

7 (go, .- ,93) := Da(r(goz,...,93z)), gi € GL2(C) (12)

is a (measurable) 3-cocycle for the group GL2(C). Another point =’ € CP!
gives a cocycle that is canonically cohomologous to the previous one.
Let G be a Lie group, G™ := G x ... X G, M(G™): the space of measurable
N e’

ntimes
functions on G™. There is a differential

d: M(G™) — M(G™*)
n+1

(df)(glv . ,gn+l) = Z(_l)lf(gl’ . ’gi) s ’gn+1) .

i=1

Then
H{(G,R) := H**' (- M(G™ 1y LM(G™C SM(GME SM(G™)C )
is the measurable cohomology of the Lie group G. It is known that

dimHY, (GL2(C),R) = 1.

The cocycle (12) represents a nontrivial cohomology class.

Theorem 2 (S. Bloch, Bl. 2]). Let f(z) be a measurable function on CP! such
that Zf=0(—1)"f(r(zo, veey2iy...,24)) =0. Then f(z) = X- Da(2).

Moreover, it turns out that any functional equation for D»(2) is a formal con-
sequence of the 5-term equation (11). (see Section 11 below)

Now let us give a geometrical interpretation of the Bloch-Wigner function.
Let H? be the Lobachevsky space. Then H® = CP!. Denote by I(zo,...,23)
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the ideal tetrahedron with vertices at points zp, ..., z3 of the absolute 8H3. It
is clear that

4
> (~1)I(z0,. .., 54, 2a) = &. (13)
=0

It is easy to check that I(2o,...,2z3) has a finite volume vol (I(zo,...,z3)). So
according to Theorem 2 and (13)

vol (I(Zo,...,Z3)) = /\'Dz(T(Zo,...,Z;;)), AER*.

Any complete hyperbolic 3-manifold can be cut on a finite number of ideal
tetrahedrons I, := I(00,0,1, z;). Therefore its volume is equal to ¥Ds(z;).
Note that Dy(2;) = —D2(Z;). So we can write this sum as 35(D2(z;) — D2(2:)).
It follows imemdiately from results of Dupont-Sah [DS] and Neumann-Zagier
[NZ] that numbers z; have to satisfy the relation

(Q=2z)Az—-(1-2)AZ) =0 in (AZC‘)- .
2

Here A2C* is the wedge square of the abelian group C* and (A*C*)~ is the
subgroup of anti-invariants of the action of complex conjugation.

The relation just means that the sum of the Dehn invariants of the tetra-
hedrons I,, is equal to 0. Recall that the Dehn invariant of a finite geodesic
tetrahedron is defined as

Y l(A)®as € ROR/znz
A

where A runs through all edges of length /(A) with dihedral angle a4. To define
the Dehn invariant in the case when the tetrahedron has vertices at absolute,
following Thurston, let us delete a horoball around each infinite vertex and for
each A an edge ending this vertex the length /(A) is measured only up to the
horosphere. The indeterminacy in this definition vanishes because the sum of
the angles at the edge ending a vertex at infinity is .

Example. The Dehn invariant of the ideal tetrahedron I, is equal to

log|l — 2| ® argz — log|z| @ arg (1 — z).

4. The Trilogarithm and (r(3)

Set
Ls(2) : = Re(Lig(z) — Lia(z) - loglz| + %Lil(z) TJogle).  (14)

Then L3(2) is continous on CP!.
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Let Z[PL] be a free abelian group generated by symbols {z}, where z runs
through all F-points of P1. In the case F = C, any real-valued function on
CP?!, and in particular £3(z), defines a homomorphism

L3:Z|[CP') >R
{2} - L3(2) (14a)

Now let Ry(F) C Z[P}) be a subgroup generated by {0}, {co} and
4 .
Z(—I)I{T(.’Zo,...,:i:,',...,x4)}, T € Pl{‘v Z; %zj
i=0

Set
(15)

. Z[Pg]
Ba(F) = Ry(F)

Let us define a homomorphism

63 : Z[Pll;v] — Bz(F) ® F*
b63: {2z}~ {2}2®2
{0}, {0} —0

Here {2}, is the image of {2} in By(F).

Theorem 3 (Zagier’s conjecture [Z1]). a) Let F be a number field, [F : Q] =
1+ 2re,05 : F — C are all possible imbeddings of F in C numbered so that
Ori4i = Ory4ry+iy AF 15 the discriminant of F. Then there exist elements
Yy s Yri+r; € Ker 63 C Z[PL] such that

q-Cp(3) = w772 - |dp| "% - def|Cy(o5(w)|l (1< j<ri+m)  (16)

where ¢ € Q*
b) for any elements yy,...,Yr,4r, € Ker 83 formula (16) holds with q € Q.

Ezample 4 63{1} = {1}2®1 = 0. (o(3) = £(1). But Q and, more generally,
the cyclotomic fields are the only ones for which (16) is easy to check.

5. Zagier’s Conjecture

D. Zagier conjectured [Z1] that for any number field F' there exist elements
Y1,...,Yd. € Z[P}] such that (n > 1)

q-Cr(n) = a™(+2ra=dn) g1~} . Get| L, (0; (i) (17)
where ¢ € Q*,

d. = r1+ 1o for n:odd,
L N forn:even, 1<i,j<d,
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and forn > 1
Ren: odd (s Bk-2F . k
L(2) := wek(2) -
(2) Imn: even (kz::l k! Lin-k(2) - log"l2] (18)
is a single-valued version of Li,(z2).
Elements y,...,yq, should satisfy an algebraic condition analogous to

83(y;) =0 in By(F) ® F* for n = 3.

Ezample 5. {g(n) = L,(1), just by definition.

For n = 2, formula (17) was proved by Zagier [Z2] and also follows immediately
from results of S. Bloch, A. Borel [Bo 1-2] and A. Suslin [S2]. The only general
result about (r(n), n > 3 in this direction is the Klingen-Siegel theorem: for
totally real fields F (i.e., 72 = 0)

2r-n

Cr(2n) = g- = geQ’

Vi’

that generalizes the Euler formula for {g(2n).
The analog of formula (17) for n = 1 is the classical Dedekind formula

T2 .Qntr2

Res(r(s) = o Vi

Ry (19)

where h is the class number of the field F, w is the number of roots of 1 in F’
and R; is the regulator that is defined as follows. Take a basis of fundamental
units €1,...,Er4+r,~1 in the free part of the abelian group O%. Then

Ry = |det(log|o:(y;)|*)

where 1 <4, j <7 + 72— 1 and a; = 1 for real o and 2 for complex one.

In a remarkable paper [BD] A.A. Beilinson and P. Deligne proved an analog
of statement b) of Theorem 3 for any n. However, the main problem: whether
there exist elements y; € Z[P}] such that the corresponding constant ¢ in the
left hand side of (17) is non-zero (and so there is a formula for {r(n)) remains
unsolved.

Now let me present the main ingredients of the proof of Theorem 3.
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6. The Borel Regulator

A. Borel defined a homomorphism 7, : K2,-1(C) — R. Let us recall this
definition. One has

Km(F) := mm(BGL(F)*) "% H, (BGL(F)*) = Hn(GL(F)) (20)
Now let F = C. There is the canonical pairing
H?~Y(GL(C), R) x Hzn_1(GL(C),R) 23R
There is a subspace
H(z'fl)‘l(GL(C, R) c H*Y(GL(C),R)
It is known that
H('m)(GL(C),R) = Ag(ei,cs,¢s,...)

where czn-1 € H(2;)'1(GL(C),R) are the Borel classes. (The restriction of

con—1 to GL,(C) is nontrivial for m > n). So czn-1 defines a homomorphism
Hj,_1(GL(C), R) — R and hence by (20) regulator 7,. Let R(n) := (2mi)" -
R c C. Then one has

Koni(F) > @  Kanea(C) "®EEV [ZHOM(O) @ R(n — 1))
Hom(F,c)

where the first arrow is provided bﬁ the functoriality of K-groups. It turns out
that the image of Kz,_1(F) in ZHOM(FC) @ R(n — 1) is invariant under the
complex conjugation, so we get a homomorphism

Tn : Kon_1(F) = [ZHOFC @ R(n — 1)]* (21)
This is the Borel regulator.
Theorem 4 ([Bo 1-2]). Suppose that n > 1. Then:
a. Ker r,, is torsion

b. Im r, is a lattice
c. Covolume (Imry,) = q-lim,_1_n(s — 1 +n)~%(p(s) where g € Q*.

The functional equation for (r(s) shows the right-hand side of (22) is equal up
to a nonzero rational factor to

/ldFI . 7l.—n(r1+2rg—d,.) . CF(”)
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Ezample 5. If n =1 then

det
H,(GL(F),Z) := GL(F)/[GL(F),GL(F)] = F* = K,(F),

c1 € H,,(GL(C)) is represented by a cocycle

f1(g0,91) : = log|det(gg'g1)| (22)

and so 71 : C* — R is given by formula z — log|z]|.

The analog of Theorem 4 in the case n = 1 is the Dedekind theorem (19).
Theorem 4 explains the importance of explicit formulas for cocycles rep-
resenting the Borel class in H,,,(GL(C))

a. A cocycle for the class ¢; is given by the formula (22).

b. A cocycle for the class c3 € H ?m) (GL2(C)) is given by D. Wigner’s formula
(12).

7. An Explicit Formula for a Measurable Cocycle
Representing the Borel Class c5 € H(sm)(GLg(C))

Choose a non-zero element w3 € A3(C3)*. Let (1, ...,ls) be a 6-tuple of vectors
in generic position in C3. Set

A(li:lj,lk) L=< ’U)3,li N lj A lk >
TI (l l ) ¢ = A(ll’l2’l4) 3 A(lg, l3y15) : A(ls.ll,ls) .
3(l1,...506) : A(ly, o, 1s) - Ala, U3, le) - A(ls, 1, 1a)

(23)

It is clear that r5(l1,...,ls) does not depend on the length of vectors l; and

GLs-invariant. It depends only on the corresponding configurations (I,.. ., ls)
of 6 point in CP2. Let us define the generalized cross-ratio
ra(l1,.. 0 l6) ==Y (1)1Hri (o), - -1 lo(6)} € ZIPE]. (24)
o€Se
Then _ _ _
£3(’I‘3(11, ey le)) (25)

is a function on configurations of 6 points in CP2.
Theorem 5 ([G4]). For any 7 points in generic position (Iy,...,l7) in CP?

7

Z("l)iﬂ(ra(l_l,---,[i,---,1-7)) = 0. (26)

i=1
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An interpretation: choose a point z € CP2. Then
(90, ---195) := La(ra(g0%, ..., g5)) (27)
is a 5-cocycle of GL3(C).

Theorem 6 ([G4]. The cohomology of the cocycle coincides with the Borel
class.

Proof. See proof of Theorem 5.12 in [G4].

Now let me give a geometrical interpretation of the generalized cross-ratio (3.
First of all let me note that there is an isomorphism

~ 1

/PGL3 (F)

provided by the formula

f1(b2) - fa(ba)fa(b1) _ L.
Fia) - altr) - falb) < (28)

Here (ai, a2, a3, b1, b2, b3) is a 6-tuple of distinct points in P;‘f- such that a,as,
a3 do not lie on a line and b; € @;a;41 (indices modulo 3 ). In (28) f; € V5" are
some linear functionals such that f;(a;) = fi(a;41). Formula (28) is well-defined
because it does not depend on the choice of these functionals and vectors in V3
represented the points b;.

For example, 1 € F™* is represented by a configuration where by, bz, b3 lie
on the same line (see Fig. 1) and —1 € F* is represented by a configuration
where the lines a;b;, azb; and agb; intersects in a point. (See Fig. 2)

Now let (I3,...,ls) be a generic configuration of 6 points in P2. Put
a; = LiliysNliyliv2 (1 < ¢ < 3, indices modulo 6; see Fig. 3). Then
(@1, a2, as3,11,13,13) is a configuration of the above type.

s : (a1, a2,a3,b1,bs,b3) —

Lemma 7. S(al) az,as, llv 12’ 13) = 'I":’;(ll, l2a l3’ l4a 15) lﬁ)
Proof. See proof of Lemma 3.8 in [G4].

It turns out that the function f,g(r;;(ll,...,ls)) satisfies another functional
equation. Let (I1,...,l7) be a generic configuration of 7 points in P3. Let
us denote by (L]l4,... iy ,17) the configuration of 6 points in P2 obtained
by projection of points I;, j # ¢ with the center at the point ;. More precisely,
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Fig. 3

the set of all lines in P3 through the point /; can be identified with P? and
each point l;, j # i defines a point in this P2.

Theorem 8 [G4] (The dual 7-term relation). Let (l1,...,l7) be a generic
configuration of 7-points in CP3. Then

7
Z(—l)"[:;;(r;;(l.-]ll, o ,i,', e ,17)) = 0. (29)

=1

Proof. See proof of Theorem 3.12 in [G3].

The functional equation (29) can be deduced from the one (28) (see [G4]).
However it plays an important role in the proof of Theorem 9 below.

8. A Formula for a Cocycle Representing the Borel
Class c5 € H{,)(GLx(C)) for any n >3
Recall that a p-flag in P* is a sequence
L. = (Lo,Ll,. ..,Lp_l)

where L; is an i-dimensional plane in P*¥ and L; C L;;.
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Let us denote by Hy * Hy the joining of planes Hy, H, C P*. Note that
for generic planes H,, H, we have dim(H; * Hz) = dimH; + dimH; — 1. By
definition ¢ x H = H x ¢ = H. Let us define the generalized cross-ratio of 6
generic (n — 3)-flags in P2~ 1:

MO, L) e Z[P}) (30)

as follows:

1 6 6 1 6
@0, L= 3T (@Rl LD, L) (31)
j1+...+ig=n=2
Ik 20

Here (L;l)_ L(s) ILg), Lﬁ-?) is a conﬁguration of 6 points in P2
obtained by the prOJectlon of Lg k) with the center at L(l) L x L;s) ;- More
precisely, the set of all planes of dimension j; + ...+ js contamlng L( )_1 ¥k
Lg 6)_1 forms a projective plane P2 because of the condition j; +...+jg = n—2

(and the assumption of generic position). Each Lg-’,? defines a point on this
plane.

For example, the cross-ratio of 6 2-flags in P3 is given by the formula (see
also Fig. 4)

rOe®,.. L) = Zr @, LP, . L),
k=1

Fig.4
Theorem 9 [G3]. Choose an (n — 3)-flag Ly in CP™~!. Then

£3(r§” (g0 - L, .-, 95 - L))
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is a (measurable) 5-cocycle of GL,(C) representing the Borel class
c5 € H(sm)(GLn(C)).
Let me present the proof of the simplest case n = 4. We have to prove that

(ZZ( 1)irg(LY|LY, .. (‘> ..,L&”,...,Lg”)) =0. (32

J#i i=1

(plym the 7-term relatlon for the following configuration of 7 points in P2
|L(1 Lg’ ) Lo ) (4 is fixed) one can rewrite (32) as

L3 (Z(—l)’ s(LY|LEY, . .,L((f),...,Lg”)) = 0.

Jj=1
But this is just the dual 7-term relation (29).

9. The Trilogarithm is Determined
by the 7-term Functional Equation

Let us define a subgroup

R3(F) := {E( —1)'r3(ls, .-, 1 17)}

where (l1,...,l7) runs through all generic configurations of 7 points in CP2.

Theorem 10. Let f(z) € C*°(C) be a function satisfying the functional equa-
tion f(R3(C)) =0, i.e.,

Z( 1) f(ra(l, .. L) =

for generic 7-tuple points in CP?. Then
f(z) = A L3(2) + B - Dy(2) - log|z] .

10. Algebraic K-Theory of fields and
Classical Polylogarithms: results

Now let F be an arbitrary field. Let us define subgroups R;(F) C Z[P}]
(¢ =1,2,3) as the ones generated by the following elements:

Ry(F):= ({z} + {y} - {zy}; z,y€ F*)

5
Ry(F):= (O _(-1){r(z1,...,&4...,35)}; =i # z; € PR)
i=1

7
Ra(F): = (Z(—l)‘m(zl,...,i,-,...,z7); l; € P2)
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Set

Z[Py)
Ri(F),{0},{oo}
Then B;(F)V := Hom (B;(F),Z) is the group of “abstract i-logarithms,” i.e.,
set-theoretic functions on P} satisfying the functional equation for i-logarithm.
We have

B,(F) =

B\(F) > F*
{z} — =z

Let us consider the following complexes Br(n):

Br(3): Bs(F) & By(F) ® F* 3 A3F*
Br(2) : Bo(F) 5 A2F*
BF(1): F*

where 63 : {z} — (1-2z)Az; 83 : {z}3 — {2}2®7;63 : {z}2®@y — (1-z)AzAY.
({z}n is the projection of {z} to B,(F), B;(F) placed in degree 1 and & has
degree +1. It is clear that 62 = 0. The homology of these complexes are related
to algebraic K-theory as follows:

H'(Bp(1)) = F* = K,(F)

H?*(Br(2)) = K3(F) by Matsumoto theorem [Ma]
H'(Br(2)® Q) = Ki"s(F) @ Q by [52-3), see also [Sa]

H3(Bp(3)) = K3 (F) by definition of Milnor’s K — theory M]

Here

AnE
M —
K (F) = iy A e A k2P

are the Milnor K-groups ([M]). The multiplication in K,(F) induces a map
m: K1(F)x...xK1(F) — K,(F) that factorizes through a map s : KM(F) —
K, (F):

F*x...x F* —  K,(F)

N /s
K3 (F)

According to [G2], [G4] there are canonical maps

K4(F) — H*(Bp(3))
Ks(F) — H'(Bfr(3)).

A.A. Suslin proved ([S1]) that s is injective modulo (n — 1)! By definition

K3(F)

ind .
K F) = Ty
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To formulate a more precise result let me introduce the rank filtration on
K, (F). Recall that

Kn(F) L= ”n(BGL(F)+)

where BGL(F)* is an H-space such that
H,(BGL(F)*) = H,(GL(F)).
So by the Milnor-Moore theorem
Kn.(F)®Q = Prim H,(GL(F),Q)
A.A. Suslin proved that the natural map
H,(GL,(F)) — H,(GL(F))
is an isomorphism. Therefore there is a filtration on K,(F)q := Kn(F)®Q

Kn(Fg = KO(F)> ...

KO (F) := Hy(GLn—i(F),Q) NPrim H,(GL(F),Q).

Set
KD (F)

Ki(F):= =21
"( ) K1(:+1)(F)

Theorem 11 (|G2], [G4]). There are canonical maps

KY(F) - HYBr(3)® Q)
KZ(F) - H(Br(3)®Q).

Conjecture 12. These maps are isomorphisms.

Note that A.A. Suslin proved that (see [S1])

kP (F)q = KM (F)q
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11. Algebraic K-theory of Fields and

Classical Polylogarithms: conjectures
Let us define by induction subgroups R,(F) C Z[P}], n > 1. Set

B,(F):= Z[PFI‘]/Rn(F)

Ry(F) := ({z} + {v} — {=y}, (z,y € F*);{0};{o0}).

Consider homomorphisms

bn, [Br1(F)®F* :n2>3
Z[P’l’]_'{/@Fl‘( @ :2;2

R R i PO )

bn : {oo}, {0}, {1} — 0
The {z}, is the projection of {z} in B,(F). Set
Ap(F) := Keré, .

Any element
a(t) = Sni{fi(t)} € Z[Pp)

has a specialization
a(to) := Zni{ fi(to)} € Z|P}], to € P}
(It is correctly defined even if t is a pole of f;(t), in this case f;(to) = 0o € P}).

Definition 13. R,(F) is generated by elements a(0) — a(l) where a(t) runs
over all elements of A,(F(t)), and also {oo}, {0}.

Lemma 14. 6,(R.(F)) =0.
Proof. See proof of Lemma 1.16 in [G2].
So we get

- *in>
6:B(F)—>{5\33F1.(F)®F Z;g

Let me give some examples of elements of R,,(F).

Ezample 15. {z}+{z~'} and {z}+{1—z} € Ry(F). Indeed, 6 ({z}+{z~!}) =
(1-z)Az+ (1—-z"1) Az' =0 in A2F(t)* modulo 2-torsion. On the other
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hand, {z} + {7 '}|z=c0 € R2(F) by definition. The same arguments work for
{z}+{1 -z}

Ezample 16. {z} + (-1)*{z~'} € Rn(F). Indeed, by induction &,({z} +
(-D™{z7'}) = ({z} + (-1)""{z}) ® = € Rn1(F(t)) ® F(t)* and {2} +
(=1)™{z"}|z=c0 € Rn(F) by definition. In particular, 2- {1} € Rom(F). (Put
z = 1,n = 2m). We will prove below that {1} & R2m4+1(C).

Any real-valued function, and in particular £,(z) (see (18)), defines a homo-
morphism B
L.:Z[CP'| - R

{z} — La(2)
Theorem 17 ([G4]). Ln(R-(C)) =0.

Theorem 18. Suppose that for some f;(t) € C(t)* one has Xin; - L(fi(t)) = 0.
Then for any z € C

> n({£i(2)} = {£:0)} € Ra(©).

So R,(C) is the subgroup of all functional equations for n-logarithms. The
canonical inclusion Ry(F) < R»(F) is an isomorphism. Indeed, the rigidity

KPP = KMFP(X))
(X is any irreducible curve over F) inplies that
H'(Br(2)) = H'(Br(x)(2)-

Therefore any functional equation for the dilogarithm D;(2) is a formal conse-
quence of the 5-term functional equation.

Ezample 19. {1} € Ran+1(C) because Lant1(1) = (o(2n + 1) # 0. There is
the following complex I'r(n):

B, 2B,19F* % .. LB, @A F* 5 A" F
where B, = B, (F) is satisfied in degree 1 and

n-p

n—=p
§:{z}p® N\ ~ 6({z}) A A ws

has degree +1.
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Conjecture 20. Hi(I'r(n) ® Q) = KI'~I(F).

Ezample 21.Let F = Q. We showed in Example 19 that {1} € R2p41(Q). On

the other hand §{1} = 0 by definition. So {1}2,41 should represent a nontrivial

element in K?,:'_]H(Q). Note that

_ _f1 form=4n+1
dim K, (Q) = 0 otherwise.

Complexes I'(n) should satisfy Beilinson-Lichtenbaum axioms, [B], [L]. In the
case when F is a number field, Conjecture 20 essentially coincides with Zagier’s
conjecture about Ka,41(F). In this case (see [Y])

[m] F) = Kont1(F) ifm=n
Kan1(F) {0 otherwise .

Note that by definition
H™(Tr(n)) = K(F).

Conjecture 20 can be considered as a hypothetical “computation” of Quillen
K-groups of an arbitrary field in terms of the same field.

12. Volumes of hyperbolic manifolds
According to the Gauss—Bonnet theorem, the volume of a compact even-dimen-
sional hyperbolic manifold is proportional (with a universal constant c,) to its

Euler characteristic.

Conjecture 22. Let X2"~! be a (2n — 1)-dimensional complete hyperbolic
manifold of finite volume and curvature —1. Then there is an element

Zni{zi} €Q [P(—;]
satisfying the condition (see (33))
6n <Zn,~{z,~}) 1= Zn,-{z,-}n-l ®z; =0
(respectively 3, ni(1 — z;) A z; = 0 in A2Q*) such that

vl (X*71) = " niLa(2) (34)

In the case n = 2 this follows immediately from results of [DS] or [NZ].
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Theorem 23.[Go5] Conjecture 22 is true for hyperbolic 5-manifolds.
Let me sketch the proof for compact 5-manifolds. Note that

X® = H%/r = BT

(BT is the classifying space of the discrete group I'). The natural inclusion
I' = SO(5,1) induces a map

i: BT — BSO(5,1)

Here SO(5,1) is considered a discrete group. Recall that for a group G there
is Milnor’s simplicial model for BG:

zt:GEG"’:

Let us denote by I(goz,. .., gsz) the geodesic simplex in the hyperbolic 5-space
H?5 with vertices at points goz,...,gsz, where g; € SO(5,1) and z is a given
point in H3. Now let us decompose X° on simplices

5= JI(ed 2., 92) (35)
1

One can choose g( 9 so that the boundary of the 5-chain
Z(g('), ) (36)

in B SO(5,1) is 0 because of (35) and assumption dX° = ¢. On the other hand

vol (I(goz,- - .,952))

is a continuous cocycle of SO(5,1) representing a nonzero cohomology class
of HY,)(SO(5,1), R) and hence a class vs € H%(BSO(5,1),R). The value

of vs on the cycle (36) is equal to vol (X°) just by definition. Note that

2""'l(GLN((C) R) for a certain imbedding SO(2n + 1,1) — GLn(C). To
complete the proof of Theorem 23 we need the following result proved in §3 of
[G4]: there is a canonical homomorphism

f + Hs(GLn(C)) 5 H(Bc(3))
such that the composition

Hs(GLy(C)) 5 H'(Bc(3)) B R
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coincides with the Borel class in H?m)(GLN(C)). This proves formula with
z; € C.

Proposition 24 (Ridgity). Let
zZ:= Zni{zi} € Z[Pé]
i
satisfies the condition 6,(2) =0 in R,,—1(C) ® C*. Then there is an element

z:= Zn,-{:z:,-} € Z[PQI]

such that 6,(x) = 0 and L,(2) = Ln(z).
Proof. Follows from the definition of the subgroup R,(F’) and Theorem 17.
It is interesting to compare Conjecture 22 with the following

Theorem 25. The volume of a generic geodesic simplex in the Lobachevsky
space H™ can not be expressed by the classical polylogarithms for n > 7.

Volumes of geodesic symplexes in H® can be expressed by the trilogarithm
([Bohm)], [Mu]). Volumes of geodesic simplexes in H2" are expressible in terms
of the lower dimensional spherical ones ([H]).

Conjecture 22 for compact manifolds can be deduced from conjecture 5.12
in [G4] using arguments analogous to the proof of Theorem 23.
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